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In the category O, of representations of the affine Kac-Moody algebra g
with finite-dimensional weight subspaces with weights bounded from above,
the fusion tensor product of two modules V;®V; represents the functor (?77?)
X — Homp(V1®@V2®X, C) where X is a smooth module (see proposition 7.10,
p. 941, Kazhdan-Lusztig I), and T is the affine Lie algebra with coefficients
analytic functions on a Riemann sphere with points removed.

We work out the fusion tensor product, as described in section 4 in
Kazhdan-Lusztig 1, in the simple example of V} ® V5, with the curve C'
being the Riemann sphere minus the set of three points S = {0,1, 00},
R=C[t,-1/t,1/(1 =1)], O ={sg =00} , & = {51 = 0,50 = 1}.

We hope that this straight-forward exercise would help make the Kazhdan-
Lusztig series of papers more accessible.

1 Definitions

We follow the definitions in section 4 of [Kazhdan-Lusztig I].

Let S = {0,1,00}, O = {59 = 00} , & = {57 = 0,50 = 1}. We have
g =gand g* =gdg. Let Let R =C]| ,’Tl,ﬁ]; for f,g € R, we have the
residue pairing | fdg. We have charts vy : C — C, 2z — (—1/x), (=1/t) — ¢
it e v :1/(1—t)—e€ Let y=R®g®C-1 be the affine Lie algebra
with R-coefficients

For the approximation property of I' [4.9(a),p.927, Kazhdan-Lusztig 1],
given an n-tuple of power series w = (w;)scw, We construct an e -approximation
of it in the space R of analytic functions on a Riemann sphere with points



(a,b,c,...,p,q) removed (none of which being co) by

(z—a)(z =b)(r—¢c) (v —p)
2 (g—a)g—b)(g—c)---(¢—p)

(W)
g=a,b,c,...,p,q

where (w,)y is the polynomial with the terms of w, up to the N-th power.
If a of the points (a,b,c...,p,q) is 0o, and let’s say (b,c)=(0,1) we may use
the transformation z = {92 deblz—ble—a)

(t—a)(c—b)’ (—b)r—(c—a) which sends (r =
0,0,1) — (t = a,b,c).

or, t =

2 A worked example

Consider the maps (4.6(a,b)): T' — g%, ' — g*. In our example let us take
f:%_tandCEQ. Then

—1/t €

2, 3 A0
et —_ —_— e e 6
1_1/t|—>1+€c (e—€ +e€ JcE G

(a): fe=1/(1—=t)ec=

) : fe=1/(1-t)er (L +t+ 4+ ), 1/(L—t)c) = (L +e+ e+ )cec) € g*

The space R; consists of analytic functions on our curve vanishing of
order one at every point in Q. In our case, © = {oo}, so Ry = t!C[t71].
G is spanned by elements in ' of the form (t7'c;)(t 7 eg) - (T ey).

The limit module W = lim W/GNW can be thought of as the space of
infinite series {x = wy + pywy + powy + - - - } where p, € G, and w € W.

The space T(W) is defined as W (—oo), i.e. those vector-series which
are killed by some Q% = span {(e'¢;)--- (¢ 'en)} and the fusion product
T(W)# is defined via the involution # : € — (—1/€),1 — —1 . Going the
other way, we may define T(W)# = (W#)(co). In our case, via our chart
Yo, we have ec — (—1/t)c, which is analytically continued to expressions
(e, (ﬁ)c) = (e, (732)0) = (e, (1 + e+ 4 --+)c) at the points
s; = 0 and sy = 1. Then ¢ !¢ — (—t)c, which is analytically continued to
(—te, (1 —t) — 1)c) = (—tc, (1/(11—%) — 1)) — (—€c, (2 = 1)c) at the points
s1 =0 and s; = 1.

To construct an example of an element in the fusion tensor product, we
may take v; ® v9 € Vi ® V5, where vy is a highest weight vector in V; and vy
is of the form (1+¢ '+ ¢e2+---)cu, where u € V5 and ¢ € g. Then v; ® vy



is killed by the image of e !c € g% in g*, for the points s; = 0,5, = 1 in the
map just above.

And for smooth modules V;,V5, X and W = V; ® V5, there is a map
(4.18(a)) of coinvariants: (T'(W)® X )z — (W ® X)r which in our notation
sends

(w0+p1w1+p2w2+-~-)®x»—>wo®x+w1p1®x+~-~

The right-hand side of the map, defined modulo I'(W ® X)), is a finite sum
because of 4.15(a), and X is smooth.

3 Finiteness of coinvariants

Recall that, in our example, C = P! — {00,0,1},S = {sg = 00,51 = 0, 89 =
1}, 9 = {so = oo} [so] = {0,175 = (E = —(1/0)), 75 = (¢ = 1), 76, =
(t—1/(1—=1¢));R=CJt,1/t,1/(1 —t)].

Following [section 7.2, Kazhdan-Lusztig I|, we define functions on the
complex curve C: For s = s; = 0,p € C, we have gs = go = go(p) =

1 R 1 P — — pr— =
) ST 1/p. For s = sy = 1,p € C, we have
1

gs = 91(p) - 1/(—71)_1/(%1) — “p+1  1-p°

Now when s = s; = 0, we have

go(t) = —1/t.
Using our charts ~s,, its expansions at s; = 00,0,1 are (notations as in
§7.2(a)):
gy = —1/t = € € e + €C[[€]]
Ogp= =1/t = —1/e =re t + 7'
1
1 2, 3
=—1/t= - 1= —1=
90 / 1 %—t 1< €et+e +e +

When s = s, = 1, we have

gi(t) =1/(1—1).
Its expansions at 00,0, 1 are:

1/t

g1 == (1/(1-1)) == <m

) = ()11~ (1/t) - = e+ - € e+eC[[e]

3



09 =" (1/(1—t))=1+t+t+ - =1+e+ e+ € C[[]

=" (1/(1-)=1/1—t=¢
(j— 777 but : c.f. 7.2(a) - doesn’t fit the equation??7?)

Now suppose that the modules Vj, Vi are highest weight modules of
highest weight Ay, A\; of level k. Specifically, we take the Weyl modules
V\, = U(8-) ®u(g) Ly, where Ly, is an irreducible module of g with high-
est weight A\. Then we can take Ny, N; = 1 and Wy = V(1) ® Vi(1) =
Ly, @ Ly, CW =V, ® V.

As before, R = C[t,t !, 5], Ry = t'C[t™!], and G; = R; ® g. We have
Gi\W =t 1C[t gV

Let us take as before f = go = —1/t (section 7.2) and fc = —t"'c € Gy,
where ¢ € g and consider its action on vy ® v1 € Ly, ® Ly,.

Via the charts 74, we have the expansions of f, respectively at s = o0, 0, 1:

Cf=—1/t=c¢
Of = 1/t = —¢!
1
1 2, 3
:—1t: _1: _1:
f / g T e+e +e +

So

(=t ') (vo @ v1) = (—€ ') (vg) @1 + v @ ((e+ € + € + -+ )c)(v1)
= (—e'¢)(vo) ® 1
And we see that (—e~'¢)(vg) @ v; € G;W. Continuing in this manner, we
see that (Vo — V(1)) ® (Vi(1)) € GhWV.
For a general vy ® v; € Vy ® V;, we can rearrange the first equality above
to get

(—e7te)(v) @ v = —(—t7 ) (v @ v1) + v @ (e + € + € + -+ )e)(v)

where the right-hand side is a finite sum (V] is a highest weight module and
thus it is smooth). The first term on the right-hand side is in G;W and the
second term on the right-hand side is of degrees higher than that of the left-
hand side. We can solve recursively for (—e 'c)(vg) @ vy +v9 ® (ec)(v;) on the
right-hand side and so we can recursively express vo®wv; as a sum of elements
of “higher” e-degrees and elements from G;W. We thus conclude that W =
Vo(1) ® V4(1) + G1W, as is stated in more general terms in Proposition 7.4,
pp-938-940.
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