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Outline for Class Notes:
a) Review 

b) Transcendental Numbers
c) Groups
d) Rings and Fields
A) A recap from last time:
Natural numbers (
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) is the set of positive whole numbers plus the number zero in some texts. Integers () are the set of natural numbers including zero and their negatives. Rational numbers ([image: image2.png]


) are any numbers that can be expressed as the ratio of two integers but with a non-zero denominator. Real numbers ([image: image3.png]


) are the set of rational and irrational numbers. Complex numbers ([image: image4.png]


) are of the form a+bi where a and b belong to R and i=√-1. Thus the set of natural numbers belong to the set of integers which belong to the set of rational numbers which belong to the set of real numbers and the set of real numbers belongs to the set of complex numbers (N ⊂ Z ⊂ Q ⊂ R ⊂ C). There are different motivations for teaching (N ⊂ Z ⊂ Q ⊂ R ⊂ C). One motivation could be applications. 
B) What are Transcendental Numbers?
Before we can define transcendental numbers we need to identify algebraic numbers first. So, what is an algebraic number? An algebraic number is any complex number that is the root of a non-zero polynomial with rational coefficients. That is, it satisfies a polynomial of the form  [image: image5.png]T T =
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 = 0 where a_i is a rational number. 
Theorem: Every rational number is algebraic.
Proof: A rational number x maybe written as a/b where a and b belong to Z. Since x is a root of the non-zero polynomial ax-b=0, x is algebraic. 
In addition to rational numbers some irrational numbers are algebraic. For example, √2 is algebraic because it is a root of the non-zero polynomial x² - 2= 0
Any number that is not algebraic is a transcendental number. Moreover, transcendental numbers are described, by one student, as coming from “complicated things”. Examples include Π and e. An example to consider is i, is it a transcendental number? The answer is no. The number i  is algebraic, it is a solution to x² + 1= 0.  

C) Simplest Algebraic Structure: Group
When we talk about N ⊂ Z ⊂ Q ⊂ R ⊂ C we see words such as “inverse”, “identity” being mentioned which leads us to the simplest algebraic structure: group. A group is a set closed under a “binary operation.” A binary operation on a set G is a method by which the members of an ordered pair (a, b) from G combine to yield a new member of G denoted by ab. This condition is called closure. Examples of binary operations include ordinary addition, subtraction, and multiplication of integers.  

G is a group under a binary operation (*) if the following properties hold:
1) The operation is associative. That is, for all a, b, c € G we have (a*b)*c = a*(b*c).
2) There exists an element e in G (called an identity) such that if a € G then

a*e = e*a = a. 

3) For every element a € G, there exists a' (inverse of a) such that a* a' = e = a' *a. 

Thus a group is a set together with an associative operation such that there is an identity, every element has an inverse, and any pair of elements can be combined without going outside the set (Galllian 41). This last condition is very important. Let’s look at the set of irrational numbers together with 1 under multiplication. We can see that all three properties hold but closure is not satisfied. Thus, this set is not a group. Ex: √2 x √2 = 2 which does not belong to this set of rational numbers together with one. One must always verify closure when testing for a group. 
Examples and non-examples:

1) ([image: image6.png]


, +) is not an additive group because not every element has an inverse. For example, the inverse of 1 is -1 but -1 does not belong to [image: image7.png]


. 
2) ([image: image8.png]


, +) is a group because the identity element is zero, and every integer a has an inverse –a. 
3) ([image: image9.png]


, .) is not a group because not all elements have multiplicative inverses. For example, the inverse of 2 is ½ but ½ does not belong to [image: image10.png]


. 
4) ([image: image11.png]


, +) is a group because the identity element is zero, and every rational number a has an inverse –a. 
5) ([image: image12.png]


, .) is not a group because the zero element has no multiplicative inverse. 
6) The set of continuous R-valued functions where * is composition: 
     (f*g)(x):= f(g(x)) is not a group
a) Associativity holds: fo(gof) = (fog)of. 

b) The identity element is f(x) = x
    because gof        = fog      = g

                  g(f(x))  = f(g(x))

                  g(x)      = g(x)

c)  Not all continuous R-valued functions are “invertible.” This prevents the set 

     from being a group. 

      7)   The set of functions where * is addition:


a) Associativity holds.

            b) The identity element in the set of functions is zero.
     8)   The subset {1, -1, i, -i} of the complex numbers is a group under complex 

           multiplication. The identity element is 1 and note that -1 is its own inverse,

           whereas the inverse of i is –i and vice versa (Gallian 42). 
9) The set of all 2x2 matrices is a group under addition. The identity is the zero

Matrix and the inverse is the negatives of component wise real entries. 
10) The set of all 2x2 matrices is not a group under multiplication because the zero

Matrix doesn’t have an inverse. 

11) The set of invertible matrices, GL(2, R), of 2x2 matrices with real entries and 

non-zero determinant is a group. The identity element has one across the diagonal and zeros everywhere else. The inverse of the invertible matrix A is [image: image13.png]


(wikipedia). The set of invertible matrices is not a commutative group. 
12) The set Zn = {0,1,2, …, n-1} is a group under addition mod n. The identity  is zero 
And if k is an element then the inverse of k is n-k.

13) The set of all symmetries is a group. Dn denote the set of symmetries of a regular 

n-gon. The operation of this group is composition and the elements of Dn are rotations and reflections. In this group, the composition of two symmetries is a symmetry. The identity element is the trivial symmetry and the inverse of a flip is a flip. The elements rotations have an inverse but they are a composition of rotations.

Q1) Is the identity of a group unique?
Yes, suppose both e and e’ are identities of G. Then, 1) ae = a for all a in G and 
2) e’a = a for all a in G. Substituting a = e’ in (1) and a = e in (2) yield e’e = e’ and 

e’e = e. Thus, e and e’ are both equal to e’e and so are equal to each other (Gallian 48). 
Q2) Is the inverse of every element unique?
Yes, suppose b and c are both inverses of the element a. Then ab = e and ac = e, so that ab = ac. Canceling the a on both sides gives b = c (Gallian 49). Thus, both inverses are equal and every element has one unique inverse. 
4) Rings and fields: 
A ring is a set closed under two operations, addition and multiplication such that 1) the set forms commutative group under addition (for all a, b € R, a + b = b + a), 2) associatively holds under multiplication, and 3) it is left and right distributive over addition: a(b+c)= ab + ac and (b+c)a= ba + ca. Multiplication is not necessarily commutative so you need to have left and right distributive laws. A commutative group is called an Abelian group. Some texts require that there exists an identity under multiplication as part of the definition of rings but other definitions excludes a multiplicative identity. If we have a commutative ring with a multiplicative identity 1 such that every non-zero element has a multiplicative inverse, we have a field. 
Examples:
1) The set of integers [image: image14.png]


 under addition and multiplication is a ring because [image: image15.png]


 is a commutative group under addition and it is associative and has an identity element 1 under multiplication. 
2) The set of rationals [image: image16.png]


 under addition and multiplication is a field because [image: image17.png]


 is a commutative group under addition and it is associative, has an identity element 1, and every non-zero element has an inverse. 
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