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The greater portion of Thursday’s class was spent discussing the previous week’s homework assignment.  The first question that we discussed in great detail called for an example of an equivalence relation on the set of all polynomials that would be appropriate for a secondary level student of mathematics.

One student proposed the following example:  “The equivalence of slopes is an equivalence relation such that, m1 ~ m2 if whenever y1=m1x1 + b and y2=m2x2 + b, then m1=m2.”  There are a couple problems with this statement.  First of all, two different lines are mentioned.  Since x and y are both numbered (x1, x2), (y1, y2), they appear in this example as parameters.  They are variables, and should therefore not be numbered. The y and x values need to correspond with each other between the two equations.  In this statement, the only fixed point seems to be the y-intercept.  In each of our two lines, we have arbitrary y and x values but b is constant.  “If we have two lines with the same slope, then the slopes of these lines are equivalent.”


We corrected this equivalence relation in class to say that, “L1 ~ L2 if, whenever (L1) y=m1x + b1 and (L2) y=m2x + b2, m1=m2.”  Written this way, we have an equivalence relation, in which all parallel lines are equivalent.  The y-intercept is now arbitrary, and we are only concerned with the equality of m1 and m2.


Which brings me to the final thing I will mention about this response: the answer only gives us an equivalence relation on lines, not of polynomials.  This makes a nice segue as I direct these notes to the efforts of our next challenger.


One student wrote that “p(x) ~ q(x) whenever p’(x)=q’(x).   As a proof, this student continued to argue that, if p’(x) ~ q’(x), then q’(x)=p’(x).  So a ~ b and b ~ a.”  This one looks like it started off on the right track but went astray in the second sentence, and by the third sentence may have been lost forever.  A better attempt at this answer may be, “Suppose p(x) ~ q(x).  Then p’(x)=q’(x), so q’(x)=p’(x).  So q(x) ~ p(x).”  In this modified response, we don’t have any fishy new variables “a” and “b”.  It is best to keep the number of variables in our sentences to a minimum.

A third student writes the following “proof”:  “x1 is a real number.  p’(x1)=p’(x1) so p(x) ~ p(x).”  This alleged proof only assumes equality of the derivative of one real number value, “x1”.  We are supposed to be writing proofs for all the real numbers, not just one selected element.


A fourth competitor chooses the set of all circles in the plane.  But instead of writing a relation between the circles, the following statement is given concerning the radii of circles: “Circle a ~ Circle b if, whenever (2Pi)r1 ~ (2Pi)r2, r1=r2.”  The middle step in this response consists of unnecessary information and confounds the proof.  “Circle a ~ Circle b whenever r1=r2.”


The final example I will provide regarding this question is as follows:  “Triangle a ~ Triangle b whenever Triangle a=(c)Triangle b.”  This student implies that “c” is a scalar multiplier, but we don’t have a concept or algorithm for multiplication of triangles.  We rewrite this as “Triangle a has sides of length (s1,s2,s3).  Triangle b has sides of length (s4,s5,s6).  C is a real number.  Triangle a ~ Triangle b whenever the lengths of the sides of Triangle a (s1,s2,s3)=C(s4,s5,s6), where the sides of Triangle b are in a direct ratio of C to Triangle a.”


For the next chunk of notes, I will use the following notation:

(sin^(-1)x) = arcsinx.  (sin(x))^(-1) = csc(x) (cosecant(x)).  Also note: the domain of arcsinx is a subset of the real numbers from [-1,1] while csc(x) is defined for all values of x such that x is not an integer multiple of Pi.


Furthermore, csc(x) = 1/sin(x), or the inverse of sin(x).  For any function f(x), g(x) is an inverse if f(g(x))=g(f(x))=x.  Let f(x)=sin(x) and g(x)=(sin(^-1)x), and on the open interval [-Pi/2, Pi/2], whenever x does not equal zero, f and g are clearly inverse functions.  When x is negative, g(x) is injective with a range of (-Infinity, 1], and for positive x, g(x) is injective with range [1, Infinity).  


Thank you for your patience.  We are finally moving to the next question of interest.  I hope you’re interested.  This example comes from question 5 of the homework.  The question we are asking is whether or not f(x)=sinx is an injective function.  One student mentioned that “This is not injective because if x1 does not equal x2, f(x1)=f(x2).”  This is a much stronger statement than we want.  It says “Whenever x1 does not equal x2, f(x1)=f(x2), which sounds a lot like a constant function, something f(x)=sinx is certainly not.”  This would be written correctly as “There exist x1 and x2 such that these points are distinct, but f(x1)=f(x2).  For example, (x1)=Pi/4, (x2)=3Pi/4”


Some students wrote the following: “g(x)=arcsinx is not an injective function because g(0)=0, g(0)=Pi, g(0)=2Pi...”  If this were true, g(x) would not be a function at all.  We have multiple outputs for the same input, which contradicts everything we know about functions.

Most students answered questions about the domain and range of the sine function as follows: f(x)=sinx.  Domain: (-inf, inf).  Range: [-1,1].  With this in mind, the consensus is that sin(0)=sin(Pi)=sin(2Pi), and the sine function is not injective.  The way things currently stand, this function cannot be inverted.  We must restrict the domain.  When we make our new domain [-Pi/2, Pi/2], the range of the sine function f(x) is equal to the domain of the arcsin function g(x).  By choosing the new domain this way, we have selected a piece of f(x) that hits its entire range in a one-to-one correspondence.


Now we have the following equivalence relation:  From the set of all angles, take any angles A and B.  A ~ B if sinA=sinB.  By choosing the new domain for the restricted sine function as [-Pi/2, Pi/2], we select only one representative of each equivalence class.  For example, since sin(0)=sin(Pi)=sin(2Pi), the angles (0, Pi, 2Pi) are equivalent by our definition.  We have managed to remove other representatives of the equivalence class of 0 (Pi, 2Pi).  There are no A and B in the new domain of our sine function that are equivalent to each other, and this is now an injective, invertible function.

The next question of discussion involves an equivalence relation on the set of fractions.  One student wrote, “a/b ~ c/d whenever c=ma and d=mb for some INTEGER m.”  A simple contradiction to this statement is that 2/4=3/6, but there is no integer multiple of 2 and 4 to achieve the desired 3/6.  With our current terminology, these fractions are not equivalent.  The best way to explain this equivalence is, “a/b ~ c/d whenever ad=bc.”


We have an analogous relationship for the ratios of polynomials, p(x)/q(x), where q(x) is not equal to zero.  “p1(x)/q1(x) ~ p2(x)/q2(x) whenever p1(x)q2(x)=p2(x)q1(x).”


What follows is an attempted proof of transitivity of the ratios of polynomials.  “Suppose p, q, f, g, h, k are all rational polynomials, with q, g, k not equal to zero.

p/q ~ f/g and f/g ~ h/k.  So pg=qf, and f=pg/q...” The student continues to make calculations and provide a fuller proof, but makes mistakes in dividing by polynomials within the definition of ratios of polynomials.  The following is a different approach towards proving transitivity of polynomials.
pgfk=qfgh.  (pgfk-qfgh)=0.  fg(pk-qh)=0.

Case 1: pk-qh=0.  Then pq=qh.

Case 2: fg=0.  g cannot be zero, therefore f=0.  Now we have deduced: p/q ~ 0/g, pg=0.  g is still non-zero, so p=0.  With fk=gh in mind, and remembering that f=0 and that g is nonzero, we can deduce that h=0, and now p/q ~ h/k ~ f/g, and furthermore, they are all equal to zero.


*** TAKE A DEEP BREATH AND READ THAT ONE AGAIN ***


We have now reached the final topic of Thursday’s discussion: Which rational functions are equivalent?  Students proposed the following examples, 

“1/x ~ (x-1)/(x^2-x),” “(x^2)/(x-9) ~ 7(x^2)/7(x-9)”.  We reached a general consensus that two polynomial functions are equivalent if they “reduce” to the same form.


Of what sort of reduction do we speak?  A student may submit that f(x) ~ g(x) when f(x)=1/x and g(x)=(x-1)/x(x-1).  This student would argue that these two polynomial functions are the same, because they reduce to the same polynomial.  Since these two functions have different domains, they cannot be the same function.  f(x) is defined for all real numbers except zero, while g(x) is undefined at x=1 as well.  Rational functions are equivalent as algebraic objects whenever they are equal as functions on all shared points of their respective domains.  These functions f(x) and g(x) are equivalent whenever x is not equal to 1.  It is not required to say that they are not equivalent at x=0, since neither function is defined at this point.

***
What is the difference between the mapping of a rational function and the mapping of the most reduced form of that rational function?  Let us explore f(x)=1/x and g(x)=(x-1)/x(x-1).  Let us first examine f(x).  The mapping of this function has a vertical asymptote at x=0, where f(x) is undefined.  In the positive real numbers, f(x) approaches its lower bound of zero as x goes to infinity.  As zero is approached from the right, the limit of f(x) is infinity.  When zero is approached from the left, the limit of f(x) is negative infinity.  In the negative real numbers, f(x) approaches its upper bound of zero as x goes to negative infinity.  Now look at the graph of g(x).  The mapping is exactly the same, with a vertical asymptote at x=0, with zero as a lower bound for all positive values of x, and an upper bound for all negative values of x.  But wait - there is a hole in the graph at x=1!


When a function is undefined at a point that could otherwise be reduced (such as g(x) from the previous paragraph), the graph of the function has a hole at that undefined point.  When the function is reduced to its lowest terms, there are vertical asymptotes at whichever points are not in the domain of the function.


I no longer have questions regarding horizontal asymptotes, as we discussed that material during the subsequent class, and have since completed a homework exercise on the same topic.  I do, however, have a non-related math question that I thought I could toss in here:

If anyone reading this has a great definition on how to explain the concept of the notation “(dy/dx)” to calculus AB students, please share it with me.  I understand what it means but have a hard time explaining it to my students.

Thanks for reading!  Go Giants!!!
