Carol Giancana


MAE501

Class Notes for 11/13/08


(These notes follow Loren’s notes)

We reviewed a probability problem done in class on 10/28:

1. Flip a weighted coin 3 times,  where P(Heads) = 2/3, P(Tails) = 1/3.

P(2 Heads)
= P(HHT) + P(HTH) + P(THH)




= (⅔∙⅔∙⅓) ⁺ (⅔∙⅓∙⅔) ⁺ (⅓∙⅔∙⅔) = 12 ⁄ 27

When we revisited our definition for the probability of an event to occur, we said

P(E) = Total # of ways E could happen  ⁄  Total # of possible outcomes

However, this is not a complete definition because it is only valid when all the outcomes are equally likely to occur. (In which case, the above problem would be (½)3  + (½)3  + (½)3  = 3/8.)

Definition of a probability function: A probability function is a function from set S, the sample space, which is all the possible outcomes, to R such that

i.) P(S) = 1

ii.) For any event, P(E) ( 0

iii.) a.) when A ( B = (, P(A(B) = P(A) + P(B)  where A and B are subsets of S

b.) when (i  Ai = (, P((i Ai) = (i P(Ai).

Examples of separate disjoint events:  P(rain) and P(not rain)






       P(horse A wins race) vs. P(horse B wins the race)

Lemma: P(Ac) = 1 – P(A), where Ac is the complement of A.

Proof:
Ac is all elements not in A


P(Ac) is probability of not A


P(A) is probability of A


A ( Ac = (

So P(A ( Ac) = P(A) + P(Ac)


P(S) = P(A) + P(Ac)


1 = P(A) + P(Ac)


1 – P(A) = P(Ac) 

Proposition:
P(() = 0

Proof:  S ( ( = (

So P(S ( () = P(S) + P(()


P(S) 
= 1 + P(()


1
= 1 + P(()


0
= P(()

Proposition:
if A ( B, then



P(A)  (  P(B)

Proof:
B = A ( (B\A) , 

 where B\A means  “B not A”


B = A ( (B ( Ac)


P(B) = P(A) + P(B ( Ac)  
P(B), P(A) and P(B ( Ac) are non negative, thus


P(A) ( P(B)

e.g.:
P(at least 2 heads)


P(exactly 2 heads) ,

which is a subset of P(at least 2 heads)

***********

More generally, if A and B are not disjoint:
  P(A ( B) = P(A) + P(B) – P(A ( B)

1. Shown by Venn diagram:

[image: image1.bmp][image: image2.bmp]

2. How can we prove this algebraically?

 To start, we have, 

A = (A ( B) ( (A ( Bc)  ( P(A) = P(A ( B) + P(A ( Bc)
B = (A ( B) ( (B ( Ac)  ( P(B) = P(A ( B) + P(B ( Ac)  (  P(B ( Ac) = P(B) - P(A ( B)

A ( B = (A ( B) ( (A ( Bc) ( (B ( Ac) ( P(A ( B) = P(A ( B) + P(A ( Bc) + P(B ( Ac)
By substituting for P(A ( B) + P(A ( Bc)   and   P(B ( Ac):
P(A ( B) = P(A) + P(B) – P(A ( B) (
Lastly we went over some problems on the worksheet.

8. Roll a fair die 4 times; what is the probability of getting at least 3 sixes in a row?

The number of ways for event to occur is as follows:

6 6 6  X 
or
X 6 6 6
or
6 6 6 6 

(1/6)3∙(5/6)  
+ 
(5/6)∙(1/6)3
 + 
(1/6)4
 = 
11/1296

10. Roll a fair die 4 times; what is the probability that the number of dots on successive rolls is strictly increasing?

The 15 acceptable possibilities are as follows:

1234
1345
2345
3456

1235
1346
2346

1236
1356
2356

1245
1456
2456

1246


1256

The total number of outcomes is 64 = 1296.

Therefore, the probability that the number of dots on successive rolls is strictly increasing is  15/1296.

One final problem you may want to solve is the following:

*Suppose that there are two defective pens in a box of 12 pens.  If we choose 3 pens at random, what is the probability that we do not select a defective pen?

Ans:
Our sample space is all subsets containing 3 pens from a box of 12, or 12! / 3! 9!  pens.  (Order of the pens doesn’t matter.)


The selection of 3 pens chosen from among the 10 non-defective pens is the event in which we are interested.  That number is 10! / 3! 7!.

So  P(E) = (10! / 3! 7!)  ÷  (12! / 3! 9!)  =  6/11.

*This problem is taken from 

Dossey, Otto, Spence, and Vanden Eynden,2002. Discrete Mathematics, Fourth Edition. New York: Addison Wesley.
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