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CrossMark
Abstract
We consider several geometric inequalities in general relativity involving
mass, area, charge, and angular momentum for asymptotically hyperboloidal
initial data. We show how to reduce each one to the known maximal (or time
symmetric) case in the asymptotically flat setting, whenever a geometrically
motivated system of elliptic equations admits a solution.

Keywords: asymptotically hyperboloidal, black hole, geometric inequalities

1. Introduction

In [46], Schoen and Yau proved the spacetime version of the positive mass theorem for
asymptotically flat initial data by utilizing a reduction procedure involving the so called Jang
equation [30]. For asymptotically hyperboloidal slices of asymptotically flat spacetimes, a
similar reduction argument was given [47] (see also [27]) in which solutions of the Jang
equation are required to possess hyperboloidal asymptotics. This type of solution to the Jang
equation results in a deformation of the initial data, which transforms the original asympto-
tically hyperbolic structure into an asymptotically flat structure and preserves the mass up to
multiplication by a positive constant. In addition, the Jang equation imparts a positivity
property to the scalar curvature of the deformed data. As in [46] this yields a conformal
change of metric to zero scalar curvature, from which one may conclude non-negativity of the
mass as a consequence of the time symmetric case [45] of the positive mass theorem in the
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asymptotically flat setting. The existence of solutions to the Jang equation with the desired
hyperboloidal asymptotics has recently been established in [44] (see also [43]).

In this paper we seek to generalize this strategy of transforming asymptotically hyper-
boloidal data to asymptotically flat data, so that it may be applied to several geometric
inequalities motivated by the standard picture of gravitational collapse and the (weak) cosmic
censorship conjecture [10, 41]. Namely, the inequalities that shall be treated here include the
Penrose inequality [4, 28, 38], the Penrose inequality with charge [31, 35, 36], the positive
mass theorem with charge [3, 15, 23], the mass—angular momentum inequality [14, 20, 48],
the mass—angular momentum—charge inequality [12, 18, 34, 48], as well as a lower bound for
the area of black holes in terms of mass, angular momentum, and charge [21]. In the
asymptotically flat setting, the general case of each of these inequalities may be reduced to the
known maximal (or time symmetric) case by solving a canonical system of equations specific
to each inequality [5-8, 22, 32]. The main equation involved shares a resemblance to the
classical Jang equation, and the solution is chosen to vanish at spatial infinity. In the setting of
asymptotically hyperbolic data arising from asymptotically hyperboloidal slices, we will
show that these Jang-type equations may be solved with the hyperboloidal asymptotics
produced in [43, 44] for the classical Jang equation. Thus, with a similar procedure, all these
inequalities for asymptotically hyperboloidal slices are reduced to solving a canonical system
of equations.

2. Notation and definitions

Consider an initial data set (M, g, k) for the Einstein equations modeling an asymptotically
hyperboloidal, spacelike hypersurface, in an asymptotically flat spacetime. This consists of a
Riemannian three-manifold M with asymptotically hyperbolic metric g, and asymptotically
umbilic extrinsic curvature k. We define such an initial data set to be asymptotically
hyperboloidal if it possesses an end which is diffeomorphic to S? x [ry, 00), and in this
region there are coordinates such that

g=8 *a k=g, + b, 2.1

dr? . . L .
where g, = H-% + r2o is the hyperbolic metric with o the round metric on $2, and
r

8

Ay = I::l_sr + 03(’"76)’ Arq = 03(”73)’ Aap = y + 03(7‘72)’ (2.2)
mg
b= 0s(r)s b =0:(r7) b= ==+ 0:(r73), 23

with Greek letters denoting indices for coordinates on S*. Here m¢, m* are tensors and m’ is a
function, all on S$*> and independent of r. The notation h = O;(r ") asserts that
r"ti097h| < C for all i + |y| <[, and also for later use h = o;(r ") asserts that
lim,_, 7" 020" = 0 for all i+ |y| <I. We note that these assumptions can be
reformulated, and even weakened in the context of sections 3—5 below, by using weighted
Holder spaces, see e.g. [19].

The quantities m¢, m* and m” encode mass through the formula

1
167 Js?

where the integrand is the so called mass aspect function. Note that in referring to m as mass
this is a slight abuse of terminology, as this quantity is physically the total energy, that is, the

m [T;;,(mg +2m¥) + Zm’], 2.4)
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first component of the energy—momentum vector (see [9, definition 1.4]). Definitions of the
energy—momentum vector in the case of asymptotically hyperboloidal initial data with more
general asymptotic behavior at infinity can be found in [13, 39].

Remark 2.1. Clearly, the quantity m defined by (2.4) allows interpretation as mass, that is
length of energy—momentum vector, provided that the coordinate chart at infinity is such that
the linear momentum vanishes. Such a coordinate chart at infinity is called balanced. Note
that if the energy—momentum vector is timelike with respect to a given chart ® at infinity then
there is an isometry I of the hyperbolic space (H?, g,) such that the chart I o ® is balanced.
This is a consequence of the fact that the energy—momentum vector transforms equivariantly
with respect to Lorentz boosts which in turn restrict to (nonlinear) isometries of the hyperbolic
space.

The initial data also satisfy the constraint equations
2 =R+ (Tik) — kB, T =div(k — (T7k)g). 2.5)
where 1 and J are the energy and momentum density of the matter fields, and R is scalar
curvature. Moreover, the dominant energy condition is given by
p= g (2.6)

For geometric inequalities involving electromagnetic charge, we will make use of initial
data for the Einstein—-Maxwell equations (M, g, k, E, B). Here E and B are vector fields
representing the induced electric and magnetic field on the slice. Such data will also be
referred to as asymptotically hyperboloidal, if in addition to the requirements above the
electromagnetic field satisfies

E.B.=0(r3), E.B,=0(r') = |E|,+|Bl;=0(r7?). (2.7)
The energy and momentum density of the non-electromagnetic matter fields is given by
2
Qg = R + (Trk)” — Ikl — 2(1ET; + IBE),
Jem = divy(k — (Tk)g) + 2E x B, 2.8)

where (E X B); = E,-lejBl is the cross product with e the volume form of g. The quantities
div,E and div, B are interpreted as the electric and magnetic charge density, and the following
inequality will be referred to as the charged dominant energy condition

pem = [Jem| , + %(|ding| + |div,B| ). (2.9)
Note that
1 1
Q=1 g(E. v), Q= yell N g(B. 1), (2.10)

are well-defined in light of the fall-off conditions (2.7), where S, indicates the limit as
r — oo of integrals over coordinate spheres S,, with unit outer normal v,. Here Q. and Q,,
denote the total electric and magnetic charge respectively, and we denote the square of the
total charge by Q> = Q2 + Q2.

When the initial data have a boundary OM, it will consist of an outermost apparent
horizon. That is, each boundary component S C OM satisfies 6.(S) := Hg + Tk = 0
(future horizon) or 6.(S) := Hs — Tk = 0 (past horizon), where H denotes mean
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curvature with respect to the normal pointing towards null infinity, and no other apparent
horizons are present. Furthermore, in some cases the initial data will have ends which are not
asymptotically hyperboloidal, but are rather asymptotically flat or asymptotically cylindrical.
We say that an end is asymptotically flat if it is diffeomorphic to R3\Ball, and in the Cartesian
coordinates x' given by this diffeomorphism the following fall-off conditions hold

8j — 5,'j| + |x||agij + |x|2‘5‘8gﬁ - O(|x|71),
[kl + B + [ Bi] = 0(1xI2) as | = . @D

For such an end, the ADM mass is well-defined and given by

My = — f (ig; — i) (2.12)

~l6m Js.

where again we abuse terminology as this is physically the energy. The asymptotics of
cylindrical ends is most conveniently described in Brill coordinates, see section 6.

In each section that follows, we will detail a reduction argument for a different geometric
inequality associated with asymptotically hyperboloidal initial data. Hence, each inequality
will be reduced to solving a canonical system of equations. Moreover, we will show that the
primary (or Jang-type) equation in each system may be solved independently with the desired
asymptotics needed for the procedure.

3. The Penrose inequality

Well known heuristic arguments of Penrose [41, 42] lead to the Penrose inequality for
asymptotically null slices in asymptotically flat spacetimes. Given asymptotically hyperbo-
loidal initial data (M, g, k) satisfying the dominant energy condition, the Penrose inequality
[38] states that

m> 1/%, 3.1)

where A is the minimum area required to enclose the outermost apparent horizon. We will
denote the region outside of the outermost minimal area enclosure of the horizon by M, so
that A = |OM |.

Consider a graph M = {r=f(x)} inside the warped product four-manifold
(M x R, g + u*dt?), then the induced metric on M is given by g = g + udf?. Here u is a
non-negative function to be chosen appropriately. If the generalized Jang equation

[gij u3fif ] uVyf + wif; + wf; B

L+ VA ) 1+ IVf1

is satisfied, then M is referred to as the Jang surface and the Jang metric g obtains a desirable
positivity property for its scalar curvature. In particular, the scalar curvature of the Jang
graph [5, 6] is weakly non-negative and given by

R=2(u—JwW) +Im —klz + 2 gz — 2u~" divg(ug), (3.3)

=0 (3.2)

where 7 is the second fundamental form of M in the dual Lorentzian setting
(M x R, g — u?dr?), and w and ¢ are one-forms given by

4
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L uVf ol g . uf g
T = >’ Wi = 5’ q9; = P (ﬂ-U kU)
J1+u? | VFlg J1+u? |Vfl, J1+u* | VFlg

(3.4)

The generalized Jang equation was introduced to study the (non-time-symmetric) Penrose
inequality in the asymptotically flat case. In this setting f vanishes at spatial infinity, and
boundary conditions are imposed on M to guarantee that the boundary of the Jang surface
0Y is minimal; these boundary conditions often entail a blow-up of the Jang graph and are
described in [6, 25]. The existence, regularity, and blow-up behavior for the generalized Jang
equation is studied at length in [24]. Also in this setting, the warping function u is assumed to
vanish on &M , and to have an expansion in the asymptotic end of the form

R =] (3.5)

where ug is a constant.

In the asymptotically hyperboloidal setting addressed here, the boundary conditions on oM
and the expansion (3.5) will remain unchanged, however the behavior of the Jang graph in the
asymptotic end will be completely different. Namely, in analogy with the approach to the
positive mass theorem [44, 47] we impose the following asymptotics at null infinity

f(r, 0,0) =1+ r2 + Alogr + B, ¢) + f (. 0, ¢), (3.6)

where (6, ¢) are coordinates on s2,

1 1
A = 2m, A B = E[Trg(mg + 2m") + 2m’] - gf;z [Trg(mg + 2m") + 2m’],
(3.7)
and
[ =0s(r %) (3.8)
for any € > 0.

Lemma 3.1. If (M, g, k) is asymptotically hyperboloidal and (3.5)—(3.8) are satisfied then
the Jang metric § = g + u*df? is asymptotically flat, and the mass of the Jang metric is
given by Mg, = 2m + uy.

Proof. It is clear that the manifold (M, g) has an end diffeomorphic to R3\Ball, with
coordinates y = (r, 0, ¢) as in (2.2) and (2.3). Let x denote the associated Cartesian
coordinates, related to y through the usual (spherical coordinates) transformation. In what
follows, 7, j are indices for x-coordinates and a, b are indices for y-coordinates. It follows that

Oy® Oy
g =g+ uff = (g0 + u%fb)%%.

From (2.2), (2.3), (3.5) and (3.6), and (3.8) we have

g, +u¥fr =1+ O(rfl), 8., + uf.f, = 0(),
8ap T WSy = rPous + O(), (3.10)

(3.9)
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which implies that

Oy Oy?
+ u? ——— = §; + O(r! 3.11
( gab f;l-fb ) 6)([ 8)(] y ( ) ( )
since % = 0(1), and i = O(r~'). Estimates on the derivatives of (3.9) may be obtained in

a similar fashion, from which (2.11) follows.
The mass 7,4, of the Jang metric may be computed as in [44]. Note that we can write
(2.12) in a coordinate free form as

1 .
Main = 7~ f (divig — d Trg) (), (.12)

oo

where ¢ is the Euclidean metric. It is convenient to compute this integral in the spherical
coordinates y. In this case we have

F:r = F;‘r = F:w = Oa F:yﬁ = —10ap, %r = riléf’ys 3} = (FO');’V’ (313)

where Ffj and (I3)3, are Christoffel symbols for the metrics 6 and o respectively, and hence
(divsg)(v) = (divsg)(9y)
= Vrgrr + rizaa‘dvﬁgar

o

— 0,5, — 2Chg, + r’zaaﬁ(asgm — Tosgy — ffgrga,)
—— 2 T, 4 0(r)
=— 2"+ 0(r). (3.14)
Furthermore
divs (u2df?)(v) = divs(u?df?)(0,)
=V (12) + 20 ()

— Qutf? + WV f + 20 ( wtsf. f;, + 0,V oif + 0,V af )

(3.15)
with
2 f? 4 2%,V f = =2(ug + A)r=2 + 0(r73+9), (3.16)
r—2am3(2uuﬂfa f+ uzqug,f) = —ulr 20, TYf 4+ 0(r73) = 0(r73), (3.17)
and
uPr=20°% N oo = ulr20°%.V 158 + ulr~20°%.V .5(f — B)
=ulrf A,B — uzrfzoaﬂfrljgﬁ(f— B), + O(V*HS)
=r2A,B + 2u2r*1(fr )2 + O(r*”g)
= r 208 + 2r7 !t + 4(ug + A)r2 + O(r739). (3.18)
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Finally, we have

(4 Tng)@) = 0,(8,, + r 20, ;)
_ ar(grr + uzfrz T rfzaaﬂ(gaﬂ + “zfafg))
= 8,(u2f2) +0(r?)
=_ 2(u0 + A)r‘2 + O(r‘3+5). (3.19)

Summing up, we conclude that

1
167

Magm =

fs [(A,B+ dug+ 4A)r 2+ 0(r )| = up + A =2m + up.  (3.20)

O

Let {5, } be an inverse mean curvature flow (IMCF) inside the Jang graph starting at the
minimal boundary Sy = OM . If we choose

|5 )z (3.21)
16 '

where |S| and . denote area and mean curvature of S, then the arguments in [5, 6] imply
that

u =

A 1
My (00) — 1/@ 2 My (c0) — Mu(0) > *E‘/;,US, ug(q, vy) (3.22)

where My denotes Hawking mass and vy is the unit outer normal with respect to g. Notice
that by choosing u as in (3.21), the generalized Jang equation is coupled to the IMCF, and we
will refer to this set of equations as the Jang-IMCF system. All of this leads to the following
theorem, which generalizes the results of [5, 6] to the asymptotically hyperboloidal case.

Theorem 3.2. Let (M, g, k) be a three-dimensional, asymptotically hyperboloidal initial
data set with a connected outermost apparent horizon boundary, and satisfying the dominant
energy condition | > |J|. If the coupled Jang-IMCF system of equations admits a solution
satisfying the asymprotics (3.6)—(3.8), with a weak IMCF (in the sense of [28]), and such that
the boundary of the Jang surface is minimal, then (3.1) holds and if equality is achieved then
the initial data arise from an embedding into the Schwarzschild spacetime.

Remark 3.3. This theorem may be generalized to the case of multiple black holes, by
coupling the generalized Jang equation to Bray’s conformal flow [4]. Such a procedure has
been described in detail for the asymptotically flat case in [25]. Moreover, the ‘only if* part of
the case of equality is not included in the statement above (or any of the theorems in later
sections), as a consequence of the difference between the mass and energy at null infinity.

Proof. The (weak) IMCF becomes smooth for sufficiently large times, and approximates
coordinate spheres in the asymptotically flat end. This result was established by Huisken and
Tlmanen [29] for flows in Euclidean space, and they announced (in the same paper) that these
results hold more generally in the asymptotically flat setting. From this one may obtain
asymptotic expansions for the area and mean curvature of the flow surfaces to show that

7
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My (00) = Mygm, (3.23)

and with the help of (3.5)

My (o0) = lim

i (—%f)

= lim
T—00 16 S‘

= lim(2 +0(1) [ (1+%+0( ))]

r—o0

. (3.24)

By lemma 3.1 17,4, = 2m + ug and so m = —uy, or rather My (co) = m.

We note that it is only necessary to establish My (co) < m in order to achieve (3.1), and
this may be proven without (3.23). To see this, recall that from [28] we have My (00) < iugm,
so (3.24) implies that —ug < Mgy, Since Mg, = 2m + ug, it follows that —m,g, < —m.
Therefore —ug = 2m — m,g, < m.

Consider now the boundary terms of (3.22). As in [5, 6] the inner term vanishes since
u = 0 on Sy. Furthermore, it is shown in the appendix B that the term at null infinity also
vanishes as a result of the asymptotics (3.5) and (3.6), and with the help of (3.23). The desired
inequality now follows, and the case of equality may be treated in the same way as in
[5, 6]. O

In order to lend further credence to the above procedure we show that solutions to the
generalized Jang equation exist with the desired asymptotics at the horizon and at null
infinity. For this we assume that (g, k) takes the form (2.1) with a and b as in (2.2) and (2.3)
additionally satisfying a,, = a,, = 0; in this case m" = 0. We note that given sufficiently
regular asymptotically hyperboloidal initial data (g, k) such that | g — go‘go = 0@ ) and

|k - & |g0 = O(r~?), one can perform a change of coordinates at infinity as described in the

appendix A to achieve a,, = a,, = 0, and this change of coordinates does not affect the mass
aspect function.

Theorem 3.4. Given a smooth positive function u, vanishing on OM and satisfying (3.5),
there exists a smooth solution to the generalized Jang equation (3.2) which blows-up (down)
at the future (past) apparent horizon boundary components and also possesses the expansion
(3.6). Moreover, precise asymptotics at the horizon are given as in [24].

Proof. The blow-up (blow-down) and asymptotics at the horizon follow directly from the
methods of [24]. In order to obtain the expansion (3.6) one may essentially follow the proof in
[44] (see also [43]), which although was designed for the classical Jang equation (that is when
= 1), is still valid in this more general case.
The construction of barriers remains essentially the same. The idea is to look for barriers
of the form f (r, 0, ¢) = C(r) + B0, ¢), where B(0, ¢) is defined by (3.7). In order to
determine (, it is convenient to use the substitution

8
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1+ 12

p(r) =

) (3.25)
JU+ (1 + 7)) op
sothat —1 < p < 1, and p = 1 when C’ = +00. We remark that
L+ (14 r?)¢?
50,0, pp= LT
w2+ | VF|
g
_ 1
1+ (1 - pz)(m2 — 1+ |VB[;)
2y,
=1-=—"=(1-p*)+0(r), 3.26
ain (1 ) 4 0(r?) 326
whereas the more simple expansion 3 = 1 + O (r~2) holds in the setting of [43, 44]; in (3.26)
the relation ug = —ii,g, is used, which follows from (3.23) and (3.24). Nevertheless, a

careful computation shows that for f as above we have

717) ) Al

53/2\/1—|—r2(u_2—|—|VB|§)7p r 7\/1—|—r2 7«/1—!—1’2 r2J1 + r?

1—p> 3 2 1-p? 1
*“ﬂ{1+i—§*ﬁyﬂ“ﬂ( z “4

+ O(rz)[p SR — = ] + O(r*3)(l - pz) + 0(,,72)(1 - p2)2
Lo N + o)

(3.27)

where F(f ) is the left-hand side of the generalized Jang equation (3.2) computed for f = f.
Following [43, 44], we define p_ and p_ to be solutions of the boundary value problems

2
p/_l_%p_ r _1_pi_"41_pi
1-p> 3p, 2 1-pl 1
+ Cr? E o ES
: 1+ r2 r? r? : 1+ r2 r2
+ Cr 2 |p L
S '
* A
+ Car (1 - pj) + Csr2(1 - pi)2 + Cor 4\l — p? £ Cr3=0, (3.28)
pe(ro) = F 1, (3.29)
where C;,i = 1, ..., 7, are positive constants. The same analysis as in [43, 44] applies to this

system, the properties and the asymptotics of solutions remaining the same. This in turn gives

rise to barriers f, having the asymptotic expansion (3.6). The rest of the proof proceeds as in
[43, 44]. |
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Remark 3.5. Since scalar multiplication is not a homothety for the hyperbolic metric, the
estimate (3.8) cannot be obtained by applying the rescaling technique directly to the
generalized Jang equation (3.2). Instead, in order to show that lemma 3.1 and theorem 3.2
hold for the metric § = g + u?df? one may argue as in [44] where the case u = 1 was
considered. More specifically, from the proof of theorem 3.4 we know that outside of a
compact set the Jang graph M lies between the graph M_ of the lower barrier £ : M — R and
the graph M, of the upper barrier f : M — R, where f and f, have the asymptotic
expansions (3.6)—(3.8). Combining this with the C° estimate for the second fundamental form
of M obtained in [24, theorem 2.2] one may show that the asymptotic end of M can be
viewed as the graph of the function 2 : M_ — R in the Gaussian normal coordinates adapted
to M_ C M x R. Recall [5, 6] that the generalized Jang equation tells us that the mean
curvature of M is equal to the trace of a certain extension of k to M x R over M . Expressing
this in terms of 4 : M_ — R will give a slightly more complicated equation than (3.2), since
the ambient metric will no longer have a warped product structure in the described
coordinates. However, the induced metric on M_ is asymptotically Euclidean in the sense of
(2.11), which allows one to apply the rescaling technique to this equation and thereby derive
the analogue of estimate (3.8) for the function A. Translating this back to the setting in which
M is expressed as the graph f : M — R then yields the desired estimates.

4. The Penrose inequality with charge

Let (M, g, k, E) be an initial data set for the Einstein-Maxwell equations as described in
section 2, with E divergence free. For simplicity in this section, we will assume that the
magnetic field vanishes B = 0. We seek a deformation of the initial data to (M, g, E') such
that the charged dominant energy condition holds weakly in the time symmetric case, that is
R>2|E |§7 when integrated against an appropriate test function. Moreover, several other
aspects of the geometry should be preserved, namely

.= —-1/2 .. —
Main =m, Qo= Qe  diveE = (1 +u2 |VfR) " divE,  |E|, > |E| .
4.1)

This will be achieved by choosing g = g + u?df? where f solves the generalized Jang
equation having the asymptotics and boundary behavior as in section 3, and also with the
same choice of warping factor (3.21). In particular, combining the arguments in the previous
section with ideas from [22] we obtain 77,4, = m. Furthermore, by choosing

_ E; + u*f.f/E;
E— Lt lh “2)

J1+ 2 |VFL:

gle last two properties of (4.1) are satisfied, as is shown in [22]. We will now show that
Q. = Q,. First observe that

IV ~r% L~ l ff~rt =02, (4.3)
vy =0(r), 4.4

and by (2.7)
fIE; = fTE, + 0(r73) = 0(r™"). (4.5)
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It follows that

T _ 5, T 0
Eiyg = E,yg + Ea,yg,

=r YE + u¥ffIE) + r3(E. + u¥f,f1E) + O(r )
= rEr + O(r—3)
= Epl + 0(r7), (4.6)

which yields the desired conclusion.

Theorem 4.1. Let (M, g, k, E) be a three-dimensional, asymptotically hyperboloidal initial
data set for the Einstein—-Maxwell equations with a connected outermost apparent horizon
boundary, and satisfying the charged dominant energy condition ugy = |Jem| as well as
div,E = 0. If the coupled Jang-IMCF system of equations admits a solution satisfying the
asymptotics (3.6)—(3.8), with a weak IMCF (in the sense of [28]), and such that the boundary
of the Jang surface is minimal, then

A T
> |— + |Z ¢, 4.
m>,/16w+\/ZQ @.7)

and if equality is achieved then the initial data arise from an embedding into the Reissner-
Nordstrom spacetime.

Proof. Since (4.1) holds, the theorem follows directly from the arguments in the
asymptotically flat case [22]. ([

Remark 4.2. Note that the Jang-IMCF system of equations is exactly the same as in
section 3. Thus, the existence result theorem 3.4 provides further credence to the above
procedure. Moreover, it should be possible to generalize this result to the case of multiple
black holes if an additional area-charge inequality is satisfied by the horizon as in [36]. This
will require a coupling of the generalized Jang equation to the charged conformal flow [36].

5. The positive mass theorem with charge

Let (M, g, k, E) be an initial data set for the Einstein-Maxwell equations as described in
section 2. We will assume for convenience, as in the previous section, that the magnetic field
vanishes, but here the electric field E need not be divergence free. Again we seek a defor-
mation of the initial data to (M, g, E), where § = g + u>df? and E is given in (4.2). As
before, f solves the generalized Jang equation having the asymptotics as in section 3, and
boundary behavior (at the horizon) as described in [32]. However, the warping factor is
chosen differently, and this will be outlined below.

In order to choose #, we must describe the appropriate spinors on the Jang surface. Dirac
spinors [40] are sections of the (vector) spinor bundle S over M with structure group
SL (2, C). The (Jang) metric compatible connection on S is given by

1
Vev =¢ + Z u_)iﬂ e - e, (51)

i
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where wWj; = g (Vel.ej, e;) are connection coefficients associated with an orthonormal frame
field (e, e;, €3), and - indicates Clifford multiplication. The Einstein-Maxwell spin
connection on S, which is relevant for the positive mass theorem with charge [23], then
has the form

V=V~ ~E ¢ e, (5.2)

N | =

where e, is the unit normal to M in the (Lorentzian) warped product four-manifold described
in section 3. Observe that this connection is not metric compatible due to the contribution of
the electric field. Let I'(S) be the space of cross-sections, then the Einstein—-Maxwell-Dirac
operator ¥ : I'(S) — T'(S) is defined by

3
P =36V, (53)
i=1

and a spinor 1) on M is called harmonic if it satisfies the Dirac equation
Py =0. 5.4
The Dirac equation is coupled to the generalized Jang equation through the choice

u =[PP (5.5

Lemma 5.1. Fix a complete asymptotically flat initial data set (M, g, E), with
asymptotically cylindrical ends, and satisfying |R| + |diV§E | =o0@3) as r — o0, Let |
solve the Dirac equation (5.4) with 1) — ) in the asymptotic end, where 1)y is a constant
spinor of modulus 1. Then u as defined by (5.5) has the asymptotic expansion

u_1+@+02( 215)’ (5.6)
r r

for any € > 0. Moreover uy = —2gqm — Qe{W0, €0 - Vo).

Proof. Observe that

Ag [P = VN, [P = Ve [0P = (Vi v) + (0. Vo) + 2| V0% 657

where Vi, = V,V, — Vv, ¢, is the connection Laplacian. In what follows, calculations will
be performed at a point where the orthonormal frame has been chosen such that V,¢; = 0;
note that we also have V,,ep = 0 as the r = 0 slice is totally geodesic in the Lorentzian setting

of the Jang deformation. Moreover, for simplicity V,, will be denoted by V. If

Ai = %E €t € then
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0=P=e (Vi —Ar)g (Vi — 4p)v
=6 Vi(ej ) vﬂﬁ)
_ei'vi(ej'Aj'¢)_ei'Ai'ej'vj¢+ei'Ai'ej'Aj'w

—_— 1— — 1 —_—
:_viviw+ZR¢_ei'ej'Aj'Vi¢_56i'ej'viE e e 1, (5.8)
after applying the Lichnerowicz—Weitzenbock formula. It follows that
—_ —_— 1 - — —
(U ) + (6. UN) = SR WP — (e A Vi w) = (Yo e ¢+ 4y - W)

_%(<ei'ej-7‘g-ej'€0'¢,w>+<wa€i'ej'vil?'ef'e°'w>)'

(5.9)
Moreover a computation shows that
<e,--ej~v,F-ej-e0-¢,¢>+<¢,ei~ej~vif-ej~eo~1/)>
= —2(divzE ) (1, eg - ¥), (5.10)

and hence
Ag 0P =2 |Tu]” + SR WP = (- A - T v)

— (v, & - ¢ - A - Vi) + (divE ) (¥, eo - ). (5.11)

According to [40], in the asymptotically flat end 1 =1y + O~ '*/?) and
V| = O@r2t</2)  for all e>0. This, combined with the assumption
IR| + |divgE| = o(r~3) implies that

Ag [YP =o(r3). (5.12)

It follows that u has the desired expansion (see for instance [49]).
Lastly, we compute the value of u,. Observe that (5.7) may be rewritten as

Agu = divg((Vg, ¥)) + divg((¥, Wigh)). (5.13)
Integrating by parts produces

—dmuo= [ (T00) + (0. ,0)
= | (St vg B ) + (0. W0 + vy D)
= [ (v B w) + (v v - o))
= 8y — f;_‘x ((Vg - P, w> + <1/), vg - Bw» (5.14)

Note that the asymptotically cylindrical ends do not contribute to a boundary integral, since in
these regions u decays exponentially. Furthermore

Bp=e -Np=e-(Vi+A - )p=¢- A1, (5.15)
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so that
(v B, ) + (b, vz - BY) = =g (E, vg)(, eo - 1), (5.16)
The desired result follows by combining (5.14) and (5.16). O

Theorem 5.2. Let (M, g, k, E) be a three-dimensional, asymptotically hyperboloidal initial
data set for the Einstein—Maxwell equations with an outermost apparent horizon boundary,
and satisfying the charged dominant energy condition (2.9). If the coupled Dirac—Jang
system of equations admits a solution satisfying the asymptotics (3.6)—(3.8), (5.6), and such
that the Jang surface possesses an asymptotically cylindrical neck over the horizon, then

m 2 19|, (5.17)

and if equality is achieved then the initial data arise from an embedding into the Majumdar—
Papapetrou spacetime.

Proof. We have that (4.1) is valid, except for the equality of masses. Thus, we may follow
the arguments in [32] and use the Lichnerowicz—Weitzenbock formula to obtain

1 _ 1 _ —
3 Jo wE v < [ IVOR 4 0 R ) = b (s + Dol o)),
(5.18)

where R =R — 2 |E |§ — (divgE)e. Note that there is no interior boundary integral on the
left-hand side of (5.18); as in lemma 5.1 this is due to the fact that the Jang surface has
asymptotically cylindrical ends, which yields exponential decay of u in these regions. By
lemma B.1 and @, = Q,, (5.18) becomes

o + m < Magm — | Qe - (5.19)

This produces the desired result, since ,,, = 2m + uy according to lemma 3.1. Lastly, the
case of equality is treated the same way as in [32]. ([

Remark 5.3. It should be pointed out that slices of the Majumdar—Papapetrou spacetime
which agree with a t = const slice near the horizon do not fall under the hypotheses of this
theorem, as such initial data possess asymptotically cylindrical ends. This is related to the fact
that in order to obtain asymptotically cylindrical ends in the Jang surface, when the initial data
have an apparent horizon boundary, use of blow-up solutions of the generalized Jang equation
is required. Thus, more general types of boundary behavior for the generalized Jang equation
are needed, if this theorem is to allow initial data with asymptotically cylindrical ends. Note
also that the existence result theorem 3.4 holds in this setting, and provides further credence to
the above procedure.

In order to satisfy the hypotheses of lemma 5.1 concerning the fall-off of the scalar
curvature and divergence of the electric field, it may be necessary to assume
w+ |Jlg = 0@ 37¢) for e > 0. This extra condition together with the charged dominant
energy condition (2.9) and the relation between divergences in (4.1) implies that
|dng,E | = O(r—37¢). Moreover, this condition also guarantees that |[R | = O (r—>~¢) modulo
a divergence term in light of the formula (3.3). Due to the fall-off of the divergence term, u, in
the expansion (5.6) may be a nonconstant function on the two-sphere. This function can be
determined from asymptotic expansions as follows. A computation shows that

14
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_ 2A,(B -
7o 280(8 )

—3—¢
; +0(r379), (5.20)

where B is given in (3.7), and so from (5.11)

AU(B — uo)

Agu = 5 + 0(r7379). (5.21)

It now follows from the expansion (5.6) that
Aguo == AU(B - uo), (522)

and hence 2uy = B + const. Lastly, it should be added that all the arguments of the current
section go through with this version of u, after making suitable modifications. Ultimately, the
validity of the expansions will only be determined once the coupled system is solved. Here
we are simply pointing out that the canonical expansions are consistent with one another.

6. The mass—angular momentum inequality

Let (M, g, k) be an initial data set as described in section 2 with

b(5) 0,
b, = (—5(‘5) + 0,(r ) 6.1)

r

where b (6, ¢) is a function on S In this section we assume further that M is simply
connected and that there are two ends, one denoted M. ; which is asymptotically
hyperboloidal, and the other M., which is either asymptotically flat or asymptotically
cylindrical. It is also assumed that the initial data are axisymmetric; without this assumption
the mass—angular momentum inequality is no longer generally valid [26]. By this we mean
that there is a subgroup isomorphic to U(1) contained within the group of isometries of the
Riemannian manifold (M, g), and that all quantities associated with the initial data are
invariant under the U(1) action. In particular, if n = 0, denotes the Killing field which

generates the symmetry, then
£,8=L,k=0, 6.2)

where £, is Lie differentiation. In the current setting, simple connectivity and axial symmetry
imply [11] that M is diffeomorphic to R3\ {0}, where the origin represents a black hole and
the neighboring geometry has the structure of an asymptotically flat or cylindrical end. The
mass of the asymptotically hyperboloidal end will be denoted by m as usual, and the angular
momentum is defined by

T= < [l (ks = (1K), )i ©3)

where § is any surface enclosing the origin, with unit outer normal v,. In order for this to be
well-defined (independent of the choice of S), it is assumed that

Jni=0, 6.4)

which yields conservation of angular momentum [21]; observe that (6.3) is equivalent to the
limit definition which is also valid in the asymptotically flat setting

1 P
J= fs ) (ky — (k) g; )y, (6.5)
The mass—angular momentum inequality states that m > /|J].

15
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We seek a deformation of the initial data (M, g, k) — (1\7 .8,k ) such that the manifolds
are diffeomorphic M =~ M, the geometry of the end M, is preserved while the end M_4

becomes asymptotically flat, and
Magm = M, J=J, J(n) =0, Trzk = 0, R > |I€|% weakly.  (6.6)
g

Here J and 7 are the momentum density and angular momentum of the new data; the later is
well-defined as in (6.3) since (6.4) holds after the deformation. With intuition from other
Jang-type reduction procedures, and the fact that the Kerr spacetime is stationary, we search
for a graph inside a stationary four-manifold

M={t=f@x)C (M x R, g + 2%dxidr + (u? — |Y|§)dr2), 6.7)
where all quantities are independent of # and are axisymmetric

£f=Lu=2L,Y=0. (6.8)

Let g be the induced metric on the graph and k be the second fundamental form of the ¢ = 0
slice in the dual Lorentzian setting [7], that is

— 1 — —
G =& HAY LY (@ = YRS Ky = (N + Vi), 6.9)

where V is the Levi-Civita connection with respect to g. Moreover, the structure of the Kerr
spacetime suggests that we make the following simplifying ansatz that Y has a single
component

Y'0; = giY;0; = Y?0,. (6.10)

Thus, the deformation is defined by three functions (i, Y?, £). In addition, (6.10) implies [7]
that g is Riemannian and Trzk = 0.

We will now show how to choose the three functions (i, Y?, f). First, in order to have a
well-defined angular momentum, and the existence of a twist potential which is needed to
apply techniques from the maximal case [20], (6.4) must hold for the new data, or equiva-
lently

divgk (7)) = 0. (6.11)

As is shown in [7], this is a linear elliptic equation for Y? (if u is independent of Y?), which
has a unique bounded solution if the r—3-fall-off rate is prescribed at M. ;. Therefore we will
require the expansion

Y? = —2;37 + oz(r*%) as r — oo, (6.12)
r

which also ensures that 7 = J. Requiring the solution to be bounded implies the following
asymptotics at the other end

Y? =Y+ 0(r°) in asymptotically flat Mg, (6.13)

Y? =Y + Oy(r) in asymptotically cylindrical M,

end>

(6.14)

where ) is a constant determined by the data. Here r = +/p? + z2 is the ‘Buclidean distance’
from the origin in a Brill (or cylindrical) coordinate system (p, ¢, z) in this end [11].

16
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Next we choose f to satisfy the Jang-type equation

=0 & divy(®Vf) = u(Trk)|1 + u? |VF[;.

(6.15)

Vil + ud; +

—kij
J1+ u? |VFL:

As with the deformations of previous sections, the purpose of this equation is to impart
positivity properties to the scalar curvature. In particular, it is shown in [7] that

R - \E|; —2(u = J ) + [k — 712 + 2u~! divg(uQ), (6.16)
where

-
Wi + uif; + uif; + E(gwyj +8,77)

i = = (6.17)
J1+u? IV,
is the second fundamental form of the graph in the Lorentzian setting
. i ) i 71yi
O A R i e 6.18)
J1+ V2 J1+u? |VfL

and
Q; = Y/Nyf — ug/fky + wi(k — m)y + ufwhwi (k — w1 + u? |VFL. (6.19)

If the dominant energy condition is valid, it follows that R > |k |§ weakly in the sense that
this inequality holds after multiplying by u and integrating by parts (it will be shown in
appendix B that the boundary terms vanish).

Before explaining how to choose u, we will record the asymptotics which allow an
appropriate solution of the equation (6.15), namely

u=1+ Q i 02(9; ®) + C3(9; ®) + 02(7’74) as r — oo in Me+nd7 (6.20)
r r r

where C; = —if gy and C,, C3 are functions on the sphere S%. At the other end M4 the
asymptotics are required to be

u=r?+ ol(ri) as r — 0 in asymptotically flat M, (6.21)

u=r+ ol(r%) as r — 0 in asymptotically cylindrical M.,  (6.22)

In order to facilitate the construction of sub and supersolutions for equation (6.15),
asymptotics for f will be imposed which are more detailed than those in (3.6)—(3.8). In
particular

2

(@, 0,0 =1 +7r*+ Alogr + B9, ¢) +
p
+f(@r 0, ¢) as r— oo in M, (6.23)

D0, ¢) | D0, )
r
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where A, B are given in (3.7) and D), D, functions on S such that
Dy(0, ¢) = AC, — Ci + 2C,
1
— 5 _ r . k r
6D2(6, )= b — 2m' + fs [ 7 (me + 2mt) + 2m]

Y
+ 6C3 — 2CD; + 4AC, — 2ACT — 6C,Cy + 2C3 (6.24)
and
F=0,(r7). (6.25)
On the other end the following asymptotics will be imposed
r VSl + 2| V| , < € inasymptotically flat My, (6.26)
IVfle + | V| (< Crz  in asymptotically cylindrical M. (6.27)

Lemma 6.1. If M.}, is asymptotically hyperboloidal and (6.12), (6.20), (6.23), and (6.25)
are satisfied then the data set (1\76;1, g, k ) is asymptotically flat. Furthermore, the mass is
given by g, = 2m + C,.

Proof. Asymptotic flatness follows from lemma 3.1 and the fact that Y® = O (r—3). More
precisely, the computations from lemma 2.1 of [7] yield

Vo=, Y0 Y=gV =g, ¥ = (g, +£Y)V = (g +fi8 V)Y, (6.28)
and

& = 8+ (g +F180) V0 + (42 + 200 (Y )1 (6.29)
so that

g =g +u¥f, +0(r?)=6+0(r"), ki =0(r2). (6.30)

Estimates on the derivatives of g; may be obtained in a straightforward way. Moreover, the
formula for the mass follows from the expansion (6.20) and a similar computation to that in
the proof of lemma 3.1. O

We now show how to choose u. In light of lemma 6.1, and the fact that the deformed data
are simply connected and axially symmetric, the results of [11] (see also [33]) apply to yield a
global Brill coordinate system (7, ¢, 7) such that

g = e 2U27(dp? + dz2) + pPe U (d¢ + Apdp + A,dz)’. 6.31)
Note that for this one may need to assume some additional regularity of the initial data. The
asymptotics of the asymptotically flat end M, are given by
U= 01(r"), 5= ol(r‘l), Ay = ﬁol(r‘g), A: = ol(r‘i), (6.32)

and the asymptotics for the other end M,,; depend on whether it is asymptotically flat or
asymptotically cylindrical in the following way

18
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o) A =p() A=o(r) 63

U:210gr+01(r%), ol
U=1logr+ ol(r%), y = ol(r%), A; = pol(r%), A; = ol(r%), (6.34)
respectively. By following the arguments in [7] we find

1

Mygm — M(U, w) 2 8_
i

eU
f, — divg(uQ), (6.35)
M U

where @ is the so-called twist potential function and

— 1 —2 et
M(U. @)= — | 4|00|" + — |o=|*. (6.36)
327 JR? p*
This suggests that we choose
u=el. (6.37)
Moreover, if u# has an expansion of the form (6.20) then it must hold that C; = —7,, as

desired, since with the asymptotics (6.32) the mass is given by (see [11])

1 —
Magm = — o,U. 6.38
Mad 47 st ( )

Theorem 6.2. Let (M, g, k) be a smooth, simply connected, axially symmetric initial data
set satisfying the dominant energy condition | > |J | and condition (6.4), and with two ends,
one designated asymptotically hyperboloidal and the other either asymptotically flat or
asymptotically cylindrical. If the system of equations (6.11), (6.15) and (6.37) admits a
smooth solution (u, Y?, f) satisfying the asymptotics described above, then

m > I (6.39)

and if equality is achieved then the initial data arise from an embedding into the extreme Kerr
spacetime.

Proof. In light of (6.37), an application of the divergence theorem yields boundary terms on
the right-hand side of (6.35). It is shown in [7] that the inner boundary integral vanishes as a
consequence of J = J, and in appendix B it is shown that the outer (at spatial infinity)
boundary integral vanishes. Therefore 7,4, > M (U, @). Furthermore, Dain [20] as well as
Schoen and Zhou [48] have shown that M(U , W) = \/ﬁ . Thus, according to (6.6) the
desired inequality holds. Also, the case of equality may be treated directly from the arguments
in [7]. (]

In order to lend further credence to the above procedure we show that solutions to
equation (6.15) exist with the desired asymptotics. Note that the equation (6.11), for Y?, has
already been shown to be uniquely solvable with the desired asymptotics (6.12) in [7], given u
and f.
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Theorem 6.3. Given a smooth positive function u satisfying (6.20)—(6.22), and smooth
function Y satisfying (6.12)—(6.14), there exists a smooth solution f to equation (6.15)
satisfying (6.23), (6.24), (6.26), and (6.27).

Proof. This result may be proven in the same fashion as the analogous result [7] in the
asymptotically flat case, once suitable sub and supersolutions of (6.15) are constructed. Let f;
be a smooth function defined on M such that

fo = m + Alogr + B9, ¢) + Di@, ¢) + D9, ¢)
.

2
’
where A, B, D), and D, are given in (3.7) and (6.24), and such that f; = 0 on M_ 4. If fis a
solution of (6.15) and h = f — f; then

Agh + 2<ﬂ, Vh> - (T;g,k)(\/lfz + |V + Vh|§ -~ \/zﬂ + |Vfo|§)

u

Vv
+(Agfo +2<7“, Vfo> —(T@k)\/u“IVﬁ)E):O- (641

The expressions for the coefficients of (6.41) in M_,4 can be found in [7]. As for M,, with
the help of

ML, (6.40)

e = (1) = 0(2) g = a1+ 5] + 0(r)
g = UW(% — —o“(;rsnﬁ,a) +0(r ), g = O(r’s), a = f3,
(6.42)
and

=o(r)  Th=o(r3)  Th=o0(m).  [h=(L),+ o)

(6.43)
the asymptotics for the terms in the second line of (6.41) may be computed as follows

) o A,B _
Agﬁ) _ g”(ﬁffo _ Frrarfo) _ g‘“’Fa‘g& h + 2 + O(r 3)
g" rfo( r 3 3Temt 3m’)

2 1+ r2 7_ r4 r4

- g%, +

+ #([Trﬁ(mg + 2m") + 2m’]

- ﬁfs [Trz,(mg + 2mk) + 2m’]) +0(r73)

D A Trmé¢ Trm* m’
23\/1-‘1-1’24-2“4——1“1‘—2—%4'],—2——2
r r r r 2r

1

- fsz [Tra(mg + 2m¥) + 2m’] +0(r3), (6.44)

20
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2<@, Vfo>:2ia,ua,0 +0(r)
u u

2C% — 4C, — 2AC

=-2C +
’
20Dy — C + 6C,Cy — 6C5 — 4AC, + 2AC? — 2C3
4 24D 1+ 6CiCs ; AC, + 2ACH ‘+0(r*3).
r
(6.45)
Moreover
2 2 2C 12
o WAl = (w0 + (1 - 22) + 0(2)
r
:(r+A+1—2D]_261+4D2+m —‘,—0(}"_3)), (646)
2r 272
so that
(T}g,k) u’2—|-|VfO|2
b + Tr,(mk — m$) — m’
S
i
(V+A+ 1—2D1 _ 2C1+4D2+m +0(r3))
2r 2r2
) k 5. r
3 — 6D by + Tr,(m* — m8) — =m” — 3C; — 6D,
=3r+ 34 + L+ ( )2 2 +0(r3).
r r
(6.47)

Therefore, by definition of A, C;, D;, D, it follows that

v
Ay + 2<7” Vﬁ)> — (k) Ju? + | V| = 0(r ). (6.48)

Observe also that

) 2 [ 2
‘\/u + |y + Vh|? \/u +|vh|:

|19 + vn)% = |95)

\/u_2+ |Vfy + V| + \/u—2+ V5
| (Vh, 2Vf, + Vh)|
Sy + V] [V,
|2vf, + Vh|g|Vh|g
|2Vfy + Vi,
= [Vhl,. (6.49)

In order to construct radial sub and supersolutions of (6.41), we first note that if hg = ho (),
then
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Agho + 2<@ Vh0>
u

rr

= g"hy" r (Pr + 2( ) lgraP;a + (grr)flgaﬂr(rw _ 20,u . 2gm8a”)h6
‘ u ug

— &
[c’ ——— I, 4 2(g") Ty, + (87) gy

\/1 + r?
200 2gmaau)c],

" "8 (6.50)
where ¢ = /1 + r2h{. Further let ©(r), A(r) > 0, T(r) > 0 be bounded radial functions
such that

Vu D) 2
L r? | Agy +2{ == Vi = (Tik),Ju=> + | VA,
<7, (6.51)
grr
and
r 1 ' S 28,14 2 graci)uu
+ P:r + 2( o' ra]_":a + rr aﬂl"g _ _
‘(14—}’2 (87) "8 (87) ¢"Mos — = ug”
| Trk]
+ + 0| <A, (6.52)
Jer
where
1 2”nadm -3
O =——=+="=""+0(r3), A)=0(r7),
r r?
T(r)=0(r*) in Ml (6.53)

Similar to [7], we (radially) extend these functions to M\M, .4 in an appropriate way and
define a supersolution /. of (6.41) by

ho(r) = f % ds, (6.54)
R

where
C.(r) = _eJy @-awns f T(syeds @O-80 (6.55)
0

is the solution of the ordinary differential equation
¢, +®-MN¢ +T=0. (6.56)

It is straightforward to check that /1, has the desired asymptotics. Furthermore, since (| < 0
it follows that
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Aghs + 2<@, Vh+> - (Trgk)(\/br2 |V + Vi |D - Jut |Vfo|2)
u 8 4

+(Agf0 + 2<@,fo> — (Trk) Ju=? + |Vfo|2)
u 8
grrT
N1+ 72

N \/1g+ 2 [C/+ B (H;ﬂ L 2(grr)lgmr:”)<+]

rr N ) 2 ol Tr.k
_ 8 [[(grr) lga:drgﬁ_ 2(?:“ =8 80“ _|_| 8 |]C+—T]

N ug'” \/37

<= (¢ +©-NC +T)

iir

< Aghy + 2<ﬂ, Vh+> + | Tik|[Vhe]  +
u

=0. (6.57)
Consequently, f, = f; + hy is a supersolution of (6.15) which possesses the expansion
(6.23). Finally, since (_ = —(, is a solution of the ordinary differential equation

1.+ (© - M. - T =0, (6.58)

one may similarly check that f = f; — hy is a subsolution of (6.15), with the desired
asymptotic behavior in M4, and such that f < f,. 0

Remark 6.4. It should be the case that the solutions produced in theorem 6.3 also satisfy
(6.25), which is important when applying the results of [11] to obtain Brill coordinates for the
deformed data. However, the estimates needed for (6.25) are not clearly derived from the
typical rescaling argument found in [7]. Rather, it is likely that these estimates may be derived
from the techniques in [44] (see remark 3.5).

7. The mass—angular momentum—charge inequality

Let (M, g, k, E, B) be an axisymmetric initial data set for the Einstein—-Maxwell equations,
with the same assumptions on (M, g, k) as in section 6, except that (6.4) is replaced by

S, = 0. an

Axisymmetry entails that £,F = £,B = 0, and in addition it will be required that E, B are
divergence free. The asymptotics for (E, B) in the asymptotically hyperboloidal end M, are
given in (2.7), whereas the asymptotics in M4 are given separately in the asymptotically flat
and asymptotically cylindrical cases by

E; = 0(1), E;=0:(r), B;=0((1), By=0r), i=p,z (7.2)
and
E;=0,(r""). Ey;=0/(), B=0(r"), B,=0i(1), i=p.z, (7.3)

where (p, ¢, z) are Brill coordinates in this end with r = \/p? + z2. In this setting the angular
momentum is defined to be
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1 L [
J=5"J (ks — (Tk)g; )vign’ - Efs Vgkivp 74

where S is any surface enclosing the origin with unit outer normal v, and 15 is the potential
for the magnetic field (see [21, 34]). The condition (7.1) ensures that this is well-defined [21].
Moreover since 15 = O (r~!) as r — 0o we have that

j; UEiv/, = 0, (1.5)

and hence (7.4) agrees with the limit definition in (6.5). The mass—angular momentum—charge
inequality states that
o P+ +4T2

m* > 5 (7.6)

We seek a deformation of the initial data (M, g, k, E, B) — (M, g, k, E, B) such that
M >~ M, M}, is asymptotically flat, and

Maan =m, T =0, Trgk=0,  R>|kI:+2(1E|2+|B|2) weakly, (1.7)
divgE = divgB =0,  Jeu() =0, O, =0Q,,  Qp=Q, (7.8)
where Jgy; is the momentum density minus the electromagnetic contribution of the new data.
The structure of the deformation will be the same as that in the previous section. In particular,
g and k are given by (6.9) and Y satisfies (6.10). It follows that the new data are again
determined by three functions (u, Y?, f), and TrgE = 0. The functions u and f are chosen
according to (6.37) and (6.15), with the asymptotics (6.20)—(6.22) and (6.23)—(6.27) . The
function Y is chosen here to satisfy a slightly different equation, namely

divgk () + 2E x B (n) = 0, (1.9)

but will keep the same asymptotics (6.12)—(6.14). This equation is equivalent to Jgy () = 0,
and guarantees the existence of a charged twist potential [8] in addition to a well-defined
angular momentum by (7.4). As in the previous section, we then have 7 g, = m and 7 = J.

The deformation of the electromagnetic field will follow the construction in [8]. Let
(e1, €2, e3 = |n|~'n) be an orthonormal frame for (M, g), and set

E(e)= ——0 __ F(e)= —2 for
J1 + W2 |VfI; J1 + w2 |Vf[;
i=1,2, E(e;)=B(e3)=0. (7.10)

Then it follows from [8] that
R~ [E]2 = 2(|E|2 + |B]2) = 2(sme — Jou) + Ik = 7 + 20 divg(uQ)
+2(E(es) — v x B(e3)) + 2(B(e3) +v x E(e3)),
(7.11)

and

R div,E o
leEE = = O, legB =

J1 + u? |VfP

div,B

J1 + @V

= 0. (7.12)
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Moreover a similar computation as in (4.6) shows that
Evly = Exvl + O(r73), (7.13)
which ensures that O, = Q, and 9, = Q).

Theorem 7.1. Let (M, g, k, E, B) be a smooth, simply connected, axially symmetric initial

data set satisfying the charged dominant energy condition (g 2 |Jem| and condition (7.1),

and with two ends, one designated asymptotically hyperboloidal and the other either

asymptotically flat or asymptotically cylindrical. If the system of equations (7.9), (6.15) and

(6.37) admits a smooth solution (u, Y?, f) satisfying the asymptotics described above, then
2 4 2

s L Qz 47" (7.14)

and if equality is achieved then the initial data arise from an embedding into the extreme
Kerr—Newman spacetime.

Proof. As in the proof of theorem 6.2, we can apply the arguments from the asymptotically
flat case [8] with only minor modifications, in light of (7.7) and (7.8). The only difference
arises from the boundary integral at null infinity, which is shown to vanish in appendix B. [J

Remark 7.2. Note that the system of equations associated with theorem 7.1 is exactly the
same as that of theorem 6.2, save for a minor (lower order) modification in the equation for Y¢
(7.9). Thus, each equation may be solved independently with the appropriate asymptotics,
lending further support to the above procedure.

8. Lower bounds for area in terms of mass, angular momentum, and charge

Here we point out another application of the reduction procedure presented in the previous
section. Let (M, g, k, E, B) be as in theorem 7.1, then heuristic physical arguments [21] lead
to the inequality

‘ 2 2\2 4
e @ [0 ] 2

where A;, is the minimum area required to enclose M, 4. In [21] this has been proven in the
maximal case when M.}, is asymptotically flat and m represents the ADM mass. The proof
follows directly from the mass—angular momentum—charge inequality [12], and the area—
angular momentum—charge inequality [16]. In the general (non-maximal) case, the area—angular
momentum—charge inequality has been established when A,,;, is replaced by the area of a
stable, axisymmetric, marginally outer trapped surface [16]. For the mass—angular momentum-—
charge inequality, we have shown how to reduce the case of an asymptotically hyperboloidal
end to that of an asymptotically flat end, modulo the problem of solving a coupled system of
elliptic equations. Therefore a lower bound for area analogous to (8.1) may also be reduced to

the same problem, by combining theorem 7.1 above with the proof of a theorem 2.5 in [21].

Theorem 8.1. Let (M, g, k, E, B) be a smooth, simply connected, axially symmetric initial
data set satisfying the charged dominant energy condition (g 2 |Jem| and condition (7.1),
and with two ends, one designated asymptotically hyperboloidal and the other either
asymptotically flat or asymptotically cylindrical. If the data possesses a stable axially
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symmetric marginally outer trapped surface with area A, and the system of equations (7.9),
(6.15), (6.37) admits a smooth solution (u, Y?, f) satisfying the asymptotics (6.12)—(6.14),
(6.20)—(6.22), and (6.23)—(6.27) then

2
i>m2_Q_2_\/(mz_Q_2)_Q_4_j2, 8.2)

8t 2 2 4

and if equality is achieved then the initial data arise from an embedding into the extreme
Kerr—Newman spacetime.
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Appendix A. Adjustment of asymptotically hyperboloidal initial data

In this appendix we will show that given asymptotically hyperboloidal initial data (M, g, k)
as described in section 2, one can perform a change of coordinates at infinity to achieve
a,, = a,, = 0 without affecting the mass aspect function. Following [17] we refer to this
change of coordinates as an ‘adjustment’. We note that adjustment is a standard procedure
which becomes relevant when considering deformations of asymptotically hyperbolic con-
formally compact metrics or their evolution under geometric flows, see for example the two
references mentioned below.
Let g be as in section 2, so that it takes the asymptotics form

1 m’ 2a, _
(—1 s + F + 0(:"6))dr2 + (7 + O(r 4))drdy“

8
maﬁ

+ (rz%a + + O(rz))dy‘”dyﬂ, O.1)

r

where a is an r-independent one-form on S°. Using the substitution
r = sinh™! o, 9.2)

we bring g to the conformally compact form
sinh 2% [ ( 1 +mpd+ 0(@4))dg2 + (Zaag3 +0( g“))dgdya'
+ (Gus + mé 03+ 0(,_04))dy“dy5]. 9.3)
Now, similar to [2, section III], we apply the coordinate transformation
X =yo 4 %aaﬂaﬁ 9.4)
to obtain
sinh~2 g[ (1 +mo3 + 0(@4))6192 + O(g“)dgdx"‘

+ ((Gup + mE yo® + 0(@4))dx”dx*3]. 9.5)
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A further substitution

mr
o =0+ ?03 (9.6)

yields
sinh‘z,_o’[(l + 0(@’4))dg2+ 0(,_0’4)dg’dx“
+ (aa@ + (m(gy‘@Jr %m’oa@>‘_o’3+ O(g"‘))dx“dxﬂ]. 9.7)

We are now in a position to change the conformal gauge as described in [1, section 3.2.1].
This gives

¢ = sinh2 @[d@z + (craﬁ + (mgj + %mranﬂ) 5+ 0(@4))dxadxﬂ], 9.8)

for 2 = o' + 0(0").
To bring g back to the initial form we set # = sinh™! p, thereby obtaining

- 8 4+ Ly
dr? + -2 + maﬂ + 3m Oap
r=oup3 —_—

=T = - O(F*Z) dx“dx®. (9.9)

8

Finally, it is straightforward to check that the described change of coordinates results in

1 =5\ | 4= 23\ 47 dx
k:(l —= T o(7 5))dr2+ O(73)dFdx

k I
m,; + Sm'os

+ | P20us + O(772) |dxdx?, (9.10)

i.’
thus the mass aspect function remains unchanged.
Remark A.1. Note that in [1, section 3.2.1] it is assumed that the metric has smooth

conformal compactification. In general, the application of the conformal gauge change will
result in loss of regularity of the initial data by one derivative, see e.g. [37, lemma 5.1].

Appendix B. Boundary integrals
In this section we will show that boundary integrals arising from (3.22) and (6.35) vanish.

Lemma B.1. Under the hypotheses and notation of theorem 3.2
lim ﬁ ug (g, vg) = —4m (2o + A). (10.1)
T—o00 J§,

In particular, this vanishes when m = gy,

Proof. As explained in the proof of theorem 3.2, the results in [29] allow for an
approximation by coordinate spheres S, in the asymptotically flat end of (M, g), so that

lim | ug(q,vg) = lim [ ug(q, vg). (10.2)

T—o00 JS§. r—oo J§,
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Let S, be coordinate spheres and (e,, ey, ;) be an orthonormal frame (associated with
cylindrical coordinates) in the asymptotic end of (M, g). Then calculations in appendix C of
[7] yield

= RIS wae®) weu) 103)
g 1+u2|Vf|§ " 1_|_u2|v&f|2 1+u2|VSf|Z(D’

where V denotes covariant differentiation on S,. Since the area forms of S, and S, differ by a
factor of /1 + u? |Vsf |, it follows that

l—l—u2 Vsf 2
f ug (g, vg)—f | |)[ )—%q(%}‘)]. (10.4)

w/1 + u? |Vf; u? | Vi |

We will now compute the asymptotics for each term in (10.4). Recall the definition of g in
(3.4), and observe that

_uvrrf+ 2aruarf
1+ u? |VfI;
1 IZ0) _34e ( 1 I/l0+./4 -3 )
= - +Oo(r>*) || — - + O(r 3+
(\/1+r2 1+ 72 ( )] 2 ( )

2uo+A
r

SRS + 0(r+e), (10.5)

_ uNof + Ul f + Oud,f

o —o(y - 0
N roor

and

uN,af + Gﬂuaaf+ 5‘au8ﬁf
TaB =
J1+u? |VrL:
o 1 r 1 IZ0) + A 34
_E(Mg 8rf8,gm3+0(1))(7 — e +0(r e)
= 20,5 + 0(},.5)_ (10.7)
Substituting (10.5)—(10.7) into the expression for g yields

Q(er):q(\/l + r28,) + 0(,,71)
ufr(ﬂ-’rik”’)Vl+r2+ufa(7rra*kra)‘\ll+rz n ( 71)
= o(r
J1+u? |VFL
= \/m(r2 + r(uo + A) + O(rg))( _Zut A —: A + 0(}"4*5))

.(l St A Lo 3+5))+0(,,1)

r I"

At A L, (10.8)

r
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and
ug®f, f1 (my — kg)

afd=b.o 1+ u?|Vf[;

The desired result now follows, and (10.1) vanishes when m = i, since A = 2m and by
lemma 3.1, iy, = 2m + ug. O

q(Vsf) = =o(r?). (10.9)

Lemma B.2. Under the hypotheses and notation of theorem 6.2

lim | ug(Q.vg)=0. (10.10)

r—oo JS§,

This relies on the fact that m = gy,

Proof. Recall that

Q(-)=(Hessgf) (V.- ) = k(uVf, )+ (k — W), )
udf

e vy

1 |
uVyf + uify + it + 3(8, Y5 + g, ¥ ?)

+ k — m(w, w)

Tij = 5 >
J1+u? Vg
- —lyo —1lyo
W uVf+ u 'Y _ uVf+ u 'Y . (10.11)

Jr-w W]l eIk
Therefore (10.3) implies
ﬁ uz (0, vz)
7f u(Hessgf ) (T, vg) — K (u?Vf, vg)

1 + u? | Vief | 2 N
o - N oo - 20 _asy,
1+u2|Vf|§ | Va/ |
—C—, ] (10.12)
1+ u? | Vif|
where
0 =k—mw, )+ J1+u? |VF2 & — m)(w, wudf. (10.13)

Since vy is the unit normal for an axisymmetric surface we have that k (uzvf , Vg) =0, and
since Y? = O (r~3) we have that (Hessgf)(Y, vg) = O(r73). It follows that the first integral
on the right-hand side of (10.12) vanishes. Furthermore, the integrand of the second integral
simplifies to
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14+ | Vr | D) (o 2 ~ ~
(1+w %) Bl - — WD _pigr e g
JU+ 2 |VFL 1+ u? | Vf | U+ u? | Vf

1+ u? | Yf|? 2
:M(k —m(w, ) — (k — o w, ue,(f)Nf + e (f)Y
J1+ u? VP J1+ u? IVFL;
+utk — m(w, we.(f)

1+ u? | Vrf]? 2 2
=L—1J—ilw—meJ+w—mw—JﬁﬁbL%

JT+@ 1R N

=1+ u? |V (k — m)(w, ¢). (10.14)

Hence
j;x ug (Q. vg) = j;x uy 1+ u? |VFE Gk — m)(w, e). (10.15)

We now compute asymptotics of the tensor 7. Using (6.12), (6.20), (6.23), and (6.25)
produces

O,ud, O u0), 1
udof | OO | 1

o = (Vm)“r (gwa,w + g,¢8uY0))(u2 + |Vf|§,)—1/2

u u 2u
= (Qm - %g‘f’”’aaf&gm + 0(1’2))(% + 0(r2))
~o(r),
(10.16)
and
OpuOsf  OauOaf 1 ‘ ) L
W(rﬁz(vaaf-i- 3u + » + Z(&Wa‘syo + g3¢8aY¢))(M 2 + |Vf|§) 1/2

- (ég 0805 + 0(1))(% +o(r?)

=r2o,5 + O(r").
(10.17)
Thus with the help of

e, = (V1 +7r24+0(r?2))3, +0(r3)0+ 0(r3)o,, (10.18)
(v () (7 (r)0,

e = (% + o(r—4))aﬁ + 0(r )0, s = (

it follows that

Jo ww(@ v = [ w1+ @19 & = m(w (e, @)

:fs e, ()(r2 + 0k — ™). (10.20)

+ O(r‘4))3¢, (10.19)

r sin 0
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It is straightforward to check that (10.20) vanishes if (k — 7),, = o(r>). To see that this is
the case, observe that

1 2D; — 1 3m" — 2A + 8D,
V. f=0—-T.af+0(r3)=—-4+ = + + 0(r ),
f ”f r f (V ) r 2],.3 2},4 (r )
(10.21)
20udf 20 4C, + 2AC — 207
u r? r3
—6C; — 4 20Dy + 2ACE — 2C3
" C — 6C5 AC, + 661(:'24+ CD; + 2AC; Cy " 0(?‘75), (10.22)
r
and
> 2*1/2_1_A 2D, + 2A4% — 1
(w2 + %) = -GS+
sm + A+ G — 2AD, + 2D, - A
+ - +0(r ). (10.23)
r
Definitions of the coefficients in (6.24) then imply that
0,u0, ‘ 172
Ty = (v}‘lf+ zu—f + groaryo)(uz + |ng| 2)
u
1 1 Y »
=5 gt o(r°), (10.24)
Moreover
1 b® 5
ky,=—+ -2 +o0(r), 10.25
1 + r2 r5 ( ) ( )
which leads to the desired conclusion. O
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