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Class Notes of 9/18/2008

MAE 301 Dr. Berger

Sections:

A.) Continuing Equivalence Relations

B.) The Sets of Polynomials

A.) We centered the discussion of equivalence relations on specified sets, and the equivalence classes they generate; considering concepts from high school in a way that students do not ordinarily view them, yet often times subconsciously have a basic understanding thereof.

For one example, let’s look at lines in the Euclidian plane being parallel to one another as an equivalence relation.

Set: the set of all lines in the Euclidian plane.

Relation: parallel lines, l1~l2 if l1//l2    

 * l1//l2 if    1.) l1(l2 ={(},

or               2.) l1=l2.

Two lines are said to be parallel if either they are not transverse, or they are the same exact line.
Equivalence Classes: The equivalence classes are all the sets of lines with fixed values of m, m((, and these lines can be expressed as y=f(x)=mx+b.

Testing the relation to check for equivalence:

Reflexivity: for every line l1~l1, this checks out by the conditions set by a relation that two coincident lines are parallel.

Symmetry: l1~l2 ( l2~l1, 

y1=m1+b1 ~ y2=m1+b2 ( y2=m1+b2 ~ y1=m1+b1, this holds true by our definition of an equivalence classes, since both y1 and y2 have equal values of m.
So we have that if l1//l2 then l2//l1.
Transitivity: If l1~l2 and l2~l3, then l1~l3.

If y1=m1+b1 ~ y2=m1+b2 and y2=m1+b2 ~ y3=m1+b3, then y1=m1+b1 ~ y3=m1+b3.

This is also true by our definition of an equivalence class since all three lines have the same value of m.

Consider angles in the Euclidian plane.

Set: set of all angles

                                                                                                                  

Relation: (~( if sin( = sin(                                                                   (   

Is this a valid equivalence relation?

*((, sin( = sin(  (by reflexivity of “=”)

*((,(  sin( = sin( ( sin( = sin(  (by symmetry of “=”)

*((,(,( sin( = sin(, sin( = sin( ( sin( = sin( (by transitivity of “=”)

This relation satisfies the three properties of an equivalence relation.

Equivalence Classes: (+2k( ,2k(+((-(), k((, (((.

Note: there are infinitely many classes in this relation because we take ( to be in the real numbers, which can be considered uncountable.

Examples of classes:

1.) (, 2(, 3(, 4(, 5(, 6(…

2.) (/2, 5(/2, 9(/2…

3.) 3(/2, 7(/2, 11(/2…

Also we can consider the set of all people.

Set: all people

Relation: p1~p2 if height(p1) = height(p2)

Equivalence Classes: all fixed values of height “h”, h((
Note: technically there is a finite number of classes because there is a finite number of people in the world.

B.) The Sets of Polynomials
Prime Polynomials

Polynomials and integers both form rings, as discussed earlier in the semester.

How are they similar?

In the natural numbers we defined a prime numbers as being: 

a natural number, P, is prime if: 1.) P>1

                                                   2.) P is only divisible by itself and 1

                                                     (that is to say that P has no proper divisors)

Now let’s try to extend this definition of the prime numbers to the set of integers.

In (, which integers would we want to consider to be prime numbers?

Prime: 2, -2, 3, -3…

Not Prime: 16, -16, 12, -12…

It makes sense that we would essentially want to take all the prime numbers from the natural numbers and now include their additive inverses to create the prime numbers in the set of integers. Though in doing this, we need to re-state our definition of prime numbers so as to include these new additions from ( and still satisfy the conditions to keep the primes from (.

Let us now define prime numbers on Z to be any number P(Z, such that:

1.) (P(>1

2.) P is only divisible by (P and (1

Now let’s try to further expand our definition of Prime to be defined on the set of polynomials (defined over Q, the rational numbers. i.e.) all coefficients ( Q).

A polynomial over Q is a sum of the form: anxn+an-1xn-1+((((+a1x+a0, where ai(Q.

In polynomials, we can consider a prime polynomial to be an “irreducible” polynomial. Now let’s look at a few examples of irreducible and not irreducible polynomials.

Irreducible: x2-x-1, x2+4, 3x+9

Not Irreducible: x2-1, 4x2+2x

We can partially define irreducibility of a polynomial to mean that a polynomial, P, is irreducible if it cannot be factored over Q.  For example, this is why 3x+9 is considered to be irreducible, even though it can also be expressed as 3(x+3), but this is not considered to be reduced. A polynomial defined over Q, f(x)(0, is said to be irreducible if whenever f(x)=g(x)(h(x) then either g(x)= some a(Q* or h(x) )= some a(Q*.

(Q* is the non-zero rationals)

We’ll look at examples of this considering numbers in the integers, and what it means to be irreducible or prime in Z.

For example, lets attempt to completely factor 48. 

(also known as expression 48 in prime factorization)

48 = 2(24 = 2(2(12 = 2(2(2(6 = 2(2(2(2(3 = 24(3

note: the integers are special in that every integer can be factored uniquely as a product of primes.

Now consider why we stopped factoring 28 at 48 = 24(3. Why wouldn’t we continue to say that we can factor out a 1, or a pair of -1’s, such that 48 = 24(3(1(-1(-1 ?

We can fully factor any integer into a product of primes, and 1,-1 are not prime, so we would not continue to factor using these numbers for that reason, and also for the reason that if that were a valid factorization then the expression would not be unique and we would have an infinite amount of factorizations for each integer.

Considering these facts, we can now define an integer, P, to be irreducible if whenever    P = a(b (a,b((), either a or b must be (1.

Now how is this analogous to factoring out constants in polynomials? 

Let’s look at the example of an irreducible polynomial stated earlier, 3x+9. We can write 3x+9 = 3(x+3), but the polynomial itself has not been reduced. Factoring out a coefficient here is analogous to repeatedly factoring out (1’s from a fully prime factorized integer, it doesn’t factor down the final result anymore, just as in polynomial we are no longer reducing the order of the polynomial into lower ordered factors.

Now earlier on in the semester when we discussed rings, we looked at Z, and then further considered Q. Why was Q of interest and importance to us? We wanted to be able to divide, that is that we wanted our set of numbers to have multiplicative inverses for all non-zero elements.

Note: in general, most polynomials do not have multiplicative inverses.

For example, consider the first order polynomial x, the immediately obvious multiplicative inverse we would want would be 1/x, so that we could write x(1/x = 1. But we can’t truly say this, the expression is true, but 1/x is not a polynomial by our definition. For 1/x = x-1, and our definition of polynomial does not allow for variables to have a negative valued power. 

So then what is 1/x considered to be? We define 1/x to be a rational function (rational expression), and not a polynomial.







