Robert Ribaudo and Loren Timpone
Class Notes from 11/18/08
MAE 301

Do Now

       Samy has 10 red chips and 10 blue chips. He’s going to put them into two urns. I’m going to pick one chip put of one urn. If it’s blue, Samy doesn’t have to take notes again. How should Samy distribute the chips?

· One person in the class suggested putting one blue chip in the first urn and 9 blue chips and 10 red chips in the second urn. To determine whether this is the best method we calculated the probability of choosing a blue chip.
To find the probability of picking a blue in this case we first found the probability of picking each urn.  Since there are two urns, we found 
P (picking each urn) =[image: image2.png]


.
Next we found the probability of choosing a blue chip from the first urn. Since there is only one chip in the first urn and it is blue, then using our definition of probability we found:

P (B in first urn) = 1

Then we found the probability of choosing a blue chip from the second urn. Since there are 9 blue chips and 10 red chips in the second urn, then using our definition of probability we found:
P (B in second urn) = [image: image4.png]s




To find the probability of choosing a blue chip, 
[image: image6.png]P (Blue chip) =
(probability of picking urn one) (probability of choosing blue in the firsturn) +
(probability of picking urn two) (probability of choosing blue in the second urn)



 
Therefore;

[image: image7.png]P(choosing a Blue chip) =




· From this we were able to come up with an equation to find the probability of choosing a blue regardless of where the chips were placed.

[image: image9.png]1 numberofbluechipsinyirsturn 1 numberof bluechipsinsecondurn
2 totalnumber of chips in firsturn | 2 totalmumber of chios in second urn

P(Blue chip) =



 

Using this formula we were able to show that the original assumption gave us the best probability of getting a blue chip.

· If we split the chips in half and put 10 red in one urn and 10 blue in the other then the probability of getting a blue chip would be

[image: image10.png]P(Blue chip) =





This is less than our original probability.

· Similarly, if we choose one urn to have a lot more red then blue and the other urn to have a large number of blue chips the probability of blue chips will be approximately[image: image12.png]


. This is because the probability of blue chips in the first urn will be close to zero whereas the probability of blue chips in the second urn will be close to one
[image: image13.png]P(Blue chi ),1 045-1=3
‘uechip) = 5-0+5-1=3




· Therefore our original assumption had the highest probability of getting a blue chip
Review of probability problem from the homework
· The problem stated, if you toss a fair coin 8 times; what is the probability of getting at least 5 heads in a row?
· Since the probability of each toss is a disjoint union
[image: image15.png]P(at least 5 H in arow)
P(5H in a row) + P(6H in a row) + P(7H in a row) + P(8H in a row)



 

· To find the probability of 5 heads in a row, list all the possible cases:
HHHHHTTT                            TTHHHHHT
THHHHHTT
 
     TTTHHHHH

For each of these cases the probability that it occurs is 

[image: image16.png]



Therefore the P (5H in a row) =[image: image18.png]



· To find the probability of 6 heads in a row, list all the possible cases:
HHHHHHTT
                       THHHHHHT

TTHHHHHH

For each of these cases the probability it occurs is also [image: image20.png]



Therefore the P (6H in a row) = [image: image22.png]e

Py




· To find the probability of 7 heads in a row, list all the possible cases:

HHHHHHHT                             THHHHHHH

For each of these cases the probability it occurs is also [image: image24.png]



Therefore the P (7H in a row) =[image: image26.png]



· To find the probability of 8 heads in a row, list all the possible cases:

HHHHHHHH

For this case the probability it occurs is also [image: image28.png]



Therefore the P (8H in a row) = [image: image30.png]e

Py




· Therefore:
[image: image32.png]P(at least 5 H in arow) = 52z + 522+ 525 + 525 %




 
· It was also suggested that we could use 4C3 to identify the number of cases when trying to calculate the probability of getting 5 heads in a row. This is also a correct way to calculate the possible cases for each one
· When calculating the probability of getting 5 heads in a row there are 4 possible places to put all the heads as a group and the tails individually. So there are 4! ways to have 5 heads in row and 3 Tails. But you must divide by 3! to take into account the repeated Tails.
HHHHH T T T
This gives you [image: image34.png]


 which is the same as taking 4C3.
· You can do the same procedure to find the amount of cases for 6,7 or 8 heads in a row. They would be 3C2, 2C1 and 1C1 respectively.
Reviewing Problem 10 on the hand out from previous class

10) You roll a fair die 4 times; what is the probability that the number of dots on successive rolls is strictly increasing.

P(number of dots on successive rolls is strictly increasing)

Such cases (1 2 3 4), (2 3 4 5), (3 4 5 6)

Note: the first number cannot be greater than 3, otherwise (4 5 6 x) would not have strictly increasing rolls after 6.

To approach this situation then, all cases of successive increasing rolls starting with 1, 2, and 3 will be looked at, and the probability of these choices to the number of total possible situations. 

One approach in class was starting with the first roll having 3 dots, resulting in the 1 case of (3 4 5 6).

Then looking at cases of form (2 x x x): (2 4 5 6), (2 3 5 6), (2 3 4 5), (2 3 4 6).

And finally at cases of form (1 x x x): (1 4 5 6), (1 3 5 6), (1 3 4 5), (1 3 4 6), (1 2 5 6), (1 2 4 5), (1 2 4 6), (1 2 3 4), (1 2 3 5), (1 2 3 6)

This listing results in number of groups of 1+4+10=15 that satisfy the conditions.

One issue of this listing method is a tendency to miss groups, and then having difficulty discovering which were missing, or if there were any others. The following method tries to organize this listing.

Another approach at listing all possible choices was listing the increasing order (1 2 3 4 5 6), and marking off, in an order, two numbers that would not be rolled, starting on the end of 5 and 6, (1 2 3 4 5 6), giving (1 2 3 4) as a set of strictly increasing rolls. Then moving to (1 2 3 4 5 6) giving the set (1 2 3 5). This results in all groups without 6. 

(1 2 3 4 5 6) => (1 2 3 4) \

(1 2 3 4 5 6) => (1 2 3 5)
 |

(1 2 3 4 5 6) => (1 2 4 5) 
 | 5 groups
(1 2 3 4 5 6) => (1 3 4 5) 
 |

(1 2 3 4 5 6) => (2 3 4 5) /

Note: The number removed (bolded) shifts to the left by one number and number of shifts is equal to the smaller number in the pair originally removed. In this case for 5 and 6, there are 5 groups seen. 

Moving to the next pair of numbers, 4 and 5, the same pattern would be repeated to the left, resulting in all groups without 5. And so on, for 3 and 4, 2 and 3, and 1 and 2, to list all groups.

(1 2 3 4 5 6) => (1 2 3 6)
\
(1 2 3 4 5 6) => (1 2 5 6) 
\
(1 2 3 4 5 6) => (1 4 5 6) \

(1 2 3 4 5 6) => (1 2 4 6)
 | 4 grp
(1 2 3 4 5 6) => (1 3 5 6) 
 | 3 grp
(1 2 3 4 5 6) => (2 4 5 6) / 2 groups
(1 2 3 4 5 6) => (1 3 4 6)
 |
(1 2 3 4 5 6) => (2 3 5 6) 
/


(1 2 3 4 5 6) => (2 3 4 6)
/




(1 2 3 4 5 6) => (3 4 5 6) – 1 group
This listing results in number of groups of 5+4+3+2+1=15 that satisfy the conditions.
Another way to look at this problem is to use the probability function nCr. One student suggested that you can use 6C2 to find the amount of possibilities. The 6 represents the total amount of numbers you can get and the 2 represents the two numbers that you are removing each time. Computing the formula we get

6C2[image: image36.png]


 possibilities
It was also suggested that we could use 6C4 to calculate the number of possibilities. In this case the four would represent the four numbers that you are choosing to keep. Computing the formula for this we get

6C2[image: image38.png]


 possibilities
The number of total possibilities that rolls can list, are 6*6*6*6, for the chance of 6 choices on each of four rolls, or 64, or 1296.

Then the probability of the number of dots on successive rolls is strictly increasing is then (15 choices that fill the situation)/(1296 possible situations) = 15/1296 = 5/432. 

Reviewing problem 8.c on the homework due today
8) Suppose you pick 4 cards from a standard deck of 52.


(c) What is the probability that you draw exactly 2 red cards and exactly 2 kings?

P(Exactly 2 red cards and exactly 2 kings)

The class started by listing 3 possible ways of satisfying this condition.

(Bk Bk Rn Rn), (Rk Rk Bn Bn), and (Rk Bk Rn Bn)

Where: B = Black card, R= Red card, k= king card, n= non-king card, T= total cards in deck.

Note: Important numbers: 52=T, 26=B=R, 24= Bn = Rn, 2= Bk = Rk.

So then P(condition)= P(Bk Bk Rn Rn)+ P(Rk Rk Bn Bn)+ P(Rk Bk Bn Bn)

It was then mentioned in class, which for each of the 3 sets, that there were a number of permutations that these orders could be drawn in. These will be observed in each set.

Set 1 (Bk Bk Rn Rn)

First, to see the number of permutations of this set, and account for similar orders (Bk and Bk switching or Rn and Rn switching being the only changes),

4!/(2!2!) = (4*3*2)/(2*2)= 6 orders of the set.
Then, P(Bk Bk Rn Rn) = 6*[ Bk /T]*[(Bk-1)/(T-1)]*[ Rn /(T-2)]*[( Rn -1)/(T-3)]= 6*(2/52)*(1/51)*(24/50)*(23/49) =  6624/6497400.

Set 2 (Rk Rk Bn Bn)

As above, we need to check the number of permutations of this set, accounting for similar orders

4!/(2!2!)=6 orders of the set.

Then P(Rk Rk Bn Bn) = 6*[ Rk /T]*[(Rk-1)/(T-1)]*[ Bn /(T-2)]*[( Bn -1)/(T-3)]= 6*(2/52)*(1/51)*(24/50)*(23/49) = 6624/6497400.

Set 3 (Rk Bk Rn Bn)

As above, we need to check the number of permutations of this set, this time there are no similar orders to accounting for. So just have 4!= 4*3*2=24

Then P(Rk Bk Rn Bn) = 24*[ Rk /T]*[ Bk /(T-1)]*[ Rn /(T-2)]*[ Bn /(T-3)] = 24*(2/52)*(2/51)*(24/50)*(24/50) = 55296/6497400. 

Then, P(Bk Bk Rn Rn)+ P(Rk Rk Bn Bn)+ P(Rk Bk Rn Bn)= 6624/6497400+6624/6497400+55296/6497400 = 68544/6497400.

There is approximately a 1% chance of meeting the conditions that you draw exactly 2 red cards and exactly 2 kings.

Exploring in more detail why rearranging the order of the sets is needed

Each set has a specific order listed for set to be drawn in. While it is true that the probability of each member of the set multiplied together gives the probability of that order, there are also the chances of drawing the cards in the reverse order, or anything in between. 

By constructing and examining a tree diagram of one of these situations, as briefly mentioned and started in class, a more clear reason can be seen. 

Example of Set 1 (Bk Bk Rn Rn) – Tree Diagram on Next Page
Starting with the four chances of what type of card will be in the first draw: Black King, Red King, Black Non King, and Red Non King, the diagram shows all possible ways to draw these, giving specific attention to orders that only contain Bk and Rn.
Following the branches of the tree diagram give you two ending points. You will either run through a permutation of (Bk Bk Rn Rn), or you will run into a Bn or Rk. When coming across Bn or Rk the branch will end and not be further expanded. We do not want to further explore these branches, because their final sequence is not of the form we were looking for, and we are specifically trying to see the number of cases (Bk Bk Rn Rn) occurs in various orders. 
So by observing what paths lead to having drawn 2 Black Kings and 2 Red Non Kings after the fourth draw, it is seen that there are 6 pathways. Each of these 6 options have the same probability of occurring, 1104/6497400. Then multiplying by 6 gives the result of 6624/6497400, the same as above.
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