
1 List of the many objects (symbols) in the

series of papers on Tensor structures by

Kazhdan and Lusztig

Here we list in, rough alpha-betical order, the objects (or symbols) used
by Kazhdan and Lusztig in their series of paper “Tensor Structures Arising
from Affine Lie Algebras, I-IV”, published in the Journal of the American
Mathematical Society, 1993-1994.

a-isomorphism (424) a morphism between objects in Oκ0
whose ker and

coker are both equivalent to zero

Ak (section 27.1, p.390), the full subcategory in O of modules having a Weyl
filtration or other projectivity or ext conditions

A (1.1) a commutative algebra with 1

admissible filtration (pp. 391, 404) is a property satisfied by objects in
Aκ

Ȧ , Ȧ′ (17.2, p.993) are spaces of regular functions on Ċ and Ċ ′ respectively

A∞, A′
∞ (15.4) are space of regular functions over D and D′ respectively

A, Ã, A′, Ã′ (9.3, p.951;10.3,p.957) are, respectively, spaces of regular func-
tions C[V ],C[V ],C[V ′],C[V ′]

A0 (10.2, p.957) = C[H ] = C[PGL2(C)] = C[GL2(C)]C∗ , the subalgebra of
C[GL2(C)] consisting of functions invariant under the scaling action
(gij 7→ λgij) of C∗.

(aij) (19.1) a Cartan matrix

αi (19.1) simple roots

A (19.1, p.336) = C[[̟]]

A (19.1) the universal envelope of g

AV1,V2,V3
(19.10, p.340, 339) the associativity isomorphism

R(t12, t23) : V1 ⊗ V2 ⊗ V3 → V1 ⊗ V2 ⊗ V3
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Aκ (§27, p.388) is the subcategory of Oκ consisting of modules with Weyl
filtrations

A t
κ (391) is defined as Aκ ∩ O t

κ

šκ
a (393) is defined as the nonzero morphism Vκ

a → D(Vκ
ā) defined by sκ

a

(Lem.2.32 (c)).

Aϕ (401) a subcategory of Oϕ.

α(κ) = ϕ(κ) ◦ β(κ)

α (406, §30) is defined as qV ◦ pV where V ∈ Oκ, pV : F (V ) → V and
qV : V → G (V )

a (407, §31) associativity isomorphism for (V1⊗̇V2)⊗̇V3), defined as in §18.2,
for objects V ′s in A .

â (407, §30) associativity isomorphism for fusion tensor products of objects
in O∞.

Aan (407, §30) ring of R∞-valued analytic germs at 0 ∈ C

a0, a1 (409) linear isomorphisms from 〈N 〉 → N given by the asymtotics

a0(n(t)) = lim
t→0

(tΩ12/κn(t));

a1(n(t)) = lim
t→1

((1− t)Ω23/κn(t)).

It turns out that (corollary, p.409) a∞ = a1 ◦ a
−1
0 .

A (433) is defined as C[v, v−1]

B (8.1, p.942) a commutative C-algebra with 1, as and alternative base ring
to C

B, B′ (9.7, p.952) B is a C-algebra with a C-homomorphism A→ B; B′ :=
B ⊗A A

′.

B1 (9.13, p.954) another ring, for studying the base change of Y∆B

B∞, B
′
∞ (15.13, p.980) B∞ = C[t] and B′

∞ = C[t, p, q]/(pq − t)
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Bn, B
′
n (15.13) Bn = B∞/(t

n), and B′
n = B′

∞/(t
n)

(bij) (19.1) inverse of Cartan matrix (aij)

BV1,V2,V3,V4
(or B′) (19.10, p.340) are maps from (V1 ⊗ V2) ⊗ (V3 ⊗ V4) to

V1 ⊗ (V2 ⊗ V3) ⊗ V4; with the target tensor product associated in the
two possible ways.

∇(b),∆(b),F (∆) (pp.390-391) are, respectively, A-modules and category
defined in C.M.Ringel, The category of modules with good filtrations

ove a quasi-hereditary algebra has almostsplit sequences , Math. Z. 208
(1991), pp. 209-223

β(κ) (404) is a morphism: M(κ)→ M1(κ) such that

B (405)

β(V1, V2) (407) is an isomorphism g(V1) ⊗ g(V2) → g(V2⊗̇V2) where V1, V2

are Weyl modules; It defines an isomorphism between functors θ1, θ2.

β̃ (407) is an isomorphism: W̃1⊗̇W̃2→̃ ˜(W1 ⊗W2)
κ
, where W1,W2 ∈ D

(b), (b∗) (435) dual bases of fν

Ċ, Ċ ′ (17.1, p.992) are, respectively, the Riemann sphere with three points 0,
1, and∞ removed, and the variety of (punctured) quadrics {(t, p, q) ∈ C3|pq = t; p, q 6= 1}
over it

χt(V, a) (p.396) is the alternating sum
∑

i∈N
(−1)i · dimExtiOt

κ
(V,D(Vκ

a))

C , C +, C 0 (3.7, p.932) are abelian categories, with objects complex-vector
spaces V with a given decomposition V =

⊕

λ∈C
(λV ), and g̃-module

structure (respectively, g̃+-module and (g ⊕ C1)-module structure for
C + and C 0) such that

1. ǫnc(λV ) ⊂ λ−nV for all c ∈ g and n ∈ Z (respectively, n ∈ N and
n = 0)

2. 1 acts as a scalar κ− h

3. the action of g on each piece λV is locally finite (i.e. has finite
dimensional orbit on each vector in V)
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And irreducible object in C − is isomorphic to some V κ
a (λ) where λ ∈ C.

C is the ring of functions Bn[p,q]
(pq−t)

[(p− 1)−1, (q − 1)−1]

CV1,V2
(19.12) the commutativity isomorphism: CV1,V2

(x⊗ y) = eiπ̟t(y⊗x),
where the exponential is defined as a Taylor series.

ci(F ) (26.4, p.385) is a linear operator: Ȳ → Y/∆Y : ci(F )c(x′⊗ xi⊗ x
′′) =

π(x′ ⊗ (Fc)xi ⊗ x′′) where 1 ≤ i ≤ n and F ∈ A((ǫ)).

Ca,b,c (393) is defined as dimHom(Va ⊗ Vb ⊗ Vc,C)

Cā,b,c̄ (429) is defined as dimC(V λ
c )

Cκ (436) is a braided category (of modules over a quantum group)

ci (438)

D0 (p.958) it is the complex vector subspace of Der(Ã) generated by θ0,s,
θ+1,s, θ−1,s for s ∈ S (S=the configuration of points on the Riemann
sphere)

D1 (p.958) it is a subspace of the set of derivations, which commute with
the action of H, of the algebra Ã = C[V ] on the “lifted” configuration
space V of marked points on the Riemann sphere, so that it maps
surjectively D1 → Der(A) onto the space of derivations on the moduli
space V

D2 (10.12, p.961) it is the Lie subalgebra of D1 consisting of derivations
sending the subalgebra A ⊂ Ã to zero, i.e. they are derivations along
the fibres of the projection V → V ; It is also an A-Lie algebra: the Lie
algebra structure and the A-module structure on D2 are compatible.
We have (12.11, p.969) Der(A) = D1/D2 → EndC(Y/∆Y ).

D, D′ (15.2, p.977) are, respectively, the Riemann sphere with two points 1
and∞ removed, and the variety of (punctured) quadrics {(t, p, q)|pq =
t; p, q 6= 1} over it

∆̇4 (17.5,p.994) the Lie algebra Ȧ′ ⊗ g
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D(V ) (1.16) the duality functor of Oκ defined by D(V ) = dV #(∞), where
dV = HomA(V,A); That is to say, D(V ) is the subspace of linear forms
V → C having zero values on Q#

NV for some N¿1, with the inherited
action of ĝ

dV (1.16) = HomA(V,A)

∆ (9.9, p.952) is the A-Lie algebra A′ ⊗ g with bracket [fc, f ′c′] = ff ′[c, c′].
There is a natural homomorphism of A-Lie algebras ∆→ ĝS

A given by
fc 7→

∑

s∈S δs(
sfc)

δs (1.6, p.908) is the Lie algebra embedding ĝA → ĝS
A extending the simple

embedding g→ gS

∆B (9.9, p.953) is the B-Lie algebra ∆B = B ⊗A ∆(= B′ ⊗ g). There is a
homomorphism of B-Lie algebras ∆B → B ⊗A ĝS

A → ĝS
B. There is an

exact sequence (9.10(a),p.953)

0→ B ⊗ g→α ∆B ⊕ (ĝS
B)+ →α

′

ĝS
B → 0

where (ĝS
B)+ = B[[ǫ]]S ⊗ g (c.f. Lemma 9.8, 9.10)

Der(A0) (10.2, p.957) The Lie algebra of derivations of A0; It has an A0-basis
{θ0, θ−1, θ1} given by the formulae θ−1 = θ12, θ0 = θ11 = −θ22, θ1 =

−θ21 where ∂
∂gij

=
g3−i,3−iθ

ij−g3−i,iθ
3−i,j

g11g22−g12g21

D0 (p.958) it is the complex vector subspace of Der(Ã) generated by θ0,s,
θ+1,s, θ−1,s for s ∈ S (S=the configuration of points on the Riemann
sphere)

D1 (p.958) it is a subspace of the set of derivations, which commute with
the action of H, of the algebra Ã = C[V ] on the “lifted” configuration
space V of marked points on the Riemann sphere, so that it maps
surjectively D1 → Der(A) onto the space of derivations on the moduli
space V

D2 (10.12, p.961) it is the Lie subalgebra of D1 consisting of derivations
sending the subalgebra A ⊂ Ã to zero, i.e. they are derivations along
the fibres of the projection V → V ; It is also an A-Lie algebra: the Lie
algebra structure and the A-module structure on D2 are compatible.
We have (12.11, p.969) Der(A) = D1/D2 → EndC(Y/∆Y ).
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δi (19.1) symmetrizer, i.e. (δiaij) is a symmetric matrix, it is assumed to be
positive-definite

D (§19, see 19.3,p.337) Drinfeld’s category, with as objects free A-modules
of finite rank over A; and as morphisms A-linear maps. Its indecom-
posable objects are Va where a is in the weight lattice (19.3). There
is a structure of tensor category on D with commutativity (19.12) and
associativity (19.10) isomorphisms constructed from (formal) Knizhnik-
Zamolodchikov equations (19.8(a)) - see R(Π0,Π1), orAV1,V2,V3

(19.10).

D (26.4) the category of finite dimensional complex vector spaces

dm(a) (393) is defined as dimVa,m

Dα,m(a) (393) is defined as
∑

c∈Yα(a) dm(c) when α is a dominant weight; it

can be extended (p.393) to the whole weight lattice with the action of
the Weyl group

dK
M(A,Λ) (399) is defined as dM(K)(AK ,Λ).

δa (411) is defined as ϕa = δaId, where δa ∈ R∞. Its order of pole at κ plays
a key role in the numerical criterion of rigidity in Prop. 31.3, p.412.

da (412) is defined as δ−1
a . It turns out (31.6, p.413) that da(κ) = vn−v−n

v−v−1

∆ (416) discriminant function on T

DR (421) category of finitely generated R-modules

d(a, κ) (430) is defined as dimLa

e (405) is the natural projection e : M = MN → MN/MN−1 = 1; We have
e ◦ ĩ = (x− κ)N−1.

eVa
(412) is a morphism Vκ̂

a⊗̇D(Vκ̂
a) −→ 1.

η (423) a morphism: Va+b−αi
→W

EV
i (426)

ĒW
i (428) defined analogously to EV

i

Ē (κ) (430) is a category of graded finite-dimensional vector spaces
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E
(p)
i (436) as an operator (M∗)λ → (M∗)λ+pi′, is defined as:

(E
(p)
i m∗)(m) = (−1)pvpλ(i)+p(p−1)m∗(E

(p)
i m)

for m∗ : M−λ → R,m ∈M−λ+pi′

fs and fk
s (sec. 9.5) fs := 1

γ−1
s (z)

∈ C is the reciprocal of the value of the

local chart of a point z on the projective line P (1) ∼= C. The set
{1, fk

s (s ∈ S; k ≥ 1)} form a basis of A′ over A (Lemma 9.6, p.951)

sf (9.4) is a homomorphism of A-algebras: A′ → A((ǫ)), which is an expan-
sion along the extra parameter z of V ′ over V of a regular function
f ∈ A′ = C[V ′] on the moduli space V ′ = H\V ′ of the Riemann sphere
with marked points

F t (3.3) a finite set {a ∈ NI | 〈a, a+ 2〉 ≤ t} where t is an integer greater
than (or equal to?) 1

fs and fk
s (9.5, p.951) fs := 1

γ−1
s (z)

∈ C is the reciprocal of the value of

the local chart of a point z on the projective line P (1) ∼= C. The set
{1, fk

s (s ∈ S; k ≥ 1)} form a basis of A′ over A (Lemma 9.6, p.951)

φ (10.3) is a map: H×P 1 → P 1 given by the evaluation φ(γ, z) = γ(z). The
vector fields θk act on the first factor γ, and we have θk(φ) = zk+1 ∂φ

∂z

f̃(z) (19.8) is the rescaled function z̟Π0f(z) where f(z) is a solution of the
formal KZ equation (19.8(a)).

f̃n (19.8, p.339) Fourier coefficients of the series expansion of f̃ =
∑

n≥0̟
nf̃n.

It is a function: (0, 1)→ 0V which extends to the interval [0, 1) (p.339).

R0(f), R1(f) (p.339) are two maps from the space X of solutions of KZ
equations (19.8(a)) to the representation space V . R0(f) is the rescaled
asymtotic of f at 0, i.e.

R0(f) = lim
z→0

f̃ =
∑

n≥0

̟n lim
z→0

f̃n(z) ∈ V.

R1(f) is a similar asymptotic at 1, where f is rescaled by (1− z)−̟Π1 .

fN (26.3) is defined as the natural map Ŵ (−∞)→W/GNW .
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fij (26.4) a function on V

Fκ (404) field of fractions of Rκ

F (406, §30) is defined as the functor: V 7→ V (1) from Oκ to D , the category
of finite dimensional representations of the Lie algebra gF := g ⊗C F
where κ is a ring morphism: R→ F from ring R to a field F .

Fa,b(κ) (424) is a rational function of Gamma factors

F V
i (427)

F̄W
i (428) defined analogously to F V

i

f (433) is an algebra over C(v) with generators κi : i ∈ I and relations

∑

p,p′∈N;p+p′=1−aij

(−1)p′ κ
p
i

[p]!
κj
κp′

i

[p′]!
= 0

Af (434) is the A-subalgebra of f generated by the divided powers κ
(p)
i =

κp
i

[p]!

fν (434) ???

Rf (434) is an R-algebra defined by a change of scalar; where R is a commu-
tative algebra over A

RC (434) is an abelian category of finitely generated R-modules with action
of Rf .

F
(p)
i (436) is defined analogously to E

(p)
i

ga,b (20.6(a)): elements in A, measuring the discrapency of the S ′
c morphism

at different weight c’s before and after the action of the morphism Ta,b

Γ (p.926) is the Lie algebra g with coefficients in the ring of regular functions
over a genus-zero complex curve with finitely many points removed

γs (4.2) is a “chart”: P 1 → C, or, a morphism of varities from the complex
projective line P 1 to a genus zero curve C with a unique marked point
ps ∈ ♥ on every component, such that γs(0) = ps
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Γ (4.6, p.926) is the central extension Γ = (R ⊗ g) ⊕ C1 of the Lie algebra
of the Lie-valued regular functions on the algebraic curve C ′

GN (4.8, p.927) the complex subspace of U(Γ) spanned by products (f1c1) . . . (fNcN)
with fi ∈ R1 and ci ∈ g.

gs(p) (7.2, p.938) ,for s ∈ [s0], s0 ∈ ♥, is the regular function in R = C[C ′]
given by gs(p) = 1

1/γ−1
s0

(p)−1/γ−1
s0

(γs(0))
on the s0-component (p ∈ Cs0

) and

gs = 0 on other components (p ∈ C − Cs0
); These functions are in-

troduced in the demonstration (7.3, 7.6) of the finite-dimensionality
of W/GMW , which in turn establishes the isomorphisms which state
that T (W )# and T ′(W ) are dual to each other under D (Theorem 7.9,
p.940). Note that after the definition at [Kazhdan-Lusztig I, p.938,
7.2(a)], the first property of the function gs should read “s0gs ∈ ǫ +
ǫ2C[[ǫ]]”.

ΓB (8.2) is the B-Lie algebra B ⊗ Γ, where Γ is the Lie algebra on the
algebra of regular functions on the complex curve C ′. There is a natural
homomorphism: Γ→ ΓB : x 7→ 1⊗B x

g′ (11.1) = g♣ ; ♣ is a finite set

γ1, γ2, γ12, γ3, γ4, γ34 are charts on the complex curve C = P 1 ⊔ P 1 sending
the points {0, 1,∞} on C to copies of such on the curve; e.g. γ1 : P 1 ∼=
C12 : z 7→ 1

1−z
; and also γ12 : z 7→ z.

g (p.335, 19.1) a simple Lie algebra with (aij) as Cartan matrix

G (remark following 26.4) the functor Oκ → D : V 7→ V/G1V .

ĝ (400) is defined as ĝR

γ̂ (404) is defined as xβ̂(n+1)(m)− β̂(n+1)(xm)

G (406, §30) is defined as the functor: V 7→ V/Q#
1 V from Oκ to D , the

category of finite dimensional representations of the Lie algebra gF :=
g⊗C F where κ is a ring morphism: R → F from ring R to a field F .
F and G are equivalences of categories; α is a functorial isomorphism
between them.
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(Ǧ , β̌) (421) a morphism from the braided category Ǒ to the Drinfeld cate-
gory

G (θ) (423) an element in Hom(Va+b−αi
, Va⊗ Vb)⊗ Ř, the image of θ ∈ θi;a,b.

Hexagon identities (19.13) the two compatibilities of associativity with
commutativity in a triple tensor prodcut. They provide solutions for
the Yang-Baxter equation.

H (17.8, p.995) a linear map on the tensor product
⊗

i Vi defined by the
Sugawara operators: y1 ⊗ y2 ⊗ y3 ⊗ y4 → y1 ⊗ y2 ⊗ (L0 − L−1)(y3) ⊗
y4 + y1 ⊗ y2 ⊗ y3 ⊗ (L0 − L−1)(y4) ; this map lifts the connection map
∇t∂/∂t on the space Ẏ /∆̇4Ẏ of coinvariants

H (9.1) the group PGL2(C) of automorphisms of the projective line P 1 =
C ∪∞

ĝS, g̃S are central extensions of gS =

S
︷ ︸︸ ︷
g⊕ · · · ⊕ g, i.e. they have one dimen-

sional centres, and are not direct sums of affine Lie subalgebras

h,h+,h′h′+ (9.14, p.955) - form a “split induction datum” (A.1, p.1008),
e.g. from (9.10(a)), we can take h = (ĝS

B)+, h′ = ∆B, h′+ = B ⊗
g. This way we can show (proposition 9.15) that the map (9.15(a))
(B ⊗ (

⊗

s Ns))g
→ Y∆B

is surjective and is an isomorphism; We also

have the base change behaviour (B ⊗ (
⊗

s Ns))g
= B ⊗

(

(
⊗

s Ns)g

)

H (17.8, p.995) a linear map on the tensor product
⊗

i Vi defined by the
Sugawara operators: y1 ⊗ y2 ⊗ y3 ⊗ y4 → y1 ⊗ y2 ⊗ (L0 − L−1)(y3) ⊗
y4 + y1 ⊗ y2 ⊗ y3 ⊗ (L0 − L−1)(y4) ; this map lifts the connection map
∇t∂/∂t on the space Ẏ /∆̇4Ẏ of coinvariants

H(V,W ) (401) is defined as HomO(V,W ). It is (lemma 29.8) a free R-
module of finite rank.

î (412)

ī (19.1) is the label for the corresponding element in the root system for αi

in the involution induced by the longest element w0 of the Weyl group
of g
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I (19.1) a finite set, to be the set of indices of simple roots

In (398) is defined as the set {k ∈ K|kn ∈ N}

ĩ (406) is a natural embedding: 1 → M (corollary for lemma 29.12); We
have e ◦ ĩ = (x− κ)N−1.

iVa
(412) is a morphism 1 −→ Vκ̂

a⊗̇D(Vκ̂
a).

iM (436) is a morphism 1→ M ⊗R M
∗

j(w) (17.23, p.1003) image of an element w ∈ T (W )# in T (Wn)
#, w being

represented as a sequence (w1, w2, . . . ) in hatW

j (415) is defined as e⊗ 1⊗ e ◦ 1⊗ i⊗ 1 ,a morphism from (Vκ
a)

∗⊗̇Vκ
a −→

T κ ⊗ T κ∗

ĵ (415) is a morphism: (Vκ̂
a)

∗ ⊗Vκ̂
a → T ⊗ T ∗

j̃ (415) is defined as ĵ ⊗ Fκ

χt(V, a) (p.396) is the alternating sum
∑

i∈N
(−1)i · dimExtiOt

κ
(V,D(Vκ

a))

lss′, mss′, kss′ (10.10) they are elements in A; lss′, mss′ being the coefficients
in the expansion s′fs = lss′ +mss′ǫ+ · · · ∈ A[[ǫ]], where s 6= s′; kss′ ∈ A′

is defined by fsfs′ = lss′fs′ + ls′sfs +kss′1. In fact, kss′ is constant along
any fibre of V

′ → V and so kss′ ∈ A.

ξ (10.13) is an element ξ =
∑

j,s aj,sθj,s ∈ D2 ; aj,s ∈ A. The coefficients
a0,s, a−1,s satisfy a relation with the coefficients lss′.

κ̂ (401) the natural embedding R→ Rκ

κ0 (410) is an element in C−Q≥0

κ (430) is a complex number

Lκ
a (2.8) irreducible quotient of Vκ

a , where (a, κ− h) is the highest weight of
the module
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Lk (1.14, 1.15) the Sugawara operator, defined by

Lk(x) =
1

2κ

∑

j≥−k/2

∑

p

(ǫ−jcp)(ǫ
j+kcp)x+

1

2κ

∑

j<−k/2

∑

p

(ǫj+kcp)(ǫ
−jcp)x

where {cp} is an orthonormal basis of g; if it is acting on a tensor
product over the set ♣, we denote the action on the t-th factor as Lk;t;
and the total action is Lk =

∑

t∈♣ Lk;t (1.15)

λV (2.23, p.918) subspace of vectors annihilated by some power of (L0−λ) ;
for example, we have D(V ) =

⊕

λ
d(λV ), where dV is defined in (1.16)

lss′, mss′, kss′ (10.10) they are elements in A; lss′, mss′ being the coefficients
in the expansion s′fs = lss′ +mss′ǫ+ · · · ∈ A[[ǫ]], where s 6= s′; kss′ ∈ A′

is defined by fsfs′ = lss′fs′ + ls′sfs +kss′1. In fact, kss′ is constant along
any fibre of V

′ → V and so kss′ ∈ A.

Λθk,s
(11.2) where k = 0,+1,−1; s ∈ S is defined to be 1⊗· · ·⊗Lk;t⊗· · ·⊗1;
where Lk;t is the Sugawara opeartor Lk acting on V s (p.953) at the s-th
position in Y =

⊗

s∈S V s

Λ (11.2) is a complex-linear map: D0 → EndB(Y ) : ∂ 7→ Λ∂. It is actually
(11.2(a)) a homomorphism of Lie algebras over C.

Λ′,Λ′′ (11.3) Λ′ : D1 → EndB(Y ) is the unique A-linear extension of Λ to
D1; Λ′′ is the restriction of Λ′ to D2. Λ′′ is a homomorphism of A-Lie
algebras.

L̂0 (26.3) is defined as lim←−L0(N).

λa(n) (393) is defined as 1
2κ
〈a, a+ 2〉+m

Λ, F,M,A (405) Λ is a ring of formal power series over C; F its field of frac-
tions; and M a free finitely generated module over Λ with a filtration
0 = M0 ⊂ M1 ⊂ · · · ⊂ MN = M such that the quotients are tor-
sion free; A an endomorphism of M preserving the filtration and such
that for every i : 1 ≤ i ≤ N , the quotient modules M̄i = Mi/Mi−1

decomposes as M̄i =
⊕ni

j=1M
αi

j

λ2ρ (411) is defined as
∏

i∈I λ
cı

i
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L (415) is defined as ker(eVκ
a
) ⊂ (Vκ

a)
∗ ⊗Vκ

a

L̂ (415) is defined as ker(eVκ̂
a
) ⊂ (Vκ̂

a)
∗ ⊗Vκ̂

a

L̃ (415) is defined as L̂⊗ Fκ ⊂ ker(j̃)

L (436) is an irreducible object in Cκ

lss′, mss′, kss′ (10.10) they are elements in A; lss′, mss′ being the coefficients
in the expansion s′fs = lss′ +mss′ǫ+ · · · ∈ A[[ǫ]], where s 6= s′; kss′ ∈ A′

is defined by fsfs′ = lss′fs′ + ls′sfs +kss′1. In fact, kss′ is constant along
any fibre of V

′ → V and so kss′ ∈ A.

M , ˙M (17.10) M = Y∞/∆4,∞Y∞, ˙M = Ẏ /∆4Ẏ . It is an A∞-module and
has a natural connection with regular singularity at 0 (17.14, p.998).

τ(M) (17.24, p.1004) torsion module of M over A∞, i.e. vectors annihilated
by powers of t.

Mf (17.24) = M/τ(M)

M̂ (17.24) = lim←−n≥1
M/tnM

M̂ (17.24, p.1005) = HomC[[t]]

(

M̂ ′f , M̂ f
)

Man,M
′
an,Man (17.26, p.1005) real analytic bundles on the real interval

(−∞, 1)

M(K) (398) is defined as M ⊗R K

ΛM
⊥ (399) is defined as

⊕

Λ′∈T (A,M)

Λ 6=Λ′

Λ′M.

M
(n)
i (403) is defined as Mi/(x− κ)nMi where i is equal to 1 or 2.

M̌ (404) image in Oκ̌ of any object M in Oκ̂

mZ
(i,j) (405), where Z is a subset of Q, is an endomorphism of M̌ , defined as

follows: αi
j − B̌ for (i, j) /∈ Z; and −Č for (i, j) ∈ Z.

M (407) finitely generated torsion-free R∞-module

13



Man (407) is defined as M ⊗R∞
Aan

m0 (418) a constant

m̌ (425) morphism defined with the generalised T, S, τ morphisms, in the
same way as the ”unchecked” morphism in Part III.

MV,V ′ (426)

M̄W,W ′ (428) the unique functorial isomorphism X̄(W )⊗X̄(W ′)→ X̄(W ⊗̇W ′)
in Oκ, satisfying a commutation relation between the M and r mor-
phisms. (429)

N (2.1) nil-module, that is, a finite-dimensional module over the C-algebra
C[ǫ]⊗g, and the ideal ǫC[ǫ]⊗g acts nilpotently on N , i.e., there exists
a fixed number t > 1 such that any t elements in ǫC[ǫ] ⊗ g acts on N
as zero

N κ (2.3) generalized Weyl module induced by the nil-module N

M(κ) (section 29, p.397) is the quotient M/(x− κ)

N in the paper, the set of natural numbers is defined as the set of non-
negative integers, including zero (?)

ν (4.16,p.931) is a C-linear map: T (W ) ⊗ X → (W ⊗ X)/G1(W ⊗ X),
defined canonically; the image ν(g̃♥(T (W )⊗X)) is contained in Γ(W⊗
X)/G1(W⊗X) (4.17,p.932); Thus we have 1 an induced canonical map
of coinvariants (T (W )⊗X)g̃♥ → (W ⊗X)Γ .

∇ (12.2, p.967) a connection on A -module M , i.e. a C-linear map ∇ : M →
Ω1

A
⊗A M , satisfying the Leibniz condition ∇(am) = d(a)⊗m+a∇(m)

for a ∈ A , m ∈ M ; where Ω1
A

= I /I 2 is an A -module and I is the
kernal of the multiplication map A ⊗A → A . There is an isomorphism
HomA (Ω1

A
,A ) ∼= Der(A ) given by f 7→ fd.

∇∂ (12.3) is a map in EndC(M); given a derivation ∂ ∈ Der(A ), ∇∂ is given
by the composition of ∇ with ∂ ⊗ 1M :

M → Ω1
A ⊗A M → A ⊗A ⊗M ∼= M

1Γ being the Lie algebra g tensored with the ring of regular functions over a complex

curve, see p.926

14



∇∂(m) is A linear in the two variables m and ∂.

∇0,∇1 (12.7, p.968) they are connections on theA-module Y , with∇0
∂(fy) =

∂(f)y and ∇1
∂ = ∇0π(∂) + Λ′

∂, where π : D1 → DerA is the canonical
map. ∇1 : D1 → EndC(Y ) is a homomorphism of Lie algebras over C.

∇,∇′ (17.16) are C-linear maps: C[t]⊗X12⊗X34 → C[t]⊗X12⊗X34 defined
by the Sugawara operator L(0). They induce the same complex-linear
map ∇t∂/∂t on the space of coinvariants (C[t]⊗X12⊗X34)∆2,∞

, and on
this C[t]-module it defines a connection with regular singularity

ν (17.1) a morphism: Ċ → V

[n]i (19.1) =
vn

i −v−n
i

vi−v−1

i

∇̃ (p.387) is defined as ∇0 + ω̂.

∇tr (p.387) is the trivial connection on A∞ ⊗ Ȳ /gȲ

˜N (392) the Uκ-module induced from the U(g)-module N .

N0 (393) a subset of NI , depending on the rationality of κ

˜N (401) the object in Oϕ corresponding to the nilmodule N .

α(n) (403) is a morphism M → M
(n)
2 of ĝRκ

-modules (prop.29.3)

Nj (405)

∇0
t∂/∂t denotes the trivial connection on Man

∇t∂/∂t (407) a connection on Man

∇′
t∂/∂t (407) a connection on Man

(N ,∇∂/∂t) (408) an R-vector bundle over C− 〈0, 1〉 with connection ∇∂/∂t

being (the trivial connection) + − 1
κ
(Ω12

t
− Ω23

1−t
)dt

〈N 〉 (408) space of flat sections n(t) of ˜N over the interval (0, 1).

na(κ) (412) the order of zero of da at κ

NI(θ) is defined as
{
a ∈ NI | θa|Zθ

≡ 1
}

15



Ñ (417) is defined as {a ∈ NI(θ)|T κ
a is projective}

N̄ (417) is defined as the image of Ñ in NI(θ)/pNI(θ)

NI(m) (418) a subset

[n] (433) is defined as vn−v−n

v−v−1 for an integer n

{ωi| i ∈ I} (19.1) the collection of simple roots

Oκ (Kazhdan and Lusztig’s introduction, p.905) - “category O”, consisting
of modules of finite length over ĝ , with central charge κ−h, and whose
composition factors are irreducible highest weight modules correspond-
ing to weights which are dominant in the g -direction (p.905)

Ot
κ (3.3) a full subcategory of Oκ whose objects have composition factors

Lκ
a for some a in the set F t; it is closed under extension and duality

V → D(V )

〈ωc〉 (4.9, p.927) ĝ module structure on the completion Ŵ defined through
the approximation property 4.9(a) of the space R of regular functions
on C ′

ω (6.3,p.934) a collection (ωs)s∈♥ ∈ C((ǫ))♥ of Laurent series ωs, such that
ωc ∈ ĝ♥ acts on Z∞ via 〈ωc〉λ = (gc)λ where g ∈ R = C[C ′] is a
regular function on the curve C ′ which expands, at each point s ∈ ♥,
to a series approximating ω to the N-th order, i.e. sg − ωs ∈ ǫNC[[ǫ]]
for every s ∈ ♥.

ωn (17.27(a)) an element in M/tnM constructed from an isomorphism of
quotients of M and M ′.

ω̃ (17.27, 17.28) an analytic section of Man, horizontal with respect to the
connection ∇t∂/∂t, which is the analytic continuation along the interval
(−∞, 1) of the power series ω at 0,

ωi (19.1) fundamental weights

Ω(2) (26.3) is defined as
∑

p cp ⊗ cp ∈ U(g)⊗ U(g)

16



ω̂ (p.387) is defined as − 1
κ

(
∑n

i=1 Ωiωi,0 +
∑n

i=1 fi,jΩ
(2)
i,j ωi,−1

)

. Since it com-

mutes with the action of g on Ŷ , it defines a connection ∆ on the
bundle A ⊗ Ȳ /gȲ ∼= Y/∆Y . It coincides (cor. 26.1) with the connec-
tion defined in §12.11.

Oκ(z) (393) a certain full subcategory of Oκ where all irreducible subquo-
tients of V are isomorphic to Lκ

a for some a ∈ z ∩NI ; where z ∈ Z is a
Wκ-orbit on ZI .

Oa
κ ,O

<a
κ (396) are full subcategories of Oκ with composition factors of some
given form, their highest weights being restricted to some subsets

O (400) the full subcategory of Õ of ĝ modules, consisting of those which
are free as R-modules, and for any κ ∈ S, the module V (κ) belongs to
the category Oκ.

O (401) is the category of ĝR̃-modules defined analogously to O

O∞ (401) is defined as Oκ∞

Oa (402) the full subcategory of O , consisting of modules V such that, for
any κ ∈ S, V (κ) lies in Oa

κ . ( §29.8, §28)

(O∞, ⊗̇, a,P) (410) is a braided category (corollary, p.410); (G , β) defines an
equivalence between O∞ and D (corollary, p.410); where β : G (W̃1)⊗
G (W̃2)→ G (W̃1⊗̇W̃2) (lemma 30.2, p.407)

Ωκ (412) the intersection of the Wκ-orbit of 0 with with NI .

Oθ
κ is a subcategory of Oκ, consisting of modules whose irreducible subquo-

tients are isomorphic to La where a ∈ NI(θ)

Pentagon identity (19.11) compatibility of associativity isomorphism with
itself in a quadruple tensor product

φ (10.3) is a map: H×P 1 → P 1 given by the evaluation φ(γ, z) = γ(z). The
vector fields θk act on the first factor γ, and we have θk(φ) = zk+1 ∂φ

∂z

pn,s′ (10.8) n-th coefficient of the series expansion of a function f ∈ A′ at a
point γs′(0)
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P, P̄ (14.2) are maps: V ⊗ V ′⊗ V ′′ → V ′⊗ V ⊗ V ′′ given by P (x⊗ y⊗ z) =
τy ⊗ τx ⊗ τ̄ z and P̄ (x ⊗ y ⊗ z) = τ̄ y ⊗ τ̄ x ⊗ τz. There are induced
isomorphisms of coinvariants (14.5) (V ⊗V ′⊗V ′′)∆C

→ (V ′⊗V ⊗V ′′)∆C

where C is an A-algebra via evaluation at a point.

P, P̄ (14.6(d)) is the transpose (V ⊗̇V ′) → (V ′⊗̇V ) in Oκ of the map
D(V ′⊗̇V ) ∼= D(V ⊗̇V ′) constructed at (14.6(b)). The two maps P, P̄
are in fact inverse of each other (p.977).

Φn (section 15, p.977; 15.24, p.983; 15.25) where n ≥ 1, is a family of maps
relating the two spaces of coinvariants on non-singuar and degenerate
quadrics (i.e. union of two lines). Φn is constructed as a Bn-linear
map (15.25(a), p.984): T (Wn)

#/∆2,nT (Wn)# → Wn/∆4,nWn, where
1 ≤ n < ∞. It is shown in §16 that Φn is an isomorphism for every
n ≥ 1. (proposition 15.27, p.985)

Ψn (15.20, p.982) is an isomorphism of Bn-modules (15.20(a)):

(
Bn ⊗ (V1⊗̇V2)⊗ (V3⊗̇V4)

)

∆2,n

∼= T (Wn)#
∆2,n

P0, P, P̂0, P̂ (16.9) are Lie algebras with coefficients being rational functions

or formal power series; e.g. P = P0 +Bn1 where P0
∼= Bn[p,q]

pq−t
⊗g ⊂ g̃♥

Bn

Πn (16.17, p.992; 17.23,p.1003) (see 8.5(a), p.994) a map from g̃♥
Bn

-coinvarinats
to Γ-coinvariants. It is compatible (17.23) with the connections ∇t∂/∂t.

̟ (§19) a formal variable, to be thought of as 1/κ.

Π0,Π1 (19.8, 19.9, 19.10) endomorphisms of V, in particular, the quadratic
commuting element t acting on the 12- or 23- components of V1⊗V2⊗V3.

π (26.4) is defined as the natural projection Y → Y/∆Y

ϕ(t) (387) is defined as − q
κ

(

− t
1−t

Ω
(2)
13 + Ω34

)

. Its sum with the trivial con-

nection ∇tr is equal to (Lem.26.6) ∇t∂/∂t

ϕt (387) is defined as the map: M̄ (0) → M (0) defined in §15.25, p.984
(???), which can be considered as an endomorphism on Ȳ /gȲ .

Pκ
a (λ) (388) is defined as U(ĝ−)⊗U(g) Va

18



ϕ (401) is some ring homomorphism R→ R̃

P (407, §31) commutativity isomorphism for (V1 ⊗ V2)

ϕ (407, §31) isomorphism
〈
V1⊗̇V2, V3⊗̇V4

〉
→̃ 〈V1, V2, V3, V4〉 defined as in

§17.29 (p.1008), for objects V ′s in A .

P̂ (407, §30) commutativity isomorphism for fusion tensor products of ob-
jects in O∞.

ϕa (411) is defined as the composition ... ,which is a map V ∞
a to itself. It is

part of the ”rigidity” structure.

P (412) is the root lattice

P κ (416) projective module covering the irreducible quotient Lκ
b .

ϕ− (416) an involution of D

ϕ (421) an embedding Va+b → Va ⊗ Vb.

ϕ̌e
i;a,b (425) morphism defined with the generalised T, S, τ morphisms, in the

same way as the ”unchecked” morphism in Part III.

ψ̌e
i;a,b (425) morphism defined with the generalised T, S, τ morphisms, in the

same way as the ”unchecked” morphism in Part III.

Φ̌c
i;a,b (426)

Ψ̌c
i;a,b (427)

ϕc (429)

ϕ (431) is a pairing between Xc and X∗
c defined via the morphisms M and

šc.

ψ (432)

ψ̂ (432)

P (433) is a polynomial in x,y, with coefficients in the ring of rational func-
tions in C.

φ (435) is a bilinear pairing of X with values in 1
c
Z
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Piφ (435) is defined as (m ⊗m′) 7→ vφ(λ,λ′)m ⊗m′ where the lambda’s are
weights of the elements m’s

P κ
γ (438)

Qk (1.7) is the A-submodule of U(g̃A) generated by products (ǫc1) . . . (ǫck),
where ck ∈ g

qn,s′ (10.8) n-th coefficient of the series expansion of θk,sf at a point γs′(0).

QN (1.7, p.908)

Q (16.11) a Lie subalgebra of g̃♥
Bn

, in which it is the complement of P .

Q (405) is defined as the set of pairs (i, j) such that 1 ≤ i ≤ N , 1 ≤ j ≤ ni,
and (i, j) 6= (1, 1).

Q0 (405)

Qκ
γ (438)

ra,b (10.16(a)): coefficients for the change of basis from Θa−b,s to σk induced
by the isomorphism of the space HS ≃ HS given by (γs)

R (4.5, p.926) is the algebra of regular complex-valued functions on the
algebraic curve C ′ obtained from removing points {ps|s ∈ S(= ♠ ⊔
♥)}from the genus-zero curve C

Rn (4.8, p.927) is a subspace of R = C[C ′], consisting of those functions
which have an n-th order zero (or (-n)-th order pole if n is negative) at
every point s0 ∈ ♥.

rs,s′ (Lemma 11.9)

R (15.18, see also 4.5, p.926 ) algebra of regular functions on the curve with
points removed; the case of §15.18, where the curve C = P 1 ⊔ P 1 and
S = {1, 2, 12, 3, 4, 34}, we have R = C[u, u−1, (1−u)−1]⊕C[v, v−1, (1−
v)−1]

R(Π0,Π1) (p.339) is the isomorphism R1 · R
−1
0 : V → X → V

R (397) the ring of analytic functions over an unbounded open subset S ⊂ C

meromorphic at infinity
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Rκ (398) is defined as the completion of R at κ

R (400) is defined as RS = the ring of analytic functions on S, meromorphic
at infinity (p.397)

r(κ) (401) is a natural embedding H(V,W )(κ) → HomOκ
(V (κ),W (κ)).

(lem.29.8); tensoring withRκ, we have an isomorphism r(κ̂) : H(V,W )⊗R

Rκ→̃HomOκ̂
(V ⊗R Rκ,W ⊗R Rκ).

R∞ (407, §31) completion of R at infinity

ρ (411) is the sum of fundamental weights

r (421) a positive rational number, depending on the type of the root system

iR (435) is a C(v)-linear map of f

RM ′,M (435) is defined as Θ ◦ Πφ ◦ s

stable object (432) a V in Oκ such that for every V ′, the map MV,V ′ of
X̄( )’s is an isomorphism

Sc (20.12): the morphism S ′
c normalised by an “admissible collection” (20.11)

of coefficients {ga} satisfying some cocycle conditions with the set {ga,b}
(20.6(a))

S ′
c (20.4): a morphism: Vc̄ ⊗ Vc → V0 ≃ A = the ring of formal power series

over a variable (which will turn out to be 1/(k + ȟ), the level plus the
dual coxeter number), whose value at the highest weight vector xc̄⊗ yc

is normalised as 1

si (19.1) simple reflections

S (9.1) a finite set of at least two elements

σk (10.14) where k = 0,+1,−1, is a vector field on HS obtained from θk,s0

through left translation by γ−1
s0

for every H-factor for which s 6= s0,
where s0 has been fixed from the beginnning. We have σk ∈ D2. They
form an A-basis for D2.

Sκ
a (27.6, p.392) is defined as HomOκ

(Vκ
a, D((V )κ

ā)). It can be considered as
a bilinear form s : V κ

a × V κ
ā → C (p.393).
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S (400) the open set C− R≥0 ⊂ C

ŝκ̂
a (406) is defined as ŝa ⊗ 1

šκ̂
a (406) is an isomorphism: Vκ̂

ā → D(Vκ̂
ā) defined by ŝκ̂

a when Vκ̂
a is irre-

ducible.

šκ̂
a (412) is an isomorphism Vκ̂

ā−̃→D(Vκ̂
a).

Sa (420) is defined as HomO(Vā, D(Va)) = HomO(Vā⊗̇Va, 1)

š′a (421) a generator of the free R-module Sa; its choice is fixed in corollary
to lemma 33.5.

ša (422) choice of š′a, such that all ga,b ≡ 1.

sa (425) a choice of generators in Sa

sa(κ) (429)

s (435) is the switching map for a tensor product of two modules

tilting module (p.390) is a module in Oκ which is in Aκ (i.e. has a Weyl
filtration) and so does its dual D(M)

Ta,b (20.1): a morphism Va+b → Va ⊗ Vb of modules over g

t (19.2(c)): t = (1/2)(∆(Ω)−1⊗Ω−Ω⊗1), a bilinear operator on g -modules
which commutes with the action of g

T (W )# (sections 4.4,4.11, p.926, p.930) a construction of the fusion tensor
product as a g̃♥ module, from a tensor product W =

⊗

s∈♠ VS where
Vs is a g module and S = ♥⊔ ♠

θk (10.2, p.957) vector fields on H = PGL2(C); where k = 0,+1,−1

θk,s (10.2) vector fields θk acting on the s-th tensor factor in a tensor product

T ′(W ) (6.3, p.934) is the restriction of Z∞ as a ĝ♥-module to a g̃♥-module;
there are a g̃♥ dualizing homomorphisms (6.6) T (W )# → D(T ′(W ))
and T ′(W )→ T (W )# which will turn out to be isomorphisms (Remark
6.8, Theorem 7.9) under some finiteness conditions (Corollary 7.5)
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θ0, θ−1, θ1 (10.2- , pp.957-) vector fields on GL2(C), i.e. derivations of the
algebra C[GL2], which preserve the subalgebra A0 = C[PGL2] and
hence can be regarded as vector fields on H = PGL2, forming

1. an A0-basis of Der(A0) (10.2);

2. a C-basis of the Lie algebra of derivations of A0 commuting with
the automorphisms of A0 induced by left translations in H (10.2);

3. a C-basis of D0, (Lemma 10.6)

4. an Ã(= C[V ])-basis of Der(Ã), (Lemma 10.6)

5. an A(= C[V ])-basis of D1 (Lemma 10.6)

Θk,s,σ (11.5) is a B-linear map: Y → Y defined as

1⊗ 1 · · · ⊗

(
∑

n

θk,s(pn,σ)ǫ
nĉ

)

︸ ︷︷ ︸

σ−factor

⊗ . . . 1⊗ 1

τ, τ̄ (14.1, p.974) which form parts of the commutativity isomorphisms in
the category, are maps V → V , given by Oκ given by τ = eiπL0eL1 ; τ̄ =
e−iπL0eL1

T (f, c), T ′(f, c) (lemma 15.23) with f ∈ C[u, (1−u)−1 and c ∈ g, T (f, c) and
T ′(f, c) are two Bn-linear maps: Wn → Wn

t, p, q, u, v (16.1) are variables

T (16.2, p.985) is the subalgebra Bn[u−1]⊕Bn[v−1]v−1 of the algebraB[u, u−1]⊕
B[v, v−1].

τ(M) (17.24, p.1004) torsion module of M over A∞, i.e. vectors annihilated
by powers of t.

t (19.2) is an element in g ⊗ g which commutes with every Lie-like element
(1 ⊗ x + x ⊗ 1); Under the multiplication map it is mapped into the
quadratic Casimir element Ω ∈ A; we have t = (1/2)(∆(Ω)− 1⊗ Ω−
Ω⊗ 1)
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θ, θi (19.4) is a map: V → V defined, for x ∈ V λ, as

θi(x) =
∑

p,q,r∈N;p−q+r=λ(i)

(−1)q

p!q!r!
f p

i e
q
if

r
i x

Given a choice of reduced expression of w0 = si1 . . . siN , we can define
the operator θ = θi1 . . . θiN which is an isomorphism of V , independent
of the choice of reduced expressions. We also have θ(fix) = −eīθ(x). θ
acts on a tensor product as θ ⊗ θ.

Ta,b (20.1): the unique morphism Va+b → Va⊗Vb of modules over g, mapping
the highest weight vector to the highest weight vector

TT -identity (20.2) the associativity of the morphism Ta,b with itself in an
iteration

=

Va+b+c

Va ⊗ (Vb ⊗ Vc)

TC-identity (20.3) the compatibility between the T morphism of tensor
products Va+b → Va ⊗ Vb and the commutativity isomorphism CV1,V2

.
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aa b

a+ b

a b

a+ b

v〈a,b〉·

TC-identity, Prop.20.3

gagb

ā

b̄ ab

ā+ b̄ a+ b

Sb

Sa

TS-identity, Prop.20.13

gagbga,b·

ā + b̄ a+ b

Sa+b
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ā b

Sc

c̄ c

ā+ c̄ c+ b

Morphism trc
a,b, §21.1

ā b ā b

Sc

Sd

ā+ c̄+ d̄ c+d+b ā + c̄+ d̄ c+ d+ b

Sc+d

Transitivity of tr, Prop.21.3

T0 (26.5) is defined as the submodule of L̂O-finite vectors in Ŵ .

θ1, θ2 (407) are two functors from Oκ ×Oκ to D , taking, respectively, a pair
of objects to the tensor product of its target by the functor G and to
the target of the fusion tensor product of the pair.

τ (411) is defined as λ2ρ(v), an R∞-point in G; where v = e−πi/κ

T (415) lifting (prop.29.2) of T κ to category Oκ̂

θ (415) is defined as θc which is the character of Z ∈ G (§31, p.411): ρc(z) =
θc(z) · Id

Ta,b (420) is defined as HomO(Va+b,Va⊗̇Vb)
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Ť (420) a generator of Ta,b

ta,b (421) a fixed element in Ta,b

θi;a,b (423) is defined as HomǑ(Va+b−αi
, Va ⊗ Vb)⊗ Ř

τi;a,b an element in Hom(Va+b−αi
, Va⊗Vb)⊗ Ř, defined as a quotient of τ ′ by

Gamma functions

τ̌i;a,b (423) an element in θi;a,b, mapping to τ (p.423), it exists by prop. 33.1

ťr
c
a,b (425) morphism defined with the generalised T, S, τ morphisms, in the

same way as the ”unchecked” morphism in Part III.

Tν (435) is an element in Afν⊗A (Afν), defined with the dual bases b, b∗ of fν .

Θ (435) is a morphism for the tensor product of two modules, defined with
the maps Tν

vector field (10.1, p.956) on a smooth variety X is an element in the Lie
algebra DerC[X].

Va (19.3) highest weight module of g

V (∞) (section 1.9) the collection of smooth vectors in g -module V, i.e.
those vectors killed by any product (ǫc1) . . . (ǫck) of a fixed number k
of elements of the form ǫc in A((ǫ))⊗ g ⊂ U(g̃A) (p.909)

Vκ
a (2.4) Weyl module induced by the irreducible module Va

[V ] (p.396)
∑

a∈F t χt(V, a) · [Vκ
a ]

V = H\V (sec.9.2) moduli space of complex curves of genus zero with marked
points and fixed local charts (which can be extended almost every-
where) at the marked points

V s (8.3) where s ∈ ♠, is a collection of g̃B modules with the same central
charge κ− h

V (9.1, p.950) the open subset of HS =

S
︷ ︸︸ ︷

H × · · · ×H , to be pictured as the
configuration space of charts C → P 1 with distinct targets for their
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origins 0 ∈ C, or, configuration space of a collection S of points in P 1,
each point being accompanied by a local chart

P 1

*γs
be��

��
ps

:

O

C

V ′ (9.1) a configuration space similar to V , but with an extra point added,
without an accompanying chart, i.e. V ′ is an open subset in HS × P 1.

V , V
′ (9.2) quotients of, respectively, V and V ′ by the left action of H =
PGL2(C)

V s (9.11, p.953) a smooth g̃B-module with central charge κ− h

V 0 (13.1) is a contractible real analytic subset of V

v (19.1) = eiπ̟ ∈ A

vi (19.1) = vδi

Va (19.3, p.337) finite dimensional irreducible module of highest weight a

0V (19.8) a vector subspace in V such that V = 0V ⊗C A.

V+ (Section 26, p.384) is defined as Q#
1 V

V0 (section 26) is the g̃+-invariant subspace of V such that V = V+ + V0
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β(V1, V2) (remark after 26.4) is the natural transformation (isomorphism)
G (V1)⊗ G (V2)→ G (V1⊗̇V2)

Vi (26.4) is defined as Weyl modules Vκ
ai

Va,m (393) is defined as λa(m)V
κ
a

Vκ̂
a (406) is defined as Va ⊗R Rκ (remark after corollary to lemma 29.12)

V̄i (414) quotient of two successive objects Vi in a composition series

VN is defined as (V κ
c )⊗N

Va (421)

V̌ (421)

V ∼a 0 (424) a-equivalence; V is a-equivalent to zero if HomOκ0
(V κ0

ā−ᾱi
, V ) =

〈0〉.

V (a,b) (425) is defined as HomǑ(Vā⊗̇Vb, V )

v̌i (427) is an automorphism of the functor X

V λ
c (429) is defined as {v ∈ Vc|hiv = λ(i)v; i ∈ I}

W (4.4, p.926) =
⊗

s∈♠ Vs, where Vs are g̃ modues, with a natural filtration
coming from the filtration of U(Γ)

Ŵ (4.8, p.927) the projective limit of the system of vector spaces W/G1W ←
W/G2W ← W/G3W ← . . . induced by the decreasing filtration W ⊃
G1W ⊃ G2W ⊃ . . .

W1 (7.4) =
⊗

s∈♠ Vs(Ns) where the Ns ≥ 1 (7.1, p.938)are integers such
that Vs(Ns) are finite-dimensional and generate Vs over g̃ (Theorem
2.22, p.918); This vector space is introduced in the demonstration of
the finite-dimensionality of the quotient W/GMW .

W (8.3, p.943) is the tensor product
⊗

s∈♠ V s over B; It has a structure of a
ĝB module and hence a structure of a ΓB module via the homomorphism
ΓB → ĝ♥

B (8.2(b); c.f. 4.6(a), p.926)

W (8.3) is the projective limit lim←−N
W/GNW
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Wn, Ŵn, Ŵ (15.19) for W =
⊗4

i=1 Vi, we have: Wn = Bn ⊗W ; and Ŵn =

lim←−N
WN/GNWn; and Ŵ = lim←−N

W/GNW

W (19.1) the Weyl group, i.e. the finite subgroup of Aut(ZI) generated by
the reflections si : si(ωj) = ωj − δijαi for j ∈ I .

w0 (19.1) longest element of the Weyl group; w0(ωi) = −ωī for every i ∈ I.

W (393) the Weyl group for g

Wκ (393) a certain subgroup of the group of affine automorphisms of ZI ,
depending on the rationality of κ

W̃ (412) is defined as the semidirect product W ⋊ P , the affine Weyl group

Wκ (412) a subgroup of the affine Weyl group, depending on the rationality
of κ

W (a,b) (428) is defined as the complex vector space HomOκ
(V κ

ā ⊗̇V
κ
b ,W ).

X̃ (p.438, theorem 38.1) a braided functor giving the equivalence of cate-
gorories Oκ → Cκ

XN (7.3) the complex subspace of U(Γ) spanned by the products (g(s1)c1)(g(s2)c2) . . . (g(sN)cN)
with ci ∈ g and si ∈ ♥. We have XN ⊂ GN .

X (Theorem 7.9) is a smooth g̃♥ module where 1 acts as the scalar κ− h

X (8.5) is a smooth g̃♥
B module where 1 acts as the scalar κ− h

ξ (10.13) is an element ξ =
∑

j,s aj,sθj,s ∈ D2 ; aj,s ∈ A. The coefficients
a0,s, a−1,s satisfy a relation with the coefficients lss′.

X12, X34 are tensor products V1⊗̇V2 and V3⊗̇V4 respectively

Xn (16.10, p.989) Beilinson’s “diagonal module” Xn = U(g̃♥
Bn

)⊗U(P ) Bn

xa (19.4) = θ(ya). It satisfies relations fi(xa) = 0 and hi(xa) = −ā(i)xa.

X (19.8, p.338) space of analytic (in the sense of §19.8, p.338) solutions
on the interval (0, 1) with values in vector space V of the (formal KZ)
equation df

dz
= ̟Π0f

z
+ ̟Π1f

z−1
(19.8(a)).

30



Xλ(V ) (426) is defined as lim−→
b−a=λ

V (a,b)

X(V ) (426) is defined as
⊕

λ∈ZI

Xλ(V )

X̄λ(W ) (428) is defined as lim−→
b−a=λ

W (a,b)

X̄(W ) (428) is defined as
⊕

λ∈ZI

X̄λ(W )

x0
c (429) is an element in (V κ

c̄ )(c,0)

X(V )(κ) (432) is defined as X(V )/mκX(V )

X̃ (437) is the functor

W −→ X̃ =

(

X̄(W ) =
⊕

λ

X̄λ(W ), (ĒW
i )(n), (F̄W

i )(n)

)

(see corollary to prop. 36.1). The pair X̃ = (X̄, M̄) is a braided functor:
Oκ → Cκ (lemma 38.1, p.437). It turns out to be an equivalence of
categories (Theorem 38.1, p.438).

Y (9.11, p.953) =
⊗

s∈S V s

Y∆B
(9.11) the space of coinvariants Y/∆BY

Yn (15.10, p.979) = An⊗
(⊗4

i=1 Vi

)
, a ĝS

An
-module and hence a ∆4,n-module

ya (19.3) highest weight vector of Va; we have eiya = 0, hiya = a(i)ya.

Ȳ (26.4) is defined as
⊗

i Vai

Y (26.4) is defined as
⊗

i V
κ
ai

y0
c (429) is an element in (V κ

c̄ )(0,c)

Xc (431) is defined as X̄c(V
κ
c )

X∗
c (431) is defined as the object X̄c((V

κ
c )∗) in Ēκ
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Z (section 6) is the vector space Z = HomC(W,C)

Z (6.2) is the space of linear forms HomC(W,C), with the action of Γ from
W

ZN (6.2, p.934) annihilator of GNW , i.e. ZN = {λ ∈ Z|(∀ξ ∈ GN)ξλ = 0}

Z∞ (6.2) the union of all ZN , i.e. the inductive limit of Z1 ⊂ Z2 ⊂ Z3 ⊂ . . .

Z (393) set of Wκ orbits on the weight lattice ZI .

Zr (421) a right-infinite subset of the real line

ζ (436) is defined as exp(−iπ/δκ)

⊗̇ (section 13.4, p.972, 973, etc) the fusion tensor product (sections 4-7,
section 13.4, see also part IV), which is the tensor product structure
in the category Oκ of modules over an affine Lie algebra g with level
κ− ȟ

# (1.5) the involution of the affine Lie algebra g̃A given by (ǫnc)# := (−ǫ)−nc
and (1)# := −1

[V ] (p.396)
∑

a∈F t χt(V, a) · [Vκ
a ]

〈V1, V2〉 (2.32, p.921) = (V1⊗V2)/g̃(V1⊗V2) , the C-vector space of coinvari-
ants of g̃ modules V1 and V2. There is an isomorphism (2.32(c))

HomOκ
(V1, D(V2)) ∼= HomC(〈V1, V2〉 ,C).

〈V1, V2, . . . , Vr〉 = S(E) (13.3, p.971) space of horizontal analytic sections in
the A-module bundle Y/∆Y of coinvariants over the moduli space V

with a natural connection given by Sugawara operators (sections 11,12)

♣,♠,♥ (4.2,p.925) are sets of points on the genus zero complex curve under
discussion; in particular, there is just one point s ∈ ♥ on each compo-
nent of the curve, and there are at least two points (denoted [s]) from
♠ on each component; these {[s] | s ∈ ♥} partition the set ♠

[V : Lκ
a′ ] (3.9, p.924) the number of subquotients isomorphic to Lκ

a′ in the
composition series of V
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[12] is the set {1,2,12}.

〈〉 (19.1) pairing in the weight lattice: 〈a, b〉 =
∑

i,j δibija(i)b(j)

[n]i (19.1) =
vn

i −v−n
i

vi−v−1

i

[n] (433) is defined as vn−v−n

v−v−1 for an integer n

(, ) (435) is a bilinear form on f
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aa b

a+ b

a b

a+ b

v〈a,b〉·

TC-identity, Prop.20.3

gagb

ā

b̄ ab

ā+ b̄ a+ b

Sb

Sa

TS-identity, Prop.20.13

gagbga,b·

ā + b̄ a+ b

Sa+b
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ā b

Sc

c̄ c

ā+ c̄ c+ b

Morphism trc
a,b, §21.1

ā b ā b

Sc

Sd

ā+ c̄+ d̄ c+d+b ā + c̄+ d̄ c+ d+ b

Sc+d

Transitivity of tr, Prop.21.3
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ā b c̄ d

ā+ c̄ b+ d

v〈b,c〉·

m-morphism (§21.4)

ā+ ē

ā b

Se

c̄ d

ā+ c̄+ ē e+ b+ d ā+ c̄+ ē e+ b+ d

Se

m

m

dbā c̄

Left compatibility of m- and tr-morphisms, Prop.21.6
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m-m identity (prop.21.8)

ā+ b̄+ c̄ ā+ b̄+ c̄d+e+f d+e+f

ā
b̄

c̄d
e

f ā b̄ c̄d e f

a+ b− αi

a b

τ ′i;a,b : Va+b−αi
→ Va ⊗ Vb (22.1)
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Sa

Sb

ᾱı αı

ā + b̄− ᾱı a+ b− αı

[a(i)]i[b(i)]i[a(i) + b(i)]i ·

ā+ b̄− ᾱı a+ b− αı

Sa+b−αı

τ − S-identity, §23.7

[a(i) + b(i)]i [c(i)]i [b(i)]i

τT -identity (1), Prop.22.6
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[a(i)]i
[b(i) + c(i)]i

[b(i)]i

τ − T -identity (2), Prop.22.6

[b(i) + c(i)]i [c(i)]i [a(i) + b(i) + c(i)]i

τ − T -identity (3), Prop.22.6
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−[a(i)]i [a(i) + b(i)]i [a(i) + b(i) + c(i)]i

τ − T -identity (4), Prop. 22.6

A relation for τ , T and C , Cor. 22.9

v〈c,b〉· v
−a(i)
i ·

a b c

a + b+ c− αı

αı
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[c(i)]−1
i

Morphism Φc
i;a,b , §23.1

Sc Sc

ā + c̄ c + b

ā b

[c(i)]−1
i

Morphism Ψc
i;a,b , §23.1

Sc Sc

ā + c̄ c + b

ā b
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Φ− tr-identity (1) , Prop.23.2(a)

[d(i)]−1
i [c(i) + d(i)]−1

i

Sc+d

Sc

Sd

ā b

ā+ c̄− αı c+ b

ā
b

ā + c̄− αı c+ b

Φ− tr-identity (2) , Prop.23.2(b)

[d(i)]−1
i [c(i) + d(i)]−1

i
Sc+d

Sc

Sd

ā b

ā+ c̄− αı c+ b

ā
b

ā + c̄− αı c+ b
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−δijρi;c,d

ī

j

d

c
j

ī

d

c

c+ d− αi

ā+ c̄+ d̄− αid+ c+ b− αj

ā b
Φ−Ψ-identity, Prop. 23.5

[b(i)− a(i)]i

Φ−m-identity, Prop. 23.9

v
b(i)−a(i)
i · v〈b,a+c−αı〉 ·v〈a

′,b〉 · v〈a
′,b+c〉 ·
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Vā Vb

V

V (a,b) := HomD(Vā ⊗ Vb, V ), §25.1

Xλ(V )

...

...

Vā Vbb− a = λ

V
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...

...

Vā Vb
b− a = λ+ λ′

b− a = λ

Vā Vb

...

...

b′ − a′ = λ′

Vā′ Vb′

...

...

⊗ −→

The tensor product Xλ(V )⊗Xλ′(V ′)→ Xλ+λ′(V ⊗ V ′), 25.5(a)

v〈a0,b0〉·
ā0 b0

V V ′ V
V ′
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m−m-identity, 21.8

Associativity of the functor X, Prop.25.8
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(c.f. lemma 23.2, Φ− tr-identities)

Ei

τī

The morphism Ei, representing a quantum group element
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