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Abstract

In this paper, we prove compactness for the full set of solutions
to the Yamabe Problem if n < 24. After proving sharp pointwise
estimates at a blowup point, we prove the Weyl Vanishing The-
orem in those dimensions, and reduce the compactness question
to showing positivity of a quadratic form. We also show that this
quadratic form has negative eigenvalues if n > 25.

1. Introduction

Let (M™, g) be a smooth compact Riemannian manifold of dimension
n > 3 without boundary. The Yamabe Problem consists of finding
a constant scalar curvature metric g, which is pointwise conformally
related to g. This problem is equivalent to showing the existence of a
positive solution to the equation

(1.1) Agu — c(n)Rgu + Kui? =0 on M,

where A, is the Laplace-Beltrami operator associated with g, R, is the

scalar curvature of g, ¢(n) = 4(’;7121), and K is a constant. More precisely,

if u > 0 is a solution of (1.1) and we write g = uﬁg, then the scalar
curvature of g is given by ¢(n) 'K. As is well-known, the existence of
a minimizing solution to the Yamabe problem was established through
the combined works of Yamabe [37], Trudinger [35], Aubin [1], and
Schoen [26].

The variational theory for nonminimal solutions of the Yamabe Prob-
lem is very rich. Examples such as S! x S"~1 (see [28]) show that there
are generally a large number of high energy solutions with high Morse
index. In fact, a theorem of Pollack [25] shows that on every compact
manifold M™ with n > 3 and with positive scalar curvature, for any
integer N there is a dense set (in a C topology) of the positive confor-
mal classes for which there are more than N inequivalent solutions of
the Yamabe problem. These solutions generally have high energy and
index. Thus, it is natural to ask what can be said about the full set of
solutions to this problem.
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In a topics course at Stanford in 1988, the third author raised the
question of compactness of the full set of solutions and proved some
special cases of it. Notes for that course were written by D. Pollack,
and although unpublished, they have been widely distributed. The cases
which were covered in the Stanford notes are the locally conformally flat
case, published in [29] and the three dimensional case, the argument for
which is in the paper of Schoen and Zhang [34] (used there to estab-
lish a single simple point of blow-up for the prescribed scalar curvature
problem on S3). For a three manifold different from S3, the positivity
of the mass gives the full compactness statement by a virtually identical
argument. The notes also give an outline of a proof that the Weyl tensor
should vanish at a blow-up point. Over the past several years the results
were improved by Druet [9] who did the cases n < 5 and by Marques
[19] and Li and Zhang [15] who did n < 7 in general and arbitrary n
under the assumption that the Weyl tensor vanishes nowhere to second
order. We have recently become aware that Li and Zhang don <11 in
[16]. In a surprising recent paper, Simon Brendle [4] has constructed
examples of C*° metrics on spheres of dimension at least 52 for which
the compactness statement fails. In a subsequent paper, Brendle and
Marques [6] extend these examples to the dimensions 25 < n < 51. In
this paper, we give a proof of the statements of [30] for n < 24. We
now describe these results in detail.

First, recall that if the principal eigenvalue of minus the conformal
Laplacian, —L, = —Ag, + ¢(n)Ry, is negative, then there is only one
solution of (1.1). Moreover, if the principal eigenvalue is zero, then the
problem becomes linear and solutions are unique up to multiplication
by a positive constant. Therefore, the only interesting case is the pos-
itive one. If the underlying manifold is the round sphere (S, gg), then
Obata’s theorem [23] classifies all solutions of (1.1), and this set is non-
compact in the C? topology. On the other hand, the round sphere is
the only compact manifold on which there can be a noncompact space
of minimizing solutions, and in this paper, we extend this result to the
space of arbitrary solutions for the Yamabe Problem, as well as its sub-
critical approximate problems provided n < 24. For any p € [1, Z—f%],
set

¢, ={u>0| Lyu+ Ku’ =0 on M},
then our main result is

Theorem 1.1. Let (M™,g) be a smooth compact Riemannian mani-
fold of dimension 3 < n < 24 without boundary. If (M™,g) has positive
Yamabe quotient and is not conformally diffeomorphic to (S™, go), then
for any € > 0 there exists a constant C > 0 depending only on g and €
such that

Cl<u<C and | ul2e<C,
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for all u € U1+a§p§2—f§q)i” where 0 < a < 1.

As in the construction of minimizers for the Yamabe problem, the
proof of this theorem has both a local and a global aspect. The global
aspect involves the Positive Mass Theorem (PMT). Recall that this the-
orem was established by Schoen and Yau [31] using a minimal hypersur-
face argument. This argument extends to the cases n < 7 (see [28] for a
discussion). A spinor proof of the theorem was provided by Witten [36]
(see also [13]) in an argument which extends to arbitrary n assuming
the manifold is spin. A special argument for the locally conformally flat
case was given in [32] using the developing map. Our current theorem
requires a more general PMT for high dimensional manifolds which are
not locally conformally flat (and not necessarily spin). This theorem
has been announced by Lohkamp [18] by an argument which extends
the minimal hypersurface argument. In order to apply the PMT to get
estimates for solutions of the Yamabe Problem, the Weyl tensor must
vanish to a sufficiently high order so that the ADM energy can be de-
fined. That is the main difficulty of the program, and the next result
asserts that this is necessarily the case, if n < 24. More precisely, we
establish the following local result.

Theorem 1.2 (Weyl Vanishing Theorem). Let g be a smooth Rie-
mannian metric defined in the unit n-ball By, 6 < n < 24. Suppose that
there is a sequence of solutions {u;} of

(1.2) Lyui+ Kul" =0 on By,
pi € (1, 2%2), such that for any € > 0 there is a constant C(g) such that

' n—2
supp, _p. u; < C(e) and lim; . (supp, u;) = co. Then the Weyl tensor
W (g) satisfies
W (9)|(z) < Claf
for some integer | > ”T_G.

We should also note that our compactness theorem holds without
assuming the Positive Mass Theorem for the class of manifolds (M", g)
satisfying

n—=6
2

> IVEW, () >0

k=0

for all x € M.

The proof of this theorem in the case of an isolated simple blow-up
point relies on a new method to obtain local restrictions at a blowup
point. The first step is to obtain sharp approximations of a blowing-up
sequence of solutions in a neighborhood of the blowup point. This is
achieved by establishing optimal pointwise estimates which generalize
the ones obtained by the second author in [19]. The important point
here is that in high dimensions one has to perform a refined blowup
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analysis, going beyond the standard bubble (rotationally symmetric so-
lution). We should say that the approximate solutions introduced here
were introduced by S. Brendle in [3] to generalize the results of Aubin
[1] and of Hebey and Vaugon [11]. After we establish this kind of ex-
pansion for the blowing-up solutions, we can apply a Pohozaev-type
identity in search of local obstructions. The relevant correction terms
coming from the metric are then encoded in a quadratic form, whose
positivity is sufficient to imply our stated results.

In the Appendix, we prove the positivity of this quadratic form if n <
24, noting also that this fails to be true if n > 25. This fact has been used
by S. Brendle (n > 52, [4]), and Brendle and Marques (25 < n < 51, [6])
to give smooth counterexamples to compactness. We should say that the
existence of a critical dimension for this problem comes as an interesting
and surprising fact, which deserves to be better understood (see [5] for a
survey). We note here that checking the positivity involves a calculation
which is too lengthy to do by hand so we carried out this calculation
in Maple. The Maple instructions and output of this calculation are
posted at [12] for the interested reader to check.

The final step of the proof involves the reduction to the case of simple
blow-up. This involves suitable rescalings to a situation in which the
blow-up is simple for a sequence of metrics converging to the euclidean
metric and for which the corresponding boundary term in the Pohozaev
identity is positive. Combining the analysis described above to show
that the interior terms are negligible, we rule out higher energy blow-up
for 3 < n < 24. We note that this is a local result, so that we can
show that locally the blow-up set consists of a finite number of simple
blow-up points. This generalizes results obtained by the third author
in the locally conformally flat case.

One obvious consequence of Theorem 1.1 is to give an alternative
proof of the solution to the Yamabe problem. This follows from the fact
that standard variational methods can be used to give solutions to the
subcritical equation (1.2) with p; — Z—J_rg as ¢ — oo. In fact, we can say
more. More generally, the compactness theorem allows us to compute
the total Leray-Schauder degree of all solutions to equation (1.1), and
to obtain more refined existence theorems which we now discuss.

In this setting, it is convenient to recall that equation (1.1) arises
from a variational problem. Namely, we consider the functional R(g)
for g € [g], the conformal class of the given metric g, where R(g) is the
total scalar curvature

R(G) = /M Ry dusy.

Here we have normalized g and g so that Vol(g) = Vol(g) = 1. The
critical points of R(-) on the set of metrics g € [g] with Vol(g) = Vol(g)
4

then have constant scalar curvature, and by writing ¢ = un-2g, we get
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solutions u of equation (1.1) with K = c(n)R(uﬁg) Note that by
writing equation (1.2) as

(1.3) Lyu+ E(u)u? =0,
where E(u) denotes the energy of v and is given by

E(u) = —/ uLgudwg = / (IVgul? + c(n) Ryu?)dw,,
M M

the volume constraint Vol(g) = Vol(g) is built into equation (1.3) (for
p= Z—*%) since multiplying (1.3) by u and integrating by parts produces
f up+1dwg =1.

Since the questions which concern us here are only interesting in the
case that the principal eigenvalue of minus the conformal Laplacian is
positive, we may assume that it is invertible. We then define a map

F,: Qp — C**(M) by Fy(u) = u+ L' (E(u)uf), where
QA ={uecC**(M)| ||ulcea<A, u>A"'}

From elliptic theory, we know that the map u — L (E(u)uP) is a
compact map from 5 into C*%(M). Thus F,, is of the form I+compact,
and we may define the Leray-Schauder degree (see [21]) of F), in the
region Q with respect to 0 € C%%(M), denoted by deg(F,,2x,0),
provided that 0 # F,(0S2y). The degree is an integer which counts
with multiplicity the number of times that the value 0 is taken on by
the map F,. Notice that Fj(u) = 0 if and only if u is a solution of
(1.3). Furthermore, the homotopy invariance of the degree tells us that
deg(F},, 4, 0) is constant for all p € [1, “*2] provided that 0 # F,(9Q,)

' n—2
for all p € [1, Z*‘%] Moreover, in the linear case when p = 1, it is not
difficult to calculate (as shown in [29]) that deg(F},Q24,0) = —1 for all
A sufficiently large. Therefore, Theorem 1.1 allows us to calculate the

degree for all p € [1, 2£2],

' n—2

Theorem 1.3. Let (M™,g) satisfy the assumptions of Theorem 1.1,
then for all A sufficiently large and all p € [1, 2F2], we have

' m—21

deg(Fp,2,0) = —1.

In the case that all solutions of the Yamabe problem are nondegen-
erate, as will be the case for a generic conformal class of Riemannian
metrics, our previous results assert that there will be a finite number
of solutions of the variational problem. Moreover, the strong Morse in-
equalities will hold for the Yamabe problem since these inequalities are
well-known for subcritical equations, and Theorem 1.1 shows that all
critical points converge as p — Z—J_“g It follows that

A
g < Z<_1))\7uc;u A=0,1,2,...,
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where C, denotes the number of solutions of Morse index p. Since there

is a finite number of solutions, we then obtain

Theorem 1.4. Let (M™,g) satisfy the assumptions of Theorem 1.1,
and suppose that all critical points in [g] are nondegenerate. Then there

is a finite number of critical points g1, ..., gr, and we have
k
1= Z(_l)l(gj)a
j=1

where I(gj) denotes the Morse index of the variational problem with
volume constraint.
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2. Basic Properties of Blowup

Let D C R™ be an open set endowed with a sequence of smooth
Riemannian metrics {g;}5°, converging in the Cfg . topology to a smooth
metric g, where N is large enough depending only on n. Consider a
sequence of positive solutions {u;}°; of the equation

(2.1) Lyui + Kf7 % =0 in D,
where 1 < p; < Z—fg, 0; = Z—J_“% —pi, K =n(n—2), and {f;}°, is a

sequence of smooth positive functions converging in the CIQOC topology
to a smooth positive function f. Later on it will be convenient to replace

4
g; by another member of its conformal class, §; = ¢»—2g;. In this case,
we find

_ _n+t2
Lﬁz((b 1ui) = ¢ n-2 LgiUi,
from which it follows that ¢~ 'u; satisfies
Ly, (67 i) + K(6fi) % (¢ ug)? = 0,
which is an equation having the same form as (2.1). This is the reason
for writing the subcritical equations as in (2.1).
A point T € D is called a blow-up point for {u;} if u;(z;) — oo for
some x; — T. The behavior of the sequence {u;} in a neighborhood of

a blow-up point has been studied extensively; the following definitions
are commonly used in this regard.
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Definition 2.1. A point T € D is an isolated blow-up point for {u;}
if there exists a sequence {x;} C D where each z; is a local maximum
for u; and x; — T, such that:

1) wi(z;) — 00 as i — oo,
__2
2) ui(x) < Cdg,(x,x;) »i~' for all x € Br(x;) C D

for some constants R, C' > 0, where Bg(x;) denotes the geodesic ball of
radius R centered at x;, and dg, (z, z;) represents the distance between
x and x; with respect to g;.

Definition 2.2. Let {z;} and {u;} be as in Definition 2.1, and con-
sider the spherical averages

() = |08, (z;)[; /8 o o

where |0B,(x;)|g, denotes the area of 0B, (x;) with respect to g;. Then
T € D is called an isolated simple blow-up point for {u;} if there exists

2
R > 0 (independent of ) such that the functions w;(r) = r»i—1u;(r)
have exactly one critical point for r € (0, R).

We will now proceed to recall the basic properties of isolated and
isolated simple blow-up. All the results of this section are originally
due to Schoen [27] (but have appeared elsewhere, see [14], [15], [19]).
We will not include the proofs here since they are by now standard.

The first result shows that near an isolated blow-up point, solutions of
(2.1) satisfy a Harnack inequality. Unless otherwise noted, throughout
this section we will be working in a normal coordinate system z =
(x',...,2") centered at x;, where {z;} is as in Definition 2.1. We will
also denote u;(exp,, (z)) by u;(x) and dy,(z, z;) by |z|.

Proposition 2.3. Let x; — T be an isolated blow-up point for the
sequence {u;} of positive solutions to (2.1). Then there exists C > 0
independent of i such that

max u;(x) < C min w;(z)
r<|z|<2r r<|z|<2r

for all r € (0, R/3).

We can now apply this Harnack inequality to obtain further infor-
mation on the behavior of {u;} near an isolated blow-up point. Define
Uly) = (1+ |y[2)27Tn, and observe that if 7 : S — {oo} — R" is stere-
ographic projection, then (771)*gy = 4Uﬁ5 where gg is the round
metric on S™ and 9§ is the Euclidean metric on R”. It is for this reason
that U(y) is often referred to as the “standard bubble”. The next lemma
asserts that in the case of isolated blow-up, after suitable rescaling, the

sequence {u;} approaches a standard bubble.



150 M.A. KHURI, F.C. MARQUES, & R.M. SCHOEN

Proposition 2.4. Let x; — T be an isolated blow-up point for the
sequence {u;} of positive solutions to (2.1). Then p; — Z—i‘g, and for
any sequences €; — 0 and R; — 0o as i — 0o, we have

pi—1

|M; i (M2 y) = U(y)le2(Bg, o) < €
where M; = u;(x;) after possibly passing to a subsequence.

This result shows that isolated point blow-up gives good control in
pi—1

small balls of radius R;M, 2 . The next result says that in the case
that the blow-up is isolated simple, control may be extended into a ball
of fixed radius R > 0 independent of ¢. In particular, the blow-up is
analogous to that of the Green’s function for the conformal Laplacian
centered at x;. Recall that if R is sufficiently small, then there exists a
unique Green’s function G;(-,x;) € C?(Bg(z;) — {x;}) satisfying

Lg,Gi =0 in Bg(xzi) —{z:i}, Gloppe) =0, lim |2]"?Gi(z) = 1.

Proposition 2.5. Let z; — T be an isolated simple blow-up point
for the sequence {u;} of positive solutions to (2.1). Then there exist
constants C';, R > 0 independent of i such that

pi—1

C'Gi(w, ), M; * <|z[<R,

1

Ol [ < R,

>
(2.3) Miui(z) <

where Gi(x,x;) is the Green’s function for Ly, with Dirichlet boundary
conditions in Br(z;).

An immediate consequence of Proposition 2.5 is that M;u; converges
to a Green’s function at an isolated simple blow-up point. To see this,
observe that

Lg, (Mjui(z)) + KMilfpifi_‘si(Miui(x))pi -0,

and by (2.3) M;u; is uniformly bounded on compact subsets of Br(T) —
{Z}. It then follows from standard elliptic estimates that after passing to
a subsequence M;u;(z) — G(z,) in C2 .(Bgr(z)—{z}), where L,G = 0.
By (2.2), G(x,T) must have a nonremovable singularity at . Therefore,

we have shown

Corollary 2.6. Let x; — T be an isolated simple blow-up point for
{u;}. Then after passing to a subsequence

Miui(z) — h(z) = G(z,7) in Cio(Br(T) - {T}),

where G(x,Z) is a Green’s function for Ly centered at T.



A COMPACTNESS THEOREM FOR THE YAMABE PROBLEM 151

3. Pohozaev Identity

In this section, we will establish the Pohozaev-type identity we will
use in the subsequent blowup analysis.
Suppose u : B,(0) C R™ — R is a positive C? solution to the equation

(3.1) Au+ K(z)u? = —A(x),

where p # —1, A denotes the Euclidean Laplacian, and K € C*.
Define

B n—2 Ou r 9 ou 9
(3.2) P(r,u) = /83( u = 2Vl 41|
+ pi 1K(x)rup+1)da(r),

whenever 0 < r < 0.
The following lemma gives the radial Pohozaev-type identity:

Lemma 3.1. Given 0 <r < o,
-2
P(r,u) = —/ (xkﬁku + - 5 u> A(z)dx

-2
+ <n I > K (z)uP™da
p+ 1 2 B,

1
+ Zm /BT(xkakK({L’))Uerld:E

Proof. Multiply the equation (3.1) by zFdju + ”T_2u, and integrate
by parts. The details may be found in [17] or [19]. q.e.d.

4. Linear Analysis and Scalar Curvature

In this section, we will establish important notation and define the
functions we will need later to obtain sharp pointwise estimates around
a blow-up point.

Since our problem is conformally invariant, we will sometimes work in
conformal normal coordinates (see [13]) in order to simplify the analysis.
Given an integer N > 2, there exists a positive function ¢ (which can

be constructed explicitly) such that if g = qﬁﬁ g, the volume element
satisfies

det(gij) =1+ O(’I“N)
in g-normal coordinates around p, where r = dg(p,-). In such coordi-
nates, it is more convenient to work with the Taylor expansion of the
metric instead of dealing with derivatives of the Weyl tensor.

Remark. Throughout the paper, we will sometimes work as if dv, =
dx in conformal normal coordinates, ignoring the contributions from the
volume element when they are negligible.
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Let us introduce some notation. Throughout the rest of the paper
d = [252]. In conformal normal coordinates, we will always write

9ij = exp(hi;),
where h;;j(z)z/ = 0 and trh;;(z) = O(rY). Here N is a large integer

and r = |z|. In this case, det(gij) =1+ O(MN)
We will also define

HZJ(SC) = Z hijaxo‘,
2<|a|<n—4
where h;j(z) = H;j(x) + O(|z["™3). Then H;j(z) = Hj;i(x), Hij(z)2? =
0, and trH;;(z) = 0. We will also use

k a
Hi(j)(w) = Z hijaz®,
|a|=k

(HE? = 3" |hjal*.
|a|=k

and

Let us now proceed to define our approximate solutions. The goal
is to introduce Z, so that U + Z., gives a very good approximation,

optimal in some sense, of the rescaled solutions around a blow-up point.
pi—1

Here ¢; = MZ-_T. The pointwise estimates will be derived later.
First, we will need to solve

A+ n(n+2) U2y = U,

where ¢; is a homogeneous polynomial of degree [, such that

/ qldal = 0, / qlxidal =0
gn—t gn—t

fori=1,...,n. We say that given polynomials p and ¢ are orthogonal
if fs?fl pqdm =0.

Define F(q;) = {linear combinations of |y|*AFq,0 < j < k + 2}.
Note that deg(p) <l +4if p € F(q).

Proposition 4.1. Let q; be a homogeneous polynomial of degree I,
orthogonal to (1,z%,...,2"). Suppose | < n — 4. Then there exists a
unique I' € F(q) such that

41 AY +n(n + U2 = qU in R",
(
where ¢ = T'(1 + |y|?)"2.

Proof. If we write ¢ = T'(1+|y|?)” 2, then equation (4.1) is equivalent
to

T() =p =1+ [y*)?a,
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where T(T') = (1 + |y|?>)AT — 2ny - VI + 2nT. It is easy to check that
T:F(q)— F(q) and p; € F(q).

Hence we just need to show T is injective. We also note that since
Alzlg =0, T(0) = 0 and VT'(0) = 0 for every T € F(q)).

Suppose T'(I'g) = 0, where I'g € F(q;).

If 4o = To(1 + |y|?)~ 2, then

Avpg + n(n + 2)Uﬁ¢o =0,

and since deg(I'g) <1+ 4 < n, we also have limy_. ¢o(y) = 0.
We will need the following lemma proved in [8]:

Lemma 4.2 ([8]). Suppose ¢ is a solution to the equation

(4.2) A+ n(n+2)Un2¢ = 0 in R".
If limyy oo ¥(y) = 0, then there exist constants co,c1, .. .,c, such that
n—2 " oU
= —U -VU —.
v = (20 4y )+;mayj

The lemma implies I'y = 0, due to the conditions I'g(0) = 0 and
VT'4(0) = 0. This finishes the proof of the proposition. q.e.d.

Given € > 0, we define Z. to be the solution of
n—4
(4.3) AZ. +n(n+ 2)U$ Ze = ¢(n) Z 6i8jﬁl.(f)U7
k=4

given by Proposition 4.1, where

Hij(y) = Hyj(ey).

Since we are using conformal normal coordinates, integration by parts

shows that
/ 8i8jHij = 0,
|z|=1

/ $18iajHij = 0,
|z|=1

and
where 1 <[ <n.
It follows from Proposition 4.1 that 2.(0) = 0, VZ.(0) = 0, and
/ Z.do, =0, / #.do, =0, 1<1<n.

There is also a constant C' > 0, independent of € and H;; such that

n—4
@4) 0%y <C Y Y hyjal (1 + fy])lel+2on-1ol

lal=4 4,j
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for |5 =0,1,2.
Note that if us(z) =2 (5 +z]?) *3*, and Ze(y) = a%ze(ay), then
equation (4.3) is equivalent to

Az +n(n+2)ud 2z =c(n Z@@H Ug,
and the estimate (4.4) yields

n—4
(45)  10%z|@) < 0T 30 Y Ihijal(e + [y
|a|=4 i,j
for |5 =0,1,2.
In the rest of the paper, it will be important to have a good ap-
proximation of the scalar curvature in terms of h;; in conformal normal
coordinates. This is the content of the following proposition:

Proposition 4.3. There exists a constant C' > 0 such that

1 1
(4.6) ‘Rg — &ajhzj + @(Hij@lHﬂ) — §ajHijalHil + ZOZHUOZHU
d
<CY Y Nhigal 2P+ Cla 3,
la|=2 %]
and
d
(4.7) |Rg — 0i05hi5] < C > > |hijal*a)? 2 + Cla"

la|=2 i,j
if || <o <1, where C depends only on n and |h|cn (g, (0))-

Proof. It follows from the expression of R, in local coordinates. q.e.d.

5. Refined Blowup Analysis

In this section, we will establish sharp pointwise estimates for the
rescaled sequence of solutions when the blowup is isolated simple, gen-

eralizing to higher dimensions previous estimates of [19].
p;—1 i—1

pi
In what follows &; = M; 2 , vwi(y) = M; 'u;(M; ? y), and Hy;
comes from the Taylor expansion of the metric g;; in conformal normal
coordinates around z;, as explained in the previous section. We will
also use z; = Z,, constructed as in Section 4.
First, we prove the following pointwise estimate:

Proposition 5.1. Suppose n > 6. Let x; — T be an isolated sim-
ple blow-up point for a sequence {u;} of positive solutions to (2.1).
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Then, after passing to conformal normal coordinates, there exist con-
stants a,C > 0 such that

U — 5 () < 2| g (B (2(5) 03 5.
(5.1) [vi = U = Zeil(y) < € max {e"[H™ (i), 0i}

for every |y| < 0'8;1.

pi—1

Proof. Set l; = oM, > = oe; 1, and

(2

i =max |v; — U — Z| = |v; — U — Zi|(ys)
ly|<l;

for a certain |y;| < ;.

We observe that if there exists a constant ¢ > 0 such that |y;| > cl;
for every 4, then the stronger inequality A; < 05?72 holds. This follows
from the estimates v;(y) < cU(y) < c|y|* ™ and

n—4

Zi(y) < e eflylF P < ey
k=4

for |y| < oe; !, since

A =|(vi = U = %) ()| < Clys| " < CeP2.
Hence, we can assume |y;| < 4.
Define

wi(y) = A; (0 = U = Z)(y).
Then w; satisfies
Lgwi + biw; = Qi
where

P (U + 3P
by) = Ko U E"

and

=2
+ (A = Lg)(5) + O(|5[2U2)
+ K((U + 5)n2 — f700(U + 2)P)

—(14N)BiL _n
;" )zmmﬁwa+m%z}

p;—1 p;—1

where fi(y) = fi(M; % y), (@)u(y) = (g)u(M; * y) and O(jy|™)
comes from the expansion of the volume element in conformal normal
coordinates and NV is as big as we want.
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Since the blowup is isolated simple, from inequality v; < cU, it is
easy to check that

(5:3) biy) < c(1+ |y~

for |y| < ;.
The Green’s representation formula gives

64w = [ Gl b - Qs

0G; 1,
- [, ot mwias

where B; stands for By, (0), and G; 1, is the Green function of L, in B;
with respect to the Dirichlet boundary condition.

The proof of Proposition 5.1 is by contradiction.

If the proposition is false, we necessarily have

(5.5) AT HB P () — 0

for every 2 <k <d-—1, as i — 0o, and

(5.6) At =0, A6 —0.
Let us proceed to estimate @);.
First,
n—>6
(5.7) R = (0;00H;)"| (ey)
1=2
d—1
<C E?k_2|H(k)|2(l‘i)‘y|2k_2 + Ce?_5|y\”_5.
k=2
It follows that
n—6
&7 |R = (0;0eHj)" | (2iy)U(y)

=2
-1

QL

<O HHVPL 4 [y + O (1 Jyl) 7
k=2

< 201 012 () }(1 2d—2—n n—31 -3
<€, max {HHO ()} (1+ y)* 2 + O 1+ Jy)
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Now
n—4
(Lg — DG < C S HBP (@) (1 + [y]) "
k=2
n—4
+C 3 et H®) (1) (14 |y))E
k=4

< 2k (k)12¢(,.. 2d—2—n
—C%%il{gl |HY 7 () (1 + [y])

+Ce" 3 (14 |y)) 2.

Finally, since

n—4
22 < © ST HHWP(L+ gl PrH2n,
k=4
we obtain
512725 < 2k 77 (R) 12\ V (1 2d—2—n n—31 -5
BPUTE <0 max (HHO )L O 1)
Therefore,
) , < -1 2k 77 (k) (2( . 2d—2—n
(68 Qi) < AT, max {HHOR(@)}(1+ ly)

+ef B+ [y)?

M Oly™)ll(1 + [y?)~%

Using the estimates (5.3) and (5.8), we get from the Green’s repre-
sentation formula (5.4) that w; is bounded in C2,, and
(5.9)

pi—1
(14+N)~5—

. < -2 -1 2k g (K)|2(.y ~n—3
i)l € (4 )24 A7 e (P2

for ly| < e;!. We are using that |w;(y)| < C’A;lsl?*Z when |y| = e; 7,
and also that |Gy,.(y,n)| < Cly —n|*™" for |y| < 3.

Then, by standard elliptic estimates, there exists a subsequence, also
denoted by w;, converging to w satisfying

w(y)| < O+ |y)~2.

Hence, Lemma 4.2 implies that

-2 . oU
w(y) = co (nQU—I—y-VU>+ E Cj7'
j

{Aw +n(n+ 2)Uﬁw =0 inR",

J=1
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The conditions w(0) = 37“’(0) = 0 show that ¢; = 0 for every j, in other
J

words, w(y) = 0. From here we conclude that |y;| — oo as i — oc.
This contradicts the estimate (5.9) and the limits (5.5) and (5.6) since
w;(y;) = 1, and this finishes the proof. q.e.d.

In the next proposition, we estimate ;. This result and the Proposi-
tion 5.1 give us an estimate on |v; — U — Z;| independent of §;.

Proposition 5.2. Under the same hypotheses of Proposition 5.1,

o 2| (k) |2(.) P31
51 — 02;}?23[{_1{61 ‘H | (QTZ),&Z }

Proof. The proof will be again by contradiction. If the result is not
true, then
6; et HW P (2i) — 0
for every 2 < k <d-—1, and
0; 16;»7'_3 — 0.
Hence Proposition 5.1 would imply that
‘Ui —-U — Ei\(y) S 051
Define
wi(y) = 6; (vi = U — Z)(y),
so wj; is uniformly bounded. The equation satisfied by w; is

Lg,w; + byw; = Qi(y),

where i (U s )p'
_ F—5; Vi — Zi)™
and
n—6
(5.10) @@w=i{dm£wm—§]@mﬂﬂwwawww
=2

+ (A= Lg)(5) + O(|5[2U3)

+ K((U + 5)i2 — f700(U + 2)P)
_(1+N)BRi—L o

+Mﬁ*)2<xmﬁwu+wm2}.

We have, as in the previous proposition, that

) ). <0571 2k 17k (2( .. 2d—2—m
(11 |Qilw)| < 057 max (FHP )} + L)
+el B+ y)?
—(14+N) Bt _n
+ 0, I Oyl (1 + [y

+6;(|log(U + )| + |log fi]) (1 + ‘y’)fn—z}_
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By linear elliptic theory, we can suppose w; — w in compact subsets.

If ¢(y) = 532U (y) +y - VU(y), then

(5.12) /| < w)o7t (|, max [ IHD () H(1+ [yl 22

Y 2<k<d-1

+el B4y

—(1+N)BiL n
+ M, Oy Nyl + ) ) — o,

since d = [252]. Note that when i — oo, we have:

n+2
n—2 —

STE((U + 272 — f70(U + 2:7) — K (log U(y) + log f(x))U -2

pointwise. Since
n+2

Y(y)Un=2(y)dy = 0,
R’n

we can conclude

lim [ G)Qiy)dy =n(n=2) | () (ogU W)U (y)dy.

1 1
1—00 |y|§§1

On the other hand, integration by parts shows that

_ i Do ow _ 0
= [ ) svdy [ @ e

lyl==%

The integral on the boundary goes to zero when ¢ — oo because

{w = O(r*™), |V¢| =0

wi(4)] < ed; el 2, [Vwi(y)| < edy el 2

Taking the limit when ¢ — oo, we would have

fim [ @y = [ (A00)+nln+ 2UTT0)udy =0

. .
e Jy|l<4

because AY(y) + n(n + 2)Uﬁ¢ = 0, and since the limit should be
independent of o small.
This is a contradiction because a change of variables shows that

nn—2) [ wly)(log U(y)) U2 (y)dy > 0.

That finishes the proof of the proposition. q.e.d.



160 M.A. KHURI, F.C. MARQUES, & R.M. SCHOEN

The Propositions 5.1 and 5.2 imply
. . _J] — 5. < 2k 7 (K)|2¢..) ~n—3
(613) - U-zl) <O max (FHOP@),)

for |y| < oe; !
In the next result, we will apply the Green’s representation formula
again to get further decay.

Proposition 5.3. Suppose that n > 6. Let x; — T be an isolated
simple blow-up point for a sequence {u;} of positive solutions to (2.1).
Then, after passing to conformal normal coordinates, there exist con-
stants o,C' > 0 such that

d—1
k=2
+CeF (A fyh)

for every |y| < oe;t, 0 <m < 2.
Proof. Define

2k k) |2 -3
T =, max e H (), 6777,

and
wiy) = (vi— U = Z)(y)
for |y| < de; ! Then our previous proposition implies w; is uniformly

bounded. As before, the equation satisfied is Lgw; + bjw; = Qi(y),
where

1bil (y) < c(1+ [y))~*,
and one can check

d—1

(5.15)  [Qily)| < c{ S S HBR () (14 [y

k=2
+el B4y

1+N)2i-t _n
DT 0yl (1 + [y]?) 8

+0i(log(U + 2)| + [log fi)(1 + \y|>”2}.

+ M,

Since |G, 1(y,n)| < Cly —n|?>~" for |y| < %, the Green’s representation
formula

(5.16)
wiy) = / G () (s ()i (m) — Oi(m))dy — /

B; 0B;

0G; L |
8V <y7 n)wl (n)ds
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implies
d—1

(5.17) wi(y)] < { S HHBR () (14 [y 1 T+ )
k=2

L1 \yrrl}.

Now we plug the estimate (5.17) in the representation formula (5.16)
repeatedly until we reach

d—1
wily)l < O e HWP ) (L+ [y 727" + Cef (L + y) "
k=2

The derivative estimates follow from elliptic theory, finishing the proof.

q.e.d.
Remark. The estimate (5.14) is equivalent, in the z-coordinates, to
(5.18)
Ly d—1 .
ui—Ue—z|(x) < C™2 Y [H® P () (e+[a]) 7" +Ce™ (et]a)) !
k=2

for every |z| < o.

6. Weyl Vanishing Theorem

In this section, we prove the Weyl Vanishing Theorem at an isolated
simple blow-up point if n < 24.
In what follows 6, =1 if k = "7_2, and 6, = 0 otherwise.

Theorem 6.1. Suppose that 6 < n < 24. Let x; — T be an isolated
simple blow-up point for a sequence {u;} of positive solutions to (2.1).
Then

(6.1) |VZgWg]2(xi) < 05?76*211 log 5Z-|_9’+2
for every 0 <1 < [”T_(S] In particular,
(6.2) VoW, (@) = 0
for0<I< ["T_G]

Proof. If we define

— 92 Ou o |2
P(ryu;) = / (n w ot %]Vui|2 + r‘ l
|z[=r

2 'or or

1

+
pi+1

Kfi_éirufiﬂ) do,,
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then the Pohozaev identity of Lemma 3.1 implies

P(r,u;) = —/ <xm8mui + n u1> (Ag — Ag)(u;)dx
|z|<r
—c(n) / (;xkakR + R) uldr + c(n)g / Ru?do,
|z|<r

|z|=r
(o 2 K f7 %P g
pi+1 2 || <r ‘ ‘

0
pi+1 )<

Kfi_éi_l(a:m mfi)ufiJrldx.

Also observe that if we choose r sufficiently small, independently of
i,
(6.3) < r _n—2> Kul ™y

. i + 1 2 2| <r )
i

Pi+ 1 J)z<r

Kf;éi*l(xm mf,-)u?“dx > 0.

Hence, for small > 0
(6.4)

P(ryu;) > —/ (mmﬁmui + n
|z|<r

1
—c(n)/|< <2xk8kR+R> u?dx—i—c(n)/'l Ru?do,.

uz> (Ay — As)(ui)dx

N 3

Since M;u; — h away from z;, we have A;(r) < 05?72, where

Ai(r) = —c(n) / (;xkakR + R> uida
|| <r

-2
_ / (xmamui 4 7’L2u2> ((gkl — 5kl)8klu,- + 8kgklalul-)dx.
|z|<r

Define

i) = —e(n) /| ) @m’fakfz ; R) o

-2
_/I | <:cm8m¢5 + n2¢s) ((g"" — YO + Opg™ O10c)dx,
z|<r

where ¢. = u. + z..
The pointwise estimate of Proposition 5.3 implies
-1 .
B (k) (2 2k+2-n = ~1
ui = ¢l <CY e ® [HBP (i) (i + |a]) +C¢ % (& + ),
k=2
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which together with the corresponding estimates on the derivatives im-
ply

d—1
|Ai(r) — Ai(r)] < CY 221 HP)2 (1) 4 Crel 2.
k=2
Hence,
d—1
Ai(r) <Y e HBP () + Cep 2
k=2

Now we will estimate the second integral in the definition of A;(r).
First, since ue and 2™9,,us + "Tdua are rotationally symmetric,

/ ) (mmamqﬁs N ”;%) (g™ — 6")00. + 01g"Ar02)
= [ (mane+ "2 ) - 266
lz|<r

= / <xm8m(]5€ + n;2¢6> (Ag — A)(2)
lz|<r

:/ Zs(Ag_A) (xm m¢8+n_2¢€>
|z|<r 2

= /x|§r <xm8ng + n2225> (Ag — A)(ze).

Here we are using that the metric Laplacian and the Euclidean Laplacian
coincide, in conformal normal coordinates, when applied to rotationally
symmetric functions.

But
m n—2
(6.5) / (a; Omze + z€> (Ag — A)(ze)
lz|<r 2
[%52]
<C Z Zeg‘auhzja\?’] loge| + Cre™ 2.
|a|=2 4,]
Similarly,
1
(6.6) / (mkakR + R> 22dx
jej<r \2
(%52]

<C Z Z€3|a|]h,~ja\3] loge|™ + Cre" 2,

lal=2 1,j
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Therefore,

1
—c(n) / <2xk8kR + R> (u? 4 2u.z.)dx
|z|<r

d
<O eFNHPP(2) + e,
k=2

Now the key estimate in the Appendix, Proposition A.4, implies that
if n <24,

d
Z Z \hija|2£2|a‘|log€\9 < Cel 2,

|a‘:2 2]

This finishes the proof. q.e.d.

As a corollary, we can improve the pointwise estimates of Proposition
5.3, if n < 24.

Corollary 6.2. Suppose that 6 < n < 24. Let x; — T be an iso-
lated simple blow-up point for a sequence {u;} of positive solutions to
(2.1). Then, after passing to conformal normal coordinates, there exist
constants o,C > 0 such that

(6.7) V™ (wi = U = Z)l(y) < Cef P+ )™

for every |y| < oe;t, 0 <m < 2.

7. Local Sign Restriction

The next result concerns the local asymptotic analysis at a blowup
point if n < 24. It will be used together with the Positive Mass Theo-
rem to exclude the possibility of blowup phenomenon on manifolds not
conformally diffeomorphic to the sphere.

2
) do(r).

Define

Theorem 7.1. Suppose that n < 24. Let x; — T be an isolated
simple blow-up point for a sequence {u;} of positive solutions to (2.1).
If ui(z;)u; — h away from the origin, then

ov

ov

-2 0
(7.1) Pl(rvv)=/| <n2 Uafz—gIVvFﬂLr
=T

lim i(])nf P'(r,h) > 0.
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Proof. That is another application of the Pohozaev identity and the
pointwise estimates. Recall inequality (6.4) for small r > 0:

P(r,u;) > —/ (xmamui + i
|z|<r

1
—c(n) /| - <2xk8kR + R) uidx + c(n)% / Ruldo,.

|z|=r

u> (Ag — Ag)(u;)d

Note that
MZ2P(r,u;) — P'(r, h),
as 1 — 00.
The pointwise estimates established in Corollary 6.2 imply
€27 Ai(r) — Ai(r)| < Crr,

where A; and A; were defined in the previous section.
Now

rM? lim Ruldo, =r Rh*do,.
=00 J\z|=r |z|=r
The Weyl Vanishing Theorem (Theorem 6.1) implies H;; = O(|z|%*+1)
at the blowup point Z, so 9;0;H;; = O(r®=1).
Therefore, R, = 9;0;h;j + O(|z|"73).
Also, letting e — 0 in the pointwise estimates given by Corollary 6.2,

h=z]*" +t(x) + Oz ),

where

n—4
t(r) = lim En72ga(€*1x) -0 Z |hija”x||a\+27n

e—0
o] =4

The Weyl Vanishing Theorem implies ¢(x) = O(|z|4*3~"). This can
also be seen through the expansion of the Green’s function of the con-
formal Laplacian.

Hence,
R = (27 £ O (00he + OG™ )
= r(r* "+ 1)%(8i0;hiz) + O(r* ")
= (0:05hiz)r> " + O(r*™™).
Therefore,

r—0

lim inf / rRh2do, = 0.
|z|=r
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By applying the Theorem 6.1 to the estimates (6.5) and (6.6), we get

‘ - / < (fEm m¢& + z ; 2¢E> ((gkl - 5kl)8kl¢5 + ak:gklal¢a)

1
—c(n) / (mkakR + R> 22dx
jel<r \2
for e <r.

The key estimate in the Appendix then implies, for n < 24,
(7.2) lim i(I]lf P'(r,h) > 0.
r—

< Cre"2

q.e.d.

8. Blowup Set

We will show that the set of blowup points is finite and consists only
of isolated simple blow-up points. This is going to be an application of
the local sign restriction of Theorem 7.1.

First, we recall a well-known result:

Proposition 8.1. Given small § > 0 and large R > 0, there ezists a
constant C' = C(5, R) > 0 such that if u is a positive solution of (2.1)
with maxyy u > C, then there exists {x1,...,ax} C M, N = N(u) > 1,

wher Z—fg —p < d and each x; is a local maximum of u such that:
1) {By,(x:)}Y, is a disjoint collection if r; = Ru(xi)fp%l;
2) if v = (x',...,2") is a normal coordinate system centered at x;,
then

-1
() uu(z:) =2 y) — U)lo2spgo) < 0

where y = u(xl)%x,

2
3) u(z) < Cdy(x,{x1,...,xn}) T forallz € M, and
dy (i, 2;) 7 u(zj) = O
for i #£ j.

Let us start by proving that the local maxima x; = x;(u) obtained
in Proposition 8.1 cannot accumulate. That is, we will show that there
exist constants C;(d, R) > 0, i = 1,2, such that for all v > 0 solving
(2.1) with maxy; v > Cy, we must have

dg(zi(u), zj(u)) = Co.
In order to accomplish this, we will first prove that every isolated

blow-up point must, in fact, be isolated simple.

Lemma 8.2. Let x; — T be an isolated blow-up point for the sequence
{u;} of positive solutions to (2.1). Then T is an isolated simple blow-up
point for {u;}.
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Proof. We proceed by contradiction, so assume that T is not an

isolated simple blow-up point. Then there exist at least two criti-
2
cal points of r?i=1w;(r) in the interval (0,7;) for some 7; — 0. By
Proposition 2.4, there can be at most one critical point in the interval
i1 . . " .

O<r<r:= Rlul(xl)pr Therefore, if 7; is the second critical point
then 7, > r; and 7, — 0.

Let x = (z!,...,2") be normal coordinates centered at z;, and rescale
u;(z) by

2
vily) =77 wilmy), lyl <77
where x = 7;y. Then v;(y) satisfies

Liviy) + K £ (ray)ol (y) = 0

2
where ho3(y) = gap(Tiy). Furthermore, we have that |y|7i—'v;(y) < C
2

for |y| < 7;7', lim;_e vi(0) = 00, r7~17;(r) has exactly one critical
point on 0 < r < 1, and

d, 2
(8.1) ﬁ(rl’i—lﬁi(r))h:l =0.

It follows that the origin is an isolated simple blow-up point for {v;}.
As in the proof of Corollary 2.6 after passing to a subsequence, we have

vi(0)vi(y) — h(y) = aly ™" +bly) i Cp.(R" —{0})

where b(y) is harmonic on R". Since h(y) is positive liminf}, . b(y) >
0, so that the maximum principle guarantees that b(y) > 0. By Liou-
ville’s theorem, b(y) = b is constant. Moreover, using equality (8.1),

d, 2 _
2 TR =1 =0,

which shows that b = a > 0. But this contradicts the local sign restric-
tion of Theorem 7.1. q.e.d.

Having shown that isolated blow-up points are in fact isolated simple
blow-up points, we can now rule out bubble accumulation.

Proposition 8.3. Let 6, R, u, C(6,R), and {z1...,xN} be as in
Proposition 8.1. If § is sufficiently small and R is sufficiently large,
then there ezists a constant C(8, R) > 0 such that if maxy;u > C then
dg(zj,m) > C forall1 <j#1<N.

_ Proof. We proceed by contradiction. Suppose that such a constant
C' does not exist, then there exist sequences p; — p € (1, Z—‘fg] and {u;}
with maxys u; > C and

lim mindg(x;(u;), 2(u;)) = 0.
1—00 j#l
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We can assume without loss of generality that

0; = dg(x1(ui), z2(us)) = f;l;?dg(ﬂfj(ui),fl(ui)) — 0.

Then by item (3) of Proposition 8.1, we have w;(z1), u;(x2) — oco.
We now rescale by

2
vi(y) = o) ui(expy, (0:y)), |yl < opt
Then v;(y) satisfies

Lyoily) + K f; " (oiy)of*(y) = 0
where hag(y) = gaploy). If zj(u;)) € B 5(z1) and we set y; =

o; 'z j(u;), then each y; is a local maximum of v;(y) and by item (3) of
Proposition 8.1,

2 _

ly — il Tuiy) <O, Jyl <o)
Furthermore, y1 = 0, |y2| = 1, and minj |y; — w| > 1+ o(1), so in
particular, ya(u;) — ¥y with |yy| = 1. It follows that {0,7,} are isolated
blow-up points for v;(y) as long as
(8.2) v;(0), vi(y2) — 0.

We now show (8.2). If v;(y2) stays bounded but v;(0) — oo, then
{0} is an isolated and hence isolated simple blow-up point, while v;(y)
remains uniformly bounded near 7,. Then by Proposition 2.5 v;(7,) —

7,71 171
0, but this cannot happen since o; > max{Rui(:rl)_pT, Rui(xg)_p z }
(here we use Proposition 8.1, item (1)), which implies that
(8:3) vi(0),vi(¥a) = R.

On the other hand, if both v;(0) and v;(y2) remain bounded, then ar-
guments similar to those of Proposition 2.4 show that v; — v > 0 in
C2.(R™) where v(y) satisfies

Av+ Kyt = 0, Vuv(0) = Vu(y,) =0.

The results of Caffarelli, Gidas, and Spruck ([7]) then yield that v =0,
which contradicts (8.3).

Now that (8.2) is established, we have that {0,7,} are isolated simple
blow-up points for {v;}. Then according to Corollary 2.6

vi(0)vi(y) — G(y) == arly " +azly =7/ " +b(y) in CR(R"-S),
where S denotes the set of blow-up points for {v;}, b(y) is a harmonic

function on R® — (S — {0,%5}), and aj, ag > 0. By the maximum
principle b(y) > 0, so that

G(y) = arly* ™ + b+ O(ly|) for |y| near 0,

for some constant b > 0. This, however, contradicts the sign condition
of Theorem 7.1.
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It is now clear from the above proposition that for any given sequence
{u;}, the integer N = N (u;) of Proposition 8.1 must remain uniformly
bounded, otherwise there cannot exist a constant C'(6, R) > 0 such that
dg(x;,7;) > C. We now have the stated goal of this section,

Corollary 8.4. Let {u;} be a sequence of positive solutions of (2.1)
on M with maxy u; — oo. Then p; — Z—i‘g, and the set of blow-up
points is finite and consists only of isolated simple blow-up points.

q.e.d.

9. The Compactness Result

The purpose of this section is to complete the proof of Theorems 1.1
and 1.2.

Proof of Theorem 1.2. Having shown that every blow-up point is iso-
lated simple, Theorem 1.2 follows from Theorem 6.1. q.e.d.

In order to prove Theorem 1.1 we need the Positive Mass Theorem,
which requires the introduction of asymptotically flat manifolds. A
Riemannian n-manifold (M, g) is called an asymptotically flat manifold
of order 7 if M = MyU M, where Mg is compact, and M, is
diffeomorphic to R” — Br (R > 0) and the diffeomorphism provides a
coordinate system y = (y!,...,y") on My such that

95 =055 +O(yl™™)s 0,95 = Oyl 1), yrymiy = Oy 7772,

Such a coordinate system is called an asymptotic coordinate system. If
T> ”772, we can define the mass of (M, g) by the following limit:

(9.1) m(g) = lim [ (8igij — 9;gui)V’,

R—o0 Sk
where v is the Euclidean outward normal to Si. The following is a
generalization of the Positive Mass Theorem of Schoen and Yau ([31])
to arbitrary dimensions.

Theorem 9.1 ([18]). Let (M, g) be an n-dimensional asymptotically
flat manifold of order T > (TLZ;Q) Assume that the scalar curvature

R >0, and R € L*(M,g). Then m(g) > 0, and m(g) = 0 if and only
if (M, 9q) is isometric to Fuclidean space R™.

Proof of Theorem 1.1. Standard elliptic estimates and the Harnack in-

equality show that it suffices to estimate |u]00( ) from above. We pro-

ceed by contradiction, and assume that U, te <p<L+2<I>p is not bounded
—+—=n-2

in CY(M). Then there exists a sequence u; € ®,,, 1 +¢ < p; < Z—f%,
with

maxu; — 00 as 1 — 00.
M



170 M.A. KHURI, F.C. MARQUES, & R.M. SCHOEN
By Corollary 8.4, we must have p; — Z—fg, and there exist a finite
number N > 0 of isolated simple blowup points

(1) () (N)

x; —>f(1),...,xi — TV
We can assume without loss of generality that
(1) (1) (N ))}

;) =min{ui(x; ), ..., ui(x;

for all 7. Then set w; = uz(gvgl))uz Following the proof of Corollary 2.6

and using the Harnack inequality away from the blowup points, we have

N
wi— G =) ajGp +b i Ch(M — {7V, .7M)),
j=1

where a; are nonnegative constants, a; > 0, G(;) is the Green’s function
for the conformal Laplacian with singularity at Z\9), and b € C?*(M).
Note that since the first eigenvalue of minus the conformal Laplacian is
positive, the fact that L,G = 0 implies b = 0.
4

Let g = G;(flf g. We can assume that g is the metric conformally re-
lated to the given metric in Theorem 1.1, which produces conformal nor-
mal coordinates at Z(1); this follows from the fact that if go is the given
metric and g = qﬁﬁ go is the conformal normal metric, then qS*le(l)
is the Green’s function for g, where G_u) is the Green’s function for
go- Then (M — {z(V},3) has scalar curvature R; = 0. Furthermore, a
calculation shows that (M — {Z(1)},§) is asymptotically flat.

Indeed, it is well-known (see [13], [33]) that in a conformal normal
coordinate system at Z(!) € M, the Green’s function has the following
asymptotic expansion:

Gz, 7)) = [z "1+ x1(2) + -+ + xn(@)) + clog [z] + Xnt1(2),

where xj is a homogeneous polynomial of degree k, x,+1 = O(1), x1 =
x2 = X3 = 0, and the log term only appears in even dimensions.

Since Theorem 6.1 implies h;jo(Z1)) = 0 for every 1 < 4,5 < n and
2 <|a| < d, it is not difficult to see (see proof in [33]) that

n—2
9.2)  G(z,7W) = [z>™ (1+ > xk(w)> + A+ O(|z|log |z]),
k=d+1

where

(9.3) / Xk =0, / zixp =0
sn—t gn—t

for every k <n — 2,1 <1t < n. This follows from the fact that in this
case

Ry, = 0;05hi; + O(|$’n73)a
and fs?—l Oz@hw = 0.
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If we introduce the asymptotic coordinates y = |=| =2z, then the ex-
pansion (9.2) and the fact that g;; = &;;+hi;+O(|z|"~1), hij = O(|z|¢F1)
will imply

9i5(y) = 0ij + O(Jy|~**Y)

for large |y|. More precisely, we can derive

. 4 _ o - _
i (y) = G2 [y| =4 (85 + hij — 2y5yly| > haes — 2y5wly| 2ha+O(Jy|' ™),

where h;;(y) = hij(ly|~2y). Recall g;; = exp(hy;).

Since d = [%52], the Positive Mass Theorem (Theorem 9.1) can be
applied, and therefore, m(g) > 0. Note that if m(g) = 0, then (M —
{z(V},9) is isometric to R™, but R” is conformal to S” — {a point} which
would then imply that (M, g) is conformal to S".

We now observe that the terms involving y; or h do not contribute
to the mass. Here we are using conformal normal coordinates and the
equalities (9.3). A calculation then shows that the limit in (9.1) is a
positive multiple of the coefficient A. Therefore, A > 0.

This contradicts the local sign restriction of Theorem 7.1, and we
have finished the proof. q.e.d.

10. Nondegenerate Conformal Classes and Existence

Throughout this section, we will always assume n < 24.

In this section, we introduce a C*® topology on the set of conformal
classes of metrics on a compact manifold M™ where k is a positive inte-
ger and « € (0,1). We then show that for k sufficiently large (depending
only on n), there is an open dense subset of the Yamabe-positive confor-
mal classes in which there is a finite number of nondegenerate solutions
of the equation R = n(n — 1). We then discuss the general existence
theory (as outlined in the introduction) for these nondegenerate classes
which includes Morse inequalities as well as a degree count.

We first fix a C* norm on the open cone M of Riemannian metrics
on M. This can be done by choosing a fixed background metric and
measuring general metrics with respect to it. This norm then induces
the same topology regardless of which smooth background metric is
chosen. We denote by C the set of conformal classes of C*® metrics.
If we fix a smooth volume form w on M, we may identify C with the
submanifold of M having volume form w. We may then define a C*
Banach manifold topology on C by taking the induced topology from
M. Tt is easy to see that the topology induced on C does not depend
on the smooth volume form w which was chosen. The topology induced
on C in this way will be referred to as the C*® topology.

We denote by C* the (possibly empty) subset of C consisting of
Yamabe-positive conformal classes. Note that if & > 2, CT is an open
subset of C.
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We will need the following compactness result which follows directly
from the results of this paper:

Lemma 10.1. Let K be a compact subset of C* which does not con-
tain a metric conformally diffeomorphic to a metric in the standard
conformal class on S™. If k is sufficiently large depending only on n,
then the set of unit volume, constant scalar curvature metrics having
conformal classes in K is a compact subset of M.

We now discuss nondegeneracy for constant scalar curvature metrics.
Recall that we may either normalize the volume or the value of the scalar
curvature to choose a unique representative of the solutions which are
multiples of a given one. When we derived our estimate, we normalized
volume but for the following discussion, we prefer to normalize the value
of the scalar curvature to be the same as that of the standard unit n-
sphere; that is, we consider solutions of the equation R = n(n —1). It
is easy to compute the linearization of this equation when the metric
is varied within its conformal class; that is, if we consider a family of
metrics g = (1 + tn)4/(”_2)g where 7 is a smooth function on M, and
we compute the first ¢ derivative of the equation R(g;) = n(n—1). This
linearized equation is

(10.1) An+nn=20

where A is the Laplace operator of the metric g. We say that a solution
is nondegenerate if there is no nonzero solution of this equation; that
is, if n is not an eigenvalue of A. It is easy to see that this condition
is equivalent to the statement that the volume one rescaling of g is a
nondegenerate critical point of the scalar curvature functional on its
conformal class. We will say that a conformal class of metrics [g] is
nondegenerate if each metric in the class with constant scalar curvature
n(n — 1) is nondegenerate. Since nondegenerate solutions are isolated
within their conformal classes, it follows from Lemma 10.1 that there is
only a finite number of solutions in any nondegenerate conformal class
of metrics.

The Morse index I(g) of a solution is defined to be the number
(counted with multiplicity) of nonzero eigenvalues A of A which are less
than n. This agrees with the ordinary Morse index of the total scalar
curvature functional at the unit volume rescaling of g on its conformal
class.

We now consider the scalar curvature map R from M to the C¥~22
functions on M, and we let M; denote the subset of M consisting of
metrics with scalar curvature equal to n(n — 1). Thus M; is a closed
subset of M. A metric g € M is a regular point of R if the differential
of R at g is a surjective linear map from C** symmetric (0, 2) tensors on
M to C*=22 functions on M. It then follows from the inverse function
theorem (see [10]) that the set of regular points of R is a smooth Banach
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submanifold of M which we denote M. In particular, M/ is a relatively

open subset of M;. We let M/ denote the complement of M| in My;

that is, M| = M; \ M). Thus we see that M/ is a closed subset of

M. A direct calculation (see [2], p. 128) shows that a metric g is in
! if and only if there is a nonzero function f such that

(102) f;ij — fRU — Af gij = 0
(Note that the function f is an element of the cokernel of the linearized
operator of R.) Taking the trace of equation (10.2), we see that the
function f is a solution of (10.1), and hence g is necessarily a degenerate
solution of R =n(n — 1).

We now consider the map 7" from M to C which assigns to a metric
g its conformal class [¢g]. The next result shows that the set M/ is
negligible for our purposes.

Lemma 10.2. The set T(MY) is a closed nowhere dense subset of

C.

Proof. The fact that T (M) is a closed set follows directly from
Lemma 10.1 since a convergent sequence of points of C is a compact
set, and suitably normalized solutions of (10.2) will converge to solu-
tions of (10.2) for the limiting metric.

To prove that T'(MY) is nowhere dense, we use the well-known fact
(see for example [20]) that the equation (10.2) can be rewritten as a
system for the pair (g, f) as follows

fRij — fij —ngij =0, Af+nf=0,
and moreover, this system is elliptic on the region where f is nonzero. It
follows that if we have a sequence of solutions (g;, f;) converging in C**
norm with f; normalized to have L? norm one, then on any ball in which
the limit f is strictly nonzero, we will have (possibly after a change of
coordinates) the convergence of any number of derivatives of (g;, fi)-
Thus, to show that T'(MY) is nowhere dense, it suffices to show that for
any solution g of (10.2), we can find a sequence of conformal classes ¢;
converging to [¢g] in C such that there are no choices of g; € ¢; such that
gi converges to g in C**! norm relative to any coordinate choice on a
ball of fixed radius (with respect to ¢g) in M. To find such a sequence, we
observe that (for n > 4) it is possible to modify a metric near a point by
an arbitrarily small amount in C*® while keeping the maximum value of
the (k—1)-st derivative of the Weyl tensor large (strictly larger than the
corresponding quantity for ¢’ for all ¢’ € [g] which are singular points
of R). By doing such a deformation in small disjoint balls in (M, g),
we can construct a sequence of metrics g; converging to ¢ in C*® norm
with the property that in all balls of a fixed chosen radius the Weyl
tensor W (g;) does not converge to W(g) in the C*~! norm. Setting
¢; = [gi], we claim that for ¢ sufficiently large we must have ¢; ¢ T'(MY).
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This follows because, as described above, if there were a subsequence
of ¢; € T(MY), we could then choose a sequence of metrics g, € ¢
with ¢/ a singular point of R converging to a singular point ¢’ € [g]. It
would then follow that for a ball contained away from the zero set of the
limiting function, we would have convergence of all derivatives of g; to
those of ¢’. In particular, the Weyl tensors would converge along with
all derivatives. This contradicts the choice of g; in light of the conformal
invariance of the Weyl tensor. An analogous argument can be made for
n = 3 using the three dimensional conformal tensor. This completes the
proof that T'(MY) is nowhere dense in C. q.e.d.

The map T is a Fredholm map of index 0 whose linearization is an
isomorphism if and only if g is a nondegenerate solution of R = n(n —
1). A conformal class is a reguar value of T' if and only if the class
is nondegenerate. It follows from Lemma 10.1 that the map T is a
proper map, and in particular, that any regular value corresponds to a
conformal class containing a finite number of nondegenerate solutions
of R =n(n—1). It also implies that the set of regular values of T" is an
open subset of C. The Sard-Smale Theorem implies that the restriction
of T to the Banach manifold M) has a dense set of regular values.
Combining these remarks with Lemma 10.2, we obtain the following
theorem:

Theorem 10.3. There is an open dense subset of conformal classes
in the natural C*® topology (for k large enough depending only on n)
which are mondegenerate in the sense that each such conformal class
contains a finite number of nondegenerate solutions of the equation R =
n(n —1).

We now discuss the existence theory outlined in the introduction
in more detail. It is known (see [22], p. 279) that the subcritical
regularization of the Yamabe variational problem satisfies the Palais-
Smale condition (on the manifold of nonnegative functions). If we are
in a nondegenerate conformal class, then for p < (n +2)/(n — 2), but
near (n+2)/(n—2), all critical points must also be nondegenerate with
the same Morse indices since they converge to Yamabe solutions in a
C? topology. Since by the work of this paper all solutions converge, it
is enough to prove the Morse inequalities, Theorem 1.3, and Theorem
1.4 for the subcritical (but nearly critical) case since these results refer
only to the Morse indices of the solutions. These results follow from the
Morse theory of Palais and Smale (see [24], p. 198).

Appendix A. Pohozaev’s Quadratic Form

In what follows H;j;, where 1 <4, j < n, will denote a matrix whose
entries are polynomials in n variables. We will use repeated indices to
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denote summations. Given H;; and W;; matrices of polynomials, we

define
|z|=1

We say that H;; € Vi, where k is a nonnegative integer, if each
polynomial entry is homogeneous of degree k, and the following holds:

1) Hij = Hji;

2) H; = 0;

3) wiHij =0.

Note that

l‘iajHij = 8J(I7,HZ]) - (5in@' = 0.

We also define V<j, = @;?:2 V;. Given H;; € V<i, we denote by HZ.(;.)
its component of degree [.

Let ((SH)Z = 8]'Hij and (52h = 818]HZ] We will refer to 6 H and (52H
as divergence and double divergence of H;;, respectively.

Given H;; € V, integration by parts shows that

(A.l) /| - &-BjHij =0,
and
(A.2) / |_1xlaiajHij =0,
where 1 <[ <mn.
Define
00 Sk+n—3
bk = /0 st for k< n,
0 (1 _ 2\ k+n—3
S —/ mds for k<n—2.
0

The next lemma relates some of the above integrals.

Lemma A.1l.

m

n+2j—4
by, = — 1)
2m H n— 2] 05
7=1
4m
ch - 71)2’”7,‘

n—2m—2
Proof. Integration by parts yields
n+2m—4
bom = ———(——bam—2.
n—2m
The first equality follows by induction. The second equality follows from
the first one since

Cam = bam42 — bam.
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q.e.d.

Recall d = [%52], and that 0}, = 1 if k = 252 while 6;, = 0 otherwise.
Let HZ']' € Vﬁd-
If n is odd, let
2
mff,s) (H,H)

d

> 1 1
_ s+t rr(s) @t , 1 (s) )
- st:2€ Cott /51 <_289Hij O H;" + 43lHij 81Hij ) :

while, if n is even,

I (H, )
= Lo @ Lo ()0 1(®)
s t t
= Z € +tcs+t/g (—283'}[2-; 8lHil + ZalHijs OZHZ-J- >
s,t=2 1

1 1
2 (@) 5 (@) (@ g 7@
+e |10g5]/51 <—2ajﬂij Oy + O O )

Throughout the rest of the appendix g;; = exp(hsj), tr hij(z) =
O(|z|Y), where N is large. We will also write h;j(z) = Hy(z) +
O(|z|™1), and

d
H,](a:) = Z hija:l,‘a.
|a|=2
In the following estimates, we will ignore the contributions coming from

the volume element, since we can choose N sufficiently large.

Lemma A.2. Given n > 0, there exists C' > 0, depending only on n
and |glen (g, (o)), such that

1 n
- /|a:<o‘ (2xk8kRg + Rg> ulde — Iig)(H, H)'

d

=Cn Z Z ’hija‘%z'a‘]logg\eloc\ + C'Un—lgn—z7
loe|=2 2.

if 0 <1 and € is sufficiently small.

Proof. After integrating by parts,

1
—/|< <2xk3kRg—|—Rg> ugdx:/l|< Rguawgdx—;/_ Rgug,

where 1. = "7_2% + 2* O ue.
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Using estimate (4.6), we conclude that there exists C' > 0 such that
for any given n > 0,

1 1
‘Rg — &-@-hij + 8j(H,-j81Hil) — iajHijBIHu + Zﬁlﬂijﬁlﬂij

d d
<C Y Y thialll 40 Y0 hijal* M 4+ Oy e,

=2 i.j lo]=2 i.j

Note that our expression differs from the one in (4.6) because here
deg(Hij) < d.
Since

/ (aﬁjh” - 8j(HijalHil))ugl/Jngf = 0,
|z|<o
we have

1 1
/|< Ryucpedu = /l < <2ajHijalHil - 4(91Hz‘jazHij) uspedr
B - d
+0m) YN el log el el + O(on~1em2).

la|=2 %]

But

1 1
/| <2ajHij8lHil - 481HijalHij> UsYeds
z|<o

d

o s n— 1 s . 1 . .
= Z (/0 U€¢ET +t4 3d’r’> /Sl <283Hz(j)alHl(l) — 48le(])8lHZ(J)) 7

s,t=2

where 51 = {|z| = 1}.
Now

g
€

o 2\,.5+t+n—3
ttn-3, M2 oy (L—r?)r
e e =

n—2 oyt 105t
= 7T58+t|10g5\ ﬁ?cHtT + O0(e" ).

The result follows immediately. q.e.d.

If n is odd, define

d
L) == 30 ket | i) 2(10)vdy,
k=4
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while, if n is even,

d—1
LY(HH) =~ ) kb /R HEHW)Z(HO)Uy
k=4

2]log€\/ (82HNP@+2) (52 g (D),

Here Z(H®) =T(62H®)(1 + |y|?)~2 denotes the solution of

n—2

AZ(H®) +n(n+2)Un2 Z(HW) = o=

S*(HM)T,

as in Section 4.

Lemma A.3. Given n > 0, there exists C' > 0, depending only on n
and |glen (g, (o)), such that

1
|—2/ <2xk8kRg + Rg) Ugzedx — Iéne)(H, H)
lz|<o ’

d
=Cn Z Z |hijal?€? log e|flel 4+ Con~tem 2,

la=2 4.
if o <1 and ¢ is sufficiently small.

Proof. Recall

(A.3) |2|(z) < Ce™2 Z > hijal (e + [a))l 2,
la|=4 4.j

In particular,
|22 (@) < Ce™F (e + [)°~
Therefore, by (4.7)

1
— 2/ (:L‘kakRg + Rg> UeZedT
|z|<o 2

1
— 9 / <xkak(52h) + 5%) Uezedx
lz|<o 2

d
+ Z Z |hijal?o(e2 Tog e|?1e1) + O(5°e"72).

|a|:2 2,]
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Moreover, using estimate (A.3),

— 2/ <1xk6k(52h) + 52h> Ue2edT
jel<o \2
= —2/ (;xkﬁk(52H) + (52H> Ue2.dT
|z|<o

d
) Z Z |hijal?€2 | Tog 12l + O(an~1e"2)
|O“:2 (2]
1
- _2/ <2$ka"f(52H) + 52H> uezsds
|z|<o
d
+0() D2 Y Ihijal*<?* | log el "t + Oom~'e" ).
lo]=2 4.7
Here
4 d
AT+ D5 o) Y PO
k=4

so that z=? depends linearly on 62H.

Now
—2 / (;xk(‘)k(52H) + 52H> uzzS%dx
lz|<o
d 1
= -2 Z / <xk8k(52H(k)) + (52H(k)> uezVdx
2
k=4 12|<0
. Z ek / S2(H®) Z(HYUdy.
k=4 yl<oe™?
If n is odd,

— 2/ (;mkﬁk(52H) + 52H> uezS%da
\x|<o‘

=— Z keekt 52 N Z(HOYUdy
k=4

Z Z ‘hija|25n72

laf=2 1,j

179
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If n is even,

- 2/ <;xk6k(52H) + 52H) uez=4dx
|z|<o
d—1

==Y ket [ EH)ZHD) Uy
k,l=4 R

—de"? / S2(H'NZ(H MU dy
ly|<oe—1

d—1
+0 Z Z |hija’2€n72

la|=2 i,
d—1
+0m) > > |hijal 0 [ 07 YN hijal?e
la|=2 4,7 lal=d .7

But in this case

— de"? / § 1(52(H(d))Z(H(d))Udy
y|<oe~
=t [ @ HONEH ) )y

= —de"?|loge| [ (82H D)D) (52 (D)

+ O Z Z |hija|26n_2

laj=d .

q.e.d.

We want to study the positivity of the Pohozaev’s quadratic form

l,e

on the space V<4. The main result of this appendix is

Proposition A.4. There exists 3 > 0 such that, if 6 < n <24,

d
I(H,H) > 85 *|logel® (HY , HP)
k=2

f07" HZ‘]‘ S ng.

Before proving Proposition A.4, we need to better understand the
structure of V<4. We will begin by discussing a projection onto V.
Let Py, denote the space of homogeneous polynomials of degree k.



A COMPACTNESS THEOREM FOR THE YAMABE PROBLEM 181

Lemma A.5. Let ﬂ}j be a symmetric matriz of homogeneous poly-
nomials of degree k. Suppose there exist p,t € Pr_2, q; € Pr_1 such
that

1) Hy = —plzf?;
2) z;H;j = —qj|z)?;

If
PT; (n —2)tx;
bj =qj — - ,
2(n—1) 2(n—1)
and
_ 2
o o=l
n—1
then
Hz'j = f{ij + bil‘j + bj.%'i + C(Sij € V.
Remark. When this lemma applies, we will say H;; = Proj(f]ij).
Proof. 1t is straightforward to check that H;; = Hj;, H; = 0 and
.Z‘Z'Hij = 0. q.e.d.

We will say that
Sij = HlOd(IL‘i, asj, 51J)

if there exist b;, c such that S;; = b;x; + bjz; + cd;j.
Let us now define Ly : Vi, — Vi by

Li(Hyj) = Proj(|z|*F(Hy;)),

where
1 1 1
F(HZ]) = *ajalHil + *aialHﬂ — fAHij.
4 4 4
The Lemma A.5 implies
1
(A.4) Ek(Hij) = Z|9:]2(8j61Hﬂ + aialHﬂ — AH@')
k k
— ijalHil — inc’)lHjl
1
+ 7(52H($i1‘j — |x]2(5w)

2(n—1)
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Note that, given H;; € V}, and Wy; € Vy,
A(Lu(Hy) Wig) =4 [ Proj(e*F(H) Wy
S1
= 4/ F(H;;)Wij
S1
= / (8]01Hil + &&Hﬂ — AHZ']‘)WZ']‘
S1
= 81H18 Wi —|—/ 81H1]81WU
S1
- k(n +k+m— 2)/ HZJWZJ
S1
In particular, Li : Vi — Vi is symmetric with respect to the inner

product (-,-). Let us now proceed to the analysis of its eigenvalues.
Let p; € Py such that 2 <[ <k — 2 and Ap; = 0. Define

H;j = Proj(8;0;p|x[*™),

where k =1 — 2 + 2m. Note that m > 2.
Then Lemma A.5 implies

ﬁij = 0;0;pi|x|*™
— (I = Da;0ypi| ™2 = (I — 1)z 0ipu || 2

n —
+
n —

2 .1 -
ll(l - l)pl$i$j‘$|2 4 + ml(l - 1)pl(5ij’-1'|2 2,

A calculation shows that

A n—2 _
(A.5) Olliy = ——— (L =)(n+1- 1)0;py| x> ™2

n—2

+ B0 = )+ L= Dl

’,’L —
and

(A.6) 6°H = l(l ~D(n+1-1)(n+1 - 2)plam

From identity (A.5), and the fact that
AH;j = (2m(n+2m + 21 — 6) — 4(1 — 1)) 9;0;py|x|>™ 2
+ mod(z;, x5, ;5),
we obtain
2|2 F(Hyj) = Apm®i0jp|x|*™ + mod (x4, 5, 0i5).

Here

(A7) Ay = (1—1) (1 - 2”_ 2

(n_l)(n+1_1)> —%(n+2m+2l—6).
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Therefore,
Ly(Hij) = AmHij-

Lemma A.6. Let H;; € Vi. Then there exist py_oq € Pr_2q, ¢ =
1,..., [%], Api—_2q = 0, such that, if

(Hy)ij = Proj(0:0;pr—2q|z|2),

and
(552]
Hij = Wij+ Y (Hy)ijs
q=1
then
aiajWij =0.
Moreover,

A

(Wij, (Hg)ij) = 0,
((Hqg)ijs (Hy)i) =0 if q# s,
L((Hy)ij) = Ap—zqq1(Hy)ij-

Proof. The existence of the polynomials pj_s, so that 82W = 0 fol-
lows from the decomposition of §2H in spherical harmonics, noting
equalities (A.1), (A.2), and using identity (A.6).

Moreover,

Wij(Hg)ij = / WijProj(8;0;pr—aq|z[***?)
S1 Sl
=/ W;50;0pr—24
S1

= | 0:0;Wijpk—2q
S1
-0,

and

A~

/(ﬁs)ij(Hq)z’J':/ (Hs)ijPr0j(0;0;p—2q|7|*7+?)
S1 Sl
=/ (Hy)ij0i0jpk—24
S1

= [ 9:0;(Hs)ijpr_2q
St

= C/ Pk—2sPk—2q
S1
=0,
if s # q. Here we are using identity (A.6). q.e.d.
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Define Wy, = {W;; € Vj, : 9;0;W;; = 0}.
Let Wi; € Wj. A calculation then shows
(n+k—2)k

(A.8) alﬁk(W”) = *faiwij.

In particular, &@Ek(Wm) =0.

Hence Ly : Wi, — Wk

Suppose Wj; is an eigenvector of Ly: Li(W;;) = AW;;. The identity
(A.8) implies that either

)\:_(n+11—2)k’

or
&'Wij =0.
Define Dy = {D;; € V} : 0;D;; = 0}. The identity (A.8) implies
Ly : Dy, — Dy.
Let D;j € Dy. Then, from identity (A.4),

1
['k(Dm) == _Z|x’2ADU
Hence |z|?A : Dy, — Dy, and since
2" F2ATD ;= [aP AP A™ Dyy)
—2m(n + 2k — 2m — 2)|z|*"A™D;;,

an inductive argument shows |z|?™A™ : Dy, — Dy, for every m > 1.
Now let us consider the decomposition

(5]
Dzj = Z |ZE|2qM,g€_2q),
q=0

(

where AMJQ(]) = 0. Since |z|?™A™ leaves Dy, invariant, we get
‘$|2in(;f—QQ) € Dy

for every 0 < ¢ < [£]. In other words, Mi(Jk_QQ) = Mj(f—Q‘I)’ Mi(ik_QQ) _o,
2 M7 = 0, and 9,M ) = 0.
In particular, Mi(JQ) =0or Mi(jl) = 0, according to whether k is even or
odd. In order to see this, just note that MZ.(]Q)xig;j =0or 81Mi(j1)xi$j —0.
Now
ﬁk(|x’2in(f_QQ)) _ _i|x’2A(’x‘2in(;f—2q))

1 k—2
= —iq(n —2q + 2k — 2)]3:\2in(]. D,

Therefore, we have proved
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Lemma A.7. Let W;; € Wy. Then there exist Wzy €Wk, M (k 20) ¢
Dy_24,9=0,..., [LEQ], such that

[552]
o k—2
Wij = Wij + Z |x]2in(j q),
q=0
where ( " "
A n+k—2k_.
Lr(Wij) = = —— Wi,
and
AME2) =
1] .
Moreover,

(Wi, |20 >7) = 0,
(‘$|2in(f_2q)v ‘37|25Mi(f_28)) =0 ifqg#s,
Ll 2) =~ Lg(n — 29 1 24 - 2)aons ).
Remark. Note that
(A.9) W % f%q(n —2q + 2k —2)
forq:O,...,[k—EQ].

Let us now go back to the study of the positivity of Ia(n)

on V<q.
Proof of Proposition A.4. Given Hi(jm) € Vi, Fﬁf) € Vg, define

(m) gk)y _ Loy pptm) g5 k) Lo r(m) o 5=(k)
Hence,

BHV,HY) = / H<m)< 0,0 + 861H(k)—iAH£f)>
S1

)

(n+m+k—2)k (m)—=(k)
- ; | HUH,
B (m) k), (n+m+k—2)k—k)
_/SlHiJ (E(H )+ : 79

Let H;j € V<q. Then, using the notation of Lemma A.6,

H(k_ k)+z

for 2 <k <d. Let W;; =3¢, Z]),ande—Zk 22 ( )(k)-
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Now

Wi (1)) = 1w (1)),

But

Therefore,
I (Hyy, Hy) = I8 (Wiy, W) + I (Hyj, Hig),
and
(szyH) (WijaWiJ) (HU7H)

Now, using Lemma A.7,

W W(k + Z |x]2q k 2q)

where 2 < k < d. Let W” Zk N4 ) and
a 1557
Z Z |£L‘|2q k 2‘1)
k=92 g=
Now
(m) .2 (k—2q)
B(Wz‘j |z[*(M )ij )
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where
" k—2)k 1
Qo lnamik =9k 1 ook,

4 2
On the other hand,
2 (m k—2
BOW™ [21(My) (27

v]

_ 2 (m +m+k—2 A (m
1

i 4 v
km j7(m) (k—2q)
= W™ (M) .
4 Jg, ij ( k)z]

Therefore, the inequalities (A.9) imply
z-(m k—2
BOWS™, 2 (M) ™) = 0,
and

/ W m)‘$|2q k)(;?—2Q) —0.

Hence,

I8 (Hyj, Hij) = I8 (Wig, Wig) + I8 (Dij, Dij) + 189 (Hyg, Hi),
and
(Hyj, Hij) = (Wig, Wig) + (Dij, Dij) + (Hij, Hij).

Therefore, we divide the study of the positivity of the quadratic form
into three cases.

When n is even, due to the log term, we should start by analyzing it
on V,;. Therefore we define

JHD gDy = p(H®D, @) _ / (2 HD)P(@+2) (52 (@)
S1

[/ 1y 0Ty

and

(I (H, H) = Zs legr B(HS, HY)

s,t=2

- Z sssﬂ (HYZ(H®)Udy,
s,t=4
where d' = [252].
Since (I')\™ (H, H) = (I"\\")(H., H.), where (H.)®) = eH)  we will
restrict our analysis to J and (I ! )(n)
Casel. H;; = W@] = Zk o Wi ), where £k(W(k)) = —WW}?.
First note that

ML 48 g (m))

B(W( : W(m)):j( ij 0 "Vij

1) 7 1]
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Therefore,
JOV@ i@y = & \W(d| .

oy

Thus, J is always positive in this case.

On the other hand,

o n—2 A (s) o2
(I (W, W) = 2= 3 steen (WS, W)
s,t=2
n—9 s,t even ) 5 (0)
= 3 Z 5tCs+t(Wzg 7VV1] )
2<s,t<d!
n—29 s,t odd
+ 3 Z stcs+t(Wi(;),Wi(]?) ).
2<s,t<d’

Since we are only interested in n < 24, we just have to consider the
cases

Ww _ Z W(2k+2 7

Wzy _ Z W(2k+1 .

We are using the fact that Wi(j) =0, since V5 C Da.
Let

myen = (2k 4 2)(21 + 2)copt144,
and
m = (2k 4+ 1)(20 + 1) coprar12-

With the help of Lemma A.1, we can check (see [12]) that for each
1 < p <4, the matrix

even

(mid ™ ) 1<k,i<p
is positive definite if 4p + 6 < n < 24. The same is true for

(M )1<ki<p,
if 4p + 4 < n < 24. That implies the positivity of (1) in Case 1, for
n < 24.

k
Case 2. Hij = Dl']' = Zz:Q ng), where

D(k Z |x’2q k 2(1)

(My,) 1529 € Dy_gq, and A(M;,) 27 = 0.
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First,
k—2 ' m—2q'
(A.10) Bl (M) 5 27 (M) 0>
" k—2 m—2q'
=" [ om0 0n,) 5,
S1

where

” kE—2)k 1

c :(n—f_mz ) _iq(n—2q+2k—2).

This implies
k—2 / —2g
I (|22 (0) 520, |22 (0, ) = 0,
if k—2q#m—2q¢.
Define (Es);; = ZOSQqufs ’x‘zq(Mqu)z(j)v for2<s<d.
Hence Dij = ZgZQ(ES)i]E

d
I(Dij, Dij) = > I ((Es)ig, (Bs)ig),

(Dij, Dij) = > _((Eij, (Es)ij)-
s=2
From the equality (A.10), we obtain
Bl *(My90)), 227 (Myy20) )

n+2q+2¢ +2s—2)s s s
= (qq’ + ( 1 ) ((Ms+2q)z(j)7 (Ms+2q’)z(j)> :

Fix 2 <s<d.
If s+ 2g = s+ 2¢ =d, then
_ _ 1

(" (Ma) el (Ma);)) = § (& + 8 + s(n = 2) [(Ma)}
This implies J is always positive in Case 2.

Now let us turn to the analysis of (I’)gn), so s+2q <d.

Since we only need to consider n < 24, we can restrict ourselves to
s =2,...,10. For each such s, the problem will be reduced to analyzing
a matrix of size at most [1275] x [12-5].
Now

d' —s

n—2

2 Z m2+1,q'+1((Ms+2q)§j), (M8+2q’)§;))7
2Q72q,:0

(I (Es, Es) =

where

n+2q+2¢ +2s —2)s
Mg 111 = C2s42g42¢' <qq’ + ( 4 ) :
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After lengthy calculations (see [12]), and with the help of Lemma
A.1, we can verify that for each 2 < s <10, 1 <p < [12%5]’ the matrix

(My)1<ki<p

is positive definite if 4p 4+ 25 — 2 < n < 24.

That implies the positivity of (I )én) in Case 2, for n < 24.

: d k) 7 (k) 5520 g ()
Case 3. H;j = H;j = ), H;;”, where H;;” = % % "(Hg);;” and

oo (k .
(Hq),(j) = Proj(9;0; (pr)k—2q%1*172), (Pk)k—2q € Pr—2¢> A(Pk)k—2q = 0.

First note that by Lemma A.6

2 k 2 m
B((Hy)), (Hy)i}")

ij i

A m A (K n+m+k—2k -~ (&
= [ (ent ) + P EZDE g 0)
1
n+m+k—2)k N A (m
= (Akczgan + B [ g
4 S
Now
| S = | (01500 (km)n-2
Sl Sl
- aiaj(gq)z(f) (Pm)m—2q
S1
Zakzq/ (Pk)kuq(}?m)m—zq',
S1
where

”_?a—nm+z—nm+z—m.

ap =
n_

In particular,

B((H)Y, () =0, ()R, (f)") =0,

if k—2q#m—2q.

Recall
AZ((H)P U=z Z((f,)*
(( q)zj )+7’L(7’L+ ) (( 11)1,] )
_ n—2 2g—2
We can write
A (k n—2 _n
20 = gyl ha1 + o) 7%,

where
T(Tkyq) = (pk)k—gq(|x|2q_2 + 2’$|2q + |x|2q+2).
Recall T(T') = (1 + |y[*)AT — 2ny - VI + 2nl".



A COMPACTNESS THEOREM FOR THE YAMABE PROBLEM 191
Then
T(|2|* (pr)k—2q) = (2k + 25 — 4g — 2)(25 — n)|2|* (i) k—2q
+2j(n + 25 + 2k — 4q — 2) |27 (pr)r—24,

and we can write

g+1

Tig = Tk, q, 7)2¥ ()2

J=0

The coefficients I'(k,q, j) can then be computed inductively in the
following way:

1
r 1) =—
et 0+ 1) = = o gy —2g —2)
Ik )__2—2(q+1)(n+2k—2q)F(k,q,q+1)
)= (2k — 2¢ — 2)(n — 2q) ’
1—2q(n + 2k — 2q — 2)T'(k, q,q)
r 1) =-
(k,g:0=1) (2k —2¢—4)(n—2¢+2)
and
S 20+ 1) (0425 + 2k — 4g)
L(k
(k,q,) = (2k +2j — 4q — 2)(n — 27) thai+1)
for 0 <j<g-—2.
Therefore,
M

5%((H, >W>Z<<ﬁq>§§>>vdy
R’n

— o Qq/ B2 ((H) ™ )Ty g (1 + [yl " dy

= Qg—2¢Qm—2¢/ / (pm)mf2q’rk,q,y‘2d_2(l + Jy|*) " dy
R’ﬂ

q+1 2j+2q 2
) (Pm)m—2q (Pr)k—24|y[™
= Qf—2q0m—2¢' Zr(k‘,fbj)/n — (ql + ’y‘z)Z—l dy
=0
q+1
= Qp—2q0m—2¢ | > Tk, Q1) bksm—2q+25 /S (P ) k—2¢ (P ) m—2q'-
j=0 !

In particular,
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Define, for 2 < s < d — 2,

[452]

(Eoij =Y Proj(9:0;(pstag)sla**?).
q=1

Then ﬁij = Zg;g(Es)ijv and

d—2
I (H, Hij) = I ((By)igs (Ey)ig),
s=2
A~ A~ d72 A~ A~
(Hij, Hij) = > ((Es)ij, (Es)ij)-
s=2

When n is even, and if s + 2qg = s + 2¢' = d, then

J (1)), (1))

=B (1)), (11,5

n—2 1 ) ,
a1 @d-29)(n— 24~ 2) (o) /S1 (Ps+2q)5
= ts,q/ (ps+2q)§.
S1
Here
n — 2)2
tsq [(As,q+1 + ( 1 ) > Qg
n—2 1 )
* 4(n —1) (d+s)(n+s—d—2)(a3) ’
where
n—2 +1
As,q+1 = (3_1) (1—M(n+8—1)) —_ qT<n+2q+28—4)

It is possible to check that

; 1 (4% —8s+4+4ns — 8n + 5n? — n?)?
= — «
116 (n—1)2(n— 2+ 2s)? *

if s4+2¢ = "7_2 This implies J is always positive in this case.
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Moreover,
() (Ba)ig. (Bo)iy)
" 2 [d/;s]
- Ao (542 ~ o (s+2¢
-~ Z CQS+2q+2q/B((ES)z(j+ q)’ (Es)§j+ ! ))
q,q'=1
1452
Ao (842 ~ o (5+2¢
= > (s+20) [ BB 2B Udy
¢,9'=1 R
[£52]
= Z M(57Q7q/)/ (p5+2q)s(ps+2q’)5u
7,q'=1 51
where
M(s,q,q")
n—2 n+2s+2q+2¢ —2)(s+2
= 5 C2s+2q+2¢ s (As,q+1 + ( a 4q I q))
n—29 q+1
- mag(s +q+4) jz:% ['(s +2q,q, j)bast2g+2;
Here we are using that
(A.11) SHHMYZWNYUdy = | (WD zZ(H®Udy,
R™ R”

since integration by parts implies

/ (AZ(H(k)) +n(n+2)Uns Z(H(k))> Z(WDdy

- / (AZ(W(”) +n(n+ 2)UﬁZ(W”))) Z(HW)dy.

It is now possible to check that (see [12]), for every 2 < s < 8, and
1 <p < [19-5], the matrix

(M(s,4,4))1<q.0<p
is positive definite if 2s +4dp +2 < n < 24.

This finishes the proof of the positivity of (I ){(.;n) in Case 3, for n < 24.
q.e.d.

The following proposition states that n = 25 is the critical dimension
with respect to the positivity of the quadratic form.

Proposition A.8. If n > 25, then the quadratic form Ig(n) has neg-
ative etgenvalues.
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Proof. See [12] for details of the calculation. Let (m?);; be the matrix
as in the proof of Case 2 above.
A calculation gives

2
discrim Z (m2)klakala az
k=1
n?(n +2)*(n + 4)(n* — 54n +152) ,

= 82— 62— 42 (n— 10) O

This implies ((mz)kl)lgmg is not positive definite if n > 52.

On the other hand, it is possible to check that ((m?)x)1<k <4 is not
positive definite if 25 < n < 52.

Given Wy ; wih all the symmetries of the Weyl tensor, and such that
Z |Wikjl|2 > 0, define

n
(2)
Dy =) Wajimpa,
k=1

and
Dij = 1D + ase|* DY + as)a|* DY + agla° D).
We conclude that, if n > 25, there are always a1, as, as, as so that
I{gn) (Dij, Dz‘j) < 0.
This finishes the proof. q.e.d.
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