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I. Sets of Numbers
A set refers to a collection of things.  This could apply to clothing, coins and, of course, numbers (Selditch, 2002).  Just as there are many different types of sets, including sets of numbers, there are many different sets of numbers, of which we learn about even at the earliest level of our education.  


The following are a list of some sets of numbers and their notation (if any; if not we will use the italicized first letter or capital for imaginary) discussed in class in no particular order:


Real Numbers - 
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Whole Numbers - W

Natural Numbers - 
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Integers - 
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Rational Numbers - 
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Irrational Numbers - I

Imaginary Numbers – I

and Complex Numbers - 
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.

A couple of other examples of sets of numbers that were not mentioned in class, but are recognized as sets of numbers are as follows:


      Prime Numbers   


      Algebraic Numbers


      Transcendental Numbers. 


Now that we are aware of common sets of numbers we can begin to define them.  

II. Definitions
Real Numbers 
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- The set of numbers that is in a 1 – 1 correspondence with the number line (a good definition for high school students)

-or-

The set that consists of all rational numbers and all limits of Cauchy sequences of rational numbers. 

Whole Numbers – {0, 1, 2, 3, 4, 5…}

Natural Numbers 
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- also known as counting numbers, this set sometimes includes 


zero, depending on the content of the book/course being studied.  For this course, 


consider zero a natural number. {0, 1, 2, 3, 4…}

Integers 
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- the set of 
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and their additive inverses, {…-5, -4, -3, -2, -1, 0, 1, 2, 3…}

Rational Numbers 
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 - *PRELIMINARY DEFINITION GIVEN IN CLASS* - The set of numbers where two integers, a,b where b
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0 is written in a/b form . 


The preliminary definition of rational numbers assumes that all forms of the same fraction are different numbers (i.e. 1/3 is not the same as 3/9) when only stating integers a and b (which would imply that if a=1 and b=3, that is different than if a=3 and b=9), so we must establish that they are, in fact, the same with a more precise definition: 
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 Irrational Numbers – The set of numbers that consists of 
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minus 
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.  These numbers are non-repeating and non-terminating. An example from class of an irrational number is 
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, 3.141592….  Another example of an irrational number is 
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, 2.718281….

Imaginary Numbers – The roots of negative numbers. 

ex: 
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Complex Numbers – this set consists of real numbers with imaginary numbers, or in


set notation, 
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Prime Numbers – A natural number is prime iff the number is greater than 1 and has no proper divisors.  For example, 13 and 23 are prime numbers, but 171 is not because 9*19=171 (Drakos & Moore, 2002). 

Algebraic Numbers - Any number that is a solution to a non-zero polynomial equation with 


rational coefficients. Includes all Rational Numbers, and some Irrational

 Numbers, such as
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 (because it is the solution to 
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x

-

=0).


(Pierce, 2007).  

Transcendental Numbers - Any number that is not an 


Algebraic Number. (I.e. it is not a root of any non-zero polynomial with


rational coefficients.) An example is 
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 and e. 
III. Operations 

Typical operations that we are all aware of are addition, subtraction, multiplication, division, and taking the root of a number.  When applying these operations to sets of numbers, we want to see which operations can be performed on two numbers from the same set to give us another number of the same set, because there are situations where we cannot perform every operation on each set.  Certain operations performed on one set will give you a result that belongs to another set, such as dividing two natural numbers, 1 and 5, which will give you a rational number, 1/5.  When a result of some operation ALWAYS lands in the original set, we say that the set is closed under the operation. *This does not mean the same as the set being closed.*  Following is a description of operations under which some of the sets are closed, based on what was covered in class.

Operations under which the set of 
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are closed:  addition, multiplication.  Adding or multiplying a natural number to/by a natural number gives us a natural number.

Operations under which the set of 
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are closed: addition, multiplication, and subtraction.  We can now subtract with integers because this set includes the additive inverses.
Operations under which the set of 
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are closed: addition, multiplication, subtraction and division, as long as we do not divide by zero.  Division is now included because the definition of real numbers includes rational numbers, which are those that can be represented by a/b, or a divided by b, as long as b is not equal to zero. 

IV. Hierarchy of Sets
Throughout a child’s education, he/she is exposed to new sets of numbers, but not 

without some sort of logical progression.  According to everything we have learned about types of numbers and the operations that are possible under the closed sets, one can infer a hierarchy of the sets.


From what we have discussed in class, an accepted hierarchy is as follows:

1.Natural (Counting) Numbers 

Students first learn to count and add with the natural numbers.

2. Integers 

In order to subtract, students must learn about integers and the number line, which consists of negatives.


3. Rational Numbers

Once students begin learning division, they eventually find quotients that are not whole numbers, and are introduced to rational numbers.


*This is where we left off, but let’s deduce the next sets in the hierarchy based on the first three.*


4. Irrational Numbers


Eventually along with learning about square roots, students will encounter numbers that are non-repeating and non-terminating decimals.  


5. Real Numbers**


6. Algebraic Numbers

Students will start learning algebraic functions and solving algebraic equations.  The solutions involved are algebraic numbers.

7. Complex Numbers

These numbers go hand in hand with learning about imaginary numbers, since imaginary numbers are contained in the set of complex numbers. 


8. Imaginary Numbers

Higher levels of secondary math introduce imaginary numbers with the square roots of negative numbers.

**A question I would like to pose regarding this hierarchy is the placement of items 3, 4, 5; rational, irrational, and real.  While we discussed rational coming before real in the hierarchy, which naturally would put irrational before real as well, I believe that it could be true that real numbers would precede both rational and irrational in the hierarchy based on the definitions we learned earlier.  If real numbers consist of anything on the number line, and one definition of rational can be real minus irrational, and irrational as real minus rational, wouldn’t it make more sense to be introduced as follows?

· Real Numbers

· Rational Numbers

· Irrational Numbers

V. Additional Definitions
A couple of terms were introduced and defined in the lesson that do not fit completely with the topic they are outlined in.  Here are their definitions:

Additive Inverses – a number added to another number to get zero, ex. 1 and -1


Cauchy Sequences – “a sequence of [real numbers] such that for any positive number, no matter how small, there exists a term in the sequence for which the distance between any two terms beyond this term is less than the arbitrarily small number” (Cauchy Sequence, 2008).
One definition that we proposed to find out, but did not define was the term complete.  I found a definition in A Transition to Advanced Mathematics (Smith, Eggen, & St. Andre, 2006).


Complete – referring to an ordered field, or “a set of numbers with operations of addition and multiplication…that may be thought of as forming a line…so that there are no gaps or missing numbers anywhere along the line.”

VI. Side notes and Questions
One side note we discussed in class had to do with which sets of numbers contain

other sets of numbers that we learned about.  Our conclusions were that natural numbers are contained in the set of integers which are contained in the set of rational numbers, or
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We then went on to observe that since Irrational and Rational numbers are both contained in the set of Real numbers, which are all contained in the set of Complex numbers, we have:
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From these two statements, we can put them together and conclude:
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One last question that was posed in class was regarding the set of Complex numbers.  We established that 
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 is a complex number, i, where 
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.  We wondered, however, if like in the definition of Rational numbers 
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where b cannot equal zero, does this apply to the set of Complex numbers as well?  From the website Math is Fun, Pierce (2007) says it does not, and that b can indeed be zero because 

a Complex number is just two numbers added together (a Real and an Imaginary Number). So, a Complex number has a real and an imaginary part.  But either part can be 0, so all Real numbers and Imaginary numbers are also Complex numbers.

Examples given by Pierce (2007) of Complex numbers are those that look like 3 + 2i, -4i, and even plain old 5!  The first, 3 + 2i, would be where both a and b do not equal zero, -4i is where a equals zero, and 5 is where b does not equal zero.
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