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Danielle Rovello

Class Notes

23 October 2008

Disclaimer: These notes will not be on the midterm November 4, 2008.  From here on starts the information for the final (which is cumulative). 

Question: You have a bag containing 1 green tile and 3 blue tiles. The game master draws 2 tiles.  If the colors are the same, then Player 1 wins.  If the colors are different then Player 2 wins. Which player would you rather be?

Each student worked out the question individually and we took a class vote on what Player has a better chance of winning:
	Player 1
	4

	Player 2
	8


Method # 1: There are a total of 6 combinations
Player 2 Chances: (G, B1), (G, B2), (G, B3)
Player 1 Chances: (B1, B2), (B1, B3), (B2, B3)

We concluded that they each had an equal chance of winning.

Method # 2: The game master draws 1 color and then another without replacement. A tree diagram was used to show the results:
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In total, Player 1 could win 6/12 times, and Player 2 could win 6/12 times.

This shows again, that they are equally likely to win.

If you accounted for doubles, then Player 1 could win 3/6 times, and Player 2 could win 3/6 times.  Therefore accounting for doubles does not affect the end result.  Each player is equally likely to win.

Method # 3: The Probability of Player 1 added to the Probability of Player 2 must equal one.
P(Player 1) +P(Player 2) = 1.

Next, the probability of Player 1 was found. 
P(Player 1) = ¾ * ⅔ = ½ 

¾ represents the probability that on the first draw you will pick a blue tile since you have 3 blue tiles out of the possible 4 total tiles.  You now have three tiles left: 2 blue and 1 green.  The probability of picking another blue is then ⅔.  

Since the P(Player 1) + P(Player 2) = 1, and

               P(Player 1) = ½

Therefore the P(Player 2) = 1- ½ = ½ 
Now let’s modify the question: Let’s say we have 2 green tiles and 2 blue tiles. Now which player would you want to be?

P(Player 1) = P (B, B) + P (G,G)

       = (2/4 * 1/3) + (2/4 * 1/3) ( 

                   = 2/12 + 2/12


                   = 1/3

P(Player 2) = P(Player 1) = complement of P(Player 1)= 1 - P(Player 1) = 1- (1/3) = 2/3
Therefore in this problem, you would want to be Player 2. 

Next we tried to write a clear and concise definition of Probability. We have a start, but neither of these are completely correct.  

This definition is “theoretical”:


# of ways the desired event could occur

Total # of ways “anything” could occur
This definition is “experimental”:


# of times the desired event occurs



    # of trials 

Neither of our definitions included the outcome of this problem:


What is the probability that a piece of chalk will break exactly at any fixed point x?

P(chalk breaks at any fixed point x) ≈ 1/∞ = 0





 x
However, our definitions above do not include this possibility, so next class we will work harder for a definition of probability.
Definition
: Using the notation p(E) to denote the probability of an event E , probabilities of events can then be determined by careful counting as follows:

P(E)=   

 the number of elementary events in E


       the number of possible equally likely elementary events
Question: Given A B C D, in how many ways can you create a license plate that is four letters long?

Make a license plate 4 letters long  









(A). With repeating letters


(B). Without repeating letters

(A). With using repeating letters, you have 4 choices for the first spot, 4 choices for the second spot, 4 choices for the third spot and 4 choices for the last spot.


   4   *   4   *    4   *    4   = 256

(B). Without repeating letters, you have 4 choices for the first spot, 3 for the second, 2 for the third and 1 for the last. 


   4    *    3    *    2   *    1   = 4! = 24

Question: Given A A A B B C, in how many ways can you create a license plate that is 4 letters long without repetition?

Think of each letter as its own block you are gluing down to a specific spot.  You cannot use a block you do not have. For example: A A A A is not a valid license plate since you only have A A A.

Start with this: You have 6 letters in total, so you have 6 choices for the first spot, 5 for the second, 4 for the third and 3 for the last. 


    6    *     5    *    4    *     3    = 360

However this number is way too big. You must account for duplicates. 
Let’s start with a smaller example. If you had only A A B C, some of the possibilities would be,


A1 A2 B C
A1BA2C
A1CA2B


A2A1BC
A2 B A1 C 
A2CA1B
Each column is equivalent except for the subscripts, which do not matter but are just here to show you why you must divide by the number of repeating letters. A1A2BC=A2A1BC.  You must account for the switching of A’s here, so the final solution would be as follows:


   4    *    3    *    2    *    1    

= 
 
  4!


        2!





   2!

So back to our question, we have three A’s and two B’s to account for in our final solution. We have a start, which is     6    *     5    *    4    *     3    = 360, but now we must divide by the repeating letters to account for the repetition of combinations such as A1A2BC=A2A1BC= A1A3BC= A2A3BC= A3A1BC= A3A2BC. There are six combinations which are equivalent, since subscripts do not matter.  Therefore you must divide by the factorial of the number of letters that repeat.  The same is true with B. 


    6    *     5    *    4    *     3    
      =   
       360
=    30




     3! * 2!



      6 * 2
Question: You have 8 black rooks. Place them on a regular chess board so that no 2 lie in the same vertical or horizontal row. In how many ways can you do this? (A standard chess board is 8x8)

Our first solution: Place your first rook, R1, in any arbitrary row or column. Let’s work with columns, you have 8 choices for which column to place it in. After placing it, you knock out an entire row and column.  You now have 7 choices in the next column to place your R2. Another row and column are now out of use.  This pattern continues.  For R3 you have 6 choices of where to place it in the next column, and so on. You now have 8! ways to place each rook. 
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Another solution: You have 8 Rooks in total. The first rook can go in any of the 64 boxes. You then eliminate the row and the column of where you just placed the rook. The next Rook can be placed in 64-15 boxes where the 15 stands for the 15 purple boxes you can no longer use.  Another way to look at this is you created a new square which is 7x7, leaving you with 49 boxes to choose from.  This pattern continues. 
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   R3   
    …..ETC
     






R1 * R2 * R3 * R4 * R5 * R6 * R7 * R8
64 * 49*36 *25 *16 *9 * 4 * 1= (8!)2
This is not the complete answer however, we have repetition again. 
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Look at this chess board above. You can place the 8 rooks in any 8 boxes that are not in the same row or column. Placing the eight different rooks in the same eight boxes on the chess board will be equivalent.  Therefore you must account for repetition of each combination, and divide by 8! See chart before for a clearer understanding.  

	R1
	R2
	R3
	R4
	R5
	R6
	R7
	R8

	A1
	B2
	C3
	D4
	E5
	F6
	G7
	H8

	B2
	C3
	D4
	E5
	F6
	G7
	H8
	A1

	C3
	D4
	E5
	F6
	G7
	H8
	A1
	B2

	D4
	E5
	F6
	G7
	H8
	A1
	B2
	C3

	E5
	F6
	G7
	H8
	A1
	B2
	C3
	D4

	F6
	G7
	H8
	A1
	B2
	C3
	D4
	E5

	G7
	H8
	A1
	B2
	C3
	D4
	E5
	F6

	H8
	A1
	B2
	C3
	D4
	E5
	F6
	G7


Each of the combinations above are exactly the same. It does not matter which rook occupies the space A1( H8, all that matters is that those exact eight boxes are filled. 

So we must divide our first outcome by 8! due to repetition. 

Our final answer is


(8!)2


 8!

Which is just 8!

Question: Instead of 8 black rooks, say you have 4 white and 4 black.  Each rook must still occupy its own column and row. Would the outcome be the same?

Question
: A rod is broken in 3 pieces. The 2 break points are chosen at random. What is the probability that the 3 pieces can be joined at the ends to form a triangle?
___________________​​​​​​​​​​​​​____________________




X

          Y

 Z
Let X+Y+Z=1

HINT: We know that in order to form a triangle, the sum of any two sides must be greater than the third side.

Answer: We have three restrictions to work from:

(1) X+Y+Z=1 (Z=1-X-Y

(2) 0<X<1

(3) 0<Y<1-X

We have three cases to consider:

(A) X+Y>Z

(B) X+Z>Y

(C) Y+Z>X

CASE (A):


X+Y>Z

· Y>Z - X = (1-X-Y)-X

· Y>1-2X-Y

· 2Y>1-2X

· Y> ½  – X

CASE (B):


X+Z>Y
· X + 1 – X – Y > Y

· 1 – Y > Y

· 1 > 2Y

· Y< ½ 
CASE (C):


Y+Z>X

· Y + 1 – X – Y > X

· 1 – X > X

· 1 > 2X

· X< ½ 
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Since Y < ½ we want the area below y = ½.  Since X < ½ we want the area to the left of the line x= ½. Since Y > ½ - X, we want the area above the line y = ½ - x. We end up with a triangle (shaded in green).  To find the probability of creating a triangle out of the three pieces, we must find the area of the shaded region and divide it by the area of the whole region.

P (Form a triangle) = A (shaded region)      =   ½ *b * h       =    ½ * ½ * ½     = 1/8    =   ¼ 




           A (whole triangle)     =   ½ * b * h      =    ½ * 1 * 1           1/2   
The chances of picking a blue are 2 out of the total 4 tiles. Now you have only 3 tiles left to choose from, with only 1 blue left. So the probability of picking another blue is only 1/3. The same logic is true with the green tiles. You must add them together because Player 1 wins whenever the tiles are the same color. 





Can go in 49-15 spaces OR there is a 6x6 box





Can go in 64-15 spots OR there is a 7x7 square





Can go in 64 spots
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� This definition was taken from: Packel, Edward. (2006).  The Mathematics of Games and Gambling Second Edition.  USA: The Mathematical Association of America.  17. 


� This problem was taken from: Packel, Edward. (2006).  The Mathematics of Games and Gambling Second Edition.  USA: The Mathematical Association of America





