MAT 535: HOMEWORK 9 - SOLUTION OF PROBLEM 3

3. Let n be a primitve p-th root of unity in C. Show that if p is prime, p > 2, then the
cyclotomic field Q(n) contains either ,/p or /—p. [Hint: take a be the generator of the
cyclic group (Z,)*; show that the elements

= ™ e=nT g g
satisfy a quadratic equation.|
Solution:
We will show that €1, 9 are roots of a quadratic polynomial with coefficients in Q. To find these
coefficients, note:

e1te=>» n=-1

i€z
because ;5 n' = 0. Similarly,
cre2 =Y nn
i€Z,
where
n; = number of ways to write i = a® + a°, ecFE,0e0

and E, O are sets of even (respectively, odd) elements in Z,_1.

Lemma. If p =4k + 1, then
—1
ni:pT:k:foralli;éO

nO:O
If p =4k + 3, then

ni:¥:kforalli7£0

_1
nosz:2k:+1

(the proof of the lemma is below).
From this lemma, it follows that if p = 4k 4 1, then

€182 = Z nmi = k(Z 77i> =—k
i€Zyp €L
and therefore, €1, €9 are roots of polynomial 22 +x — k = 0, whose discriminant is D = 1 —4(—k) =

1+4k=p,soe12 = ﬂ.
Similarly, that if p = 4k + 3, then

€169 = ani = (2k:+1)+k(z 771) =k+1
i€y i€z
and therefore, €1,eo are roots of polynomial z? + x + (k + 1) = 0, whose discriminant is D =
1-4(k+1)=—-4k+3=—p,soc12 = %\/jp.



Proof of the lemma. First, it is easy to see that n,; = n;; thus, since every non-zero element in Z,

can be written as a™ - 1, we see that n; = ny for all ¢ # 0.
Next, ng =number of ways to write —1 = a®~°; since it is well known that —1 = a?~1/2, we see

that
no = number of ways to write (p —1)/2=e —o0in Zy_;

which easily gives the formula for ng.

2
Finally, since };c; ni = |E| - |0 = (%) , we get

(=) o

n; = p—l



