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Abstract

In this thesis, I considerhyper-K•ahler manifolds of complex dimension4 which are
�brations. It is known that the �b ers are abelian varieties and the baseis P2. We
assumethat the general�b er is isomorphic to a product of two elliptic curves. We
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Chapter 1

In tro duction

Compact hyperk•ahler manifolds, or irreducible symplectic manifolds, are higher-

dimensional analoguesof K3 surfaces. They indeed share many of the well-known

properties of K3 surfaces.

Irreducible symplecticmanifoldsoccupy a distinguishedplacein the list of higher

dimensionalK•ahler manifolds. Togetherwith Calabi-Yau manifoldsthey are the only

irreducible simply connectedK•ahler manifolds with c1(X ) = 0 (cf. [2]).

We study holomorphicsymplecticmanifoldswhich are �bred by abelian varieties.

This structure is a higher dimensionalanalogueof an elliptic �bration on a K3 sur-

face. We investigate when a holomorphic symplectic manifold is �bred in this way,

and we study the geometryof these�brations. We considerhyper-K•ahler manifolds

of complexdiminsion 4. We prove that if the abelian varietiesare products of elliptic

curves,then the hyper-K•ahler �bration is deformationequivalent to a Hilbert scheme

of points on a K3 surface.

According to Matsushita ([12]), if X is a 4-dimensionalhyper-K•ahler manifold

which admits a �bration, then the generic�b er is an abelian surfaceand the baseis

P2.
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Chapter two introducesthe main de�nitions and exampleswhich we are going to

usein our work.

Chapter three describes the isolated singularities which a �bration with trivial

canonicalsheafcan have if the �b ers are abelian varieties.

Chapter four answers a question by Gang Tian about deformations of Hilbert

schemes. If we start with a Hilbert schemeof a K3 surfacewhich is a �bration and

we deform it so that we preserve the �b er structure, the questionis whether it is still

isomorphic to a Hilber schemeof a K3 surface. The answer is negative: in general

this is not the case.

Chapter �v e describes a special classof hyper-K•ahler manifolds. We prove that

a hyper-K•ahler �bration with general �b er a product of two elliptic curves is de-

formation equivalent to a Hilbert schemeof points on a K3 surface. We make the

assumptionsthat the �bration admits a section and that the generalsingular �b er

is semi-stable. This is a step towards a classi�cation of hyper-K•ahler manifolds of

complexdimension4.
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Chapter 2

Preliminaries

2.1 Hilb ert Schemes of Poin ts on a Surface

First, we recall the de�nition of the Hilbert schemein general.Let X be a projective

schemeover C and OX (1) an ample line bundle on X . We considerthe contravariant

�nctor H il bX from the categoryof schemesto the categoryof sets:

H il bX : [Schemes]! [Sets]

It associatesa schemeU with a setof familiesof closedsubschemesin X parametrized

by U. For each polynomial P, let H il bP
X be the subfunctor of H il bX which associates

a schemeU with a set of familiesof closedsubschemesin X parametrizedby U which

have P as their Hilbert polynomial. The following theorem is due to Grothendieck:

Theorem 2.1. The functor H il bP
X is representableby a projective schemeHilbP

X .

This meansthat there existsa universalfamily Z on HilbP
X , and that every family

on U is induced by a unique morphism � : U ! HilbP
X .

De�nition 2.1. Let P be the constant polynomial given by P(m) = n for all m 2 Z.

We denote by Hilbn (X ) = HilbP
X the corresponding Hilbert schemeand call it the

Hilber schemeof n point in X .

11



Let x1; x2; : : : ; xn 2 X be n distinct points and considerZ = f x1; x2; : : : ; xng � X

as a closedsubscheme. Sincethe structure sheafof Z is given by

OZ =
nM

i =1

skyscraper sheafat x i ;

we have OZ 
 OX (m) = OZ , for all m 2 Z, and henceZ 2 Hilbn (X ). This is the

reasonwhy Hilbn (X ) is called Hilbert schemeof n points in X .

In the casewhen X is a complexsurface,we have a nice desription of its Hilbert

scheme.

Theorem 2.2. (Fogarty [4]) Suppose X is non-singular and dim X = 2, then the

following hold:

(1) Hilbn(X ) is non-singular of dimension2n;

(2) � : Hilbn (X ) ! SnX is a resolution of singularities, where SnX is the n-th

symmetric product of X .

2.2 Hyp er-K •ahler manifolds

2.2.1 Basic Facts

De�nition 2.2. A complexmanifold X is called irr educiblesymplectic if it satis�es

the following conditions:

(1) X is compact and K•ahler;

(2) X is simply connected;

(3) H 0(X ; 
 2
X ) is spanned by an everywhere non-degenerate 2-form ! .

Any holomorphic two-form � inducesa homomorphismTX ! 
 X , which we also

denoteby � . The two-form is everywherenon-degenerateif and only if � : TX ! 
 X

is bijective. Note that (3) implies h2;0(X ) = h0;2(X ) = 1 and K X
�= OX . In particu-

lar, c1(X ) = 0. Any irreducible symplectic manifold X has even complexdimension
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which we will �x to be 2n.

De�nition 2.3. A compact connected 4n-dimensional Riemannian manifold (M ; g)

is called hyperk•ahler (irr educiblehyperk•ahler) if its holonomyis contained in (equals)

Sp(n).

If (M ; g) is hyperk•ahler, then the quaternions H act as parallel endomorphisms

on the tangent bundle of M . This is a consequenceof the holonomy principle: Every

tensor at a point in M that is invariant under the holonomy action can be extended

to a parallel tensor over M . In particular, any � 2 H with � 2 = � 1 givesrise to an

almost complexstructure on M . Thesealmost complexstructures are all integrable

[16]. After �xing a standard basisI , J , and K := I J of H any � 2 H with � 2 = � 1

can be written as � = aI + bJ + cK with a2 + b2 + c2 = 1. The metric g is K•ahler

with respect to every such � 2 S2. The corresponding K•ahler form is denoted by

! � := g(� : ; : ).

Thus, a hyperk•ahler metric g on a manifold M de�nes a family of complexK•ahler

manifolds (M ; �; ! � ), where� 2 S2 �= P1.

If X is irreducible symplectic and � 2 H 2(X ; R) is a K•ahler classon X , then

there exists a unique Ricci-
at K•ahler metric g with K•ahler class� . This follows

from Yau's solution of the Calabi-conjecture. Let ! be the holomorphic symplectic

form. Bochner-Weitzenb•ock formula gives:

� j ! j2= j r ! j2;

where� is the Laplacian and r is the Levi-Civita connection. Integrating both sides

over X , we have r ! = 0, which meansthat ! is parallel. This shows that the holon-

omy group is contained in SU(2n) \ Sp(n; C) = Sp(n), where n = 1
2 dimCX . Then

g is an irreducible hyperk•ahler metric on the underlying real manifold M . Moreover,

for oneof the complexstructures, say I , onehasX = (M ; I ).

13



Conversely, if (M ; g) is hyper-K•ahler and I ; J; K are complexstructures asabove,

then � := ! J + i! K is a holomorphic everywherenon-degeneratetwo-form on X =

(M ; I ). If M is compactand g is irreducible hyperk•ahler, then M is simply connected

and H 0((M ; I ); 
 2
(M ;I )) = � � C, i.e. X is irreducible symplectic.

Thus, irreducible symplectic manifolds with a �xed K•ahler classand compact ir-

reducible hyperk•ahler manifolds are the sameobject. We will use the two names

accordingly.

Let X be an irreducible symplecticmanifold and let 0 6= � 2 H 0(X ; 
 2
X ) be �xed.

By the holonomy principle oneeasily obtains (cf. [2]):

H 0(X ; 
 p
X ) �=

8
<

:

0 p � 1(mod 2)

� p=2� � C p � 0(mod 2):

Due to work of Beauville [2] there exists a natural quadratic form qX on the sec-

ond cohomologyof an irreducible symplectic manifold generalizingthe intersection

pairing on a K3 surface. It is a primitiv e integral quadratic form on H 2(X ; Z) of

index (3; b2(X ) � 3). Also, qX (� ) = 0 and qX (� + �� ) > 0.

Fujiki [5] shows the following relation: For any integral class� 2 H 2j (X ; Z) one

hasthe form of degree2n � j that sends� 2 H 2(X ; Z) to
R

� � 2n� j 2 Z. Fujiki shows

that for any � 2 H 4j (X ; Z) contained in the subalgebrageneratedby the Chern

classesof X there exists a constant c 2 Q such that

Z
� � 2(n� j ) = cqX (� )n� j for any � 2 H 2(X ; Q): (2.1)

As an application of (2.1) onehasthat the Hirzebruch-Riemann-Roch formula on

an irreducible symplectic manifold takesthe following form: If L is a line bundle on
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X , then

� (L) =
X ai

(2i )!
qX (c1(L)) i ;

wherethe ai 's are constants only depending on X .

A deformation of a compact manifold X is a smooth proper holomorphic map

X ! S, whereS is an analytic spaceand the �bre over a distinguishedpoint 0 2 S

is isomorphic to X . We will say that a certain property holds for the generic �bre,

if for an open (in the analytic topology) denseset U � S and all t 2 U the �bre

Xt has this property. The property holds for the general �bre if such a set U exists

that is the complement of the union of countably many nowheredenseclosed(in the

analytic topology) subsets.

One knows that for any compactK•ahler manifold X there existsa semi-universal

deformation X ! Def (X ), where Def (X ) is a germ of an analytic spaceand the

�bre X0 over 0 2 Def (X ) is isomorphic to X . The Zariski tangent space of Def (X )

is naturally isomorphic to H 1(X ; TX ). If H 0(X ; TX ) = 0, i.e. if X does not allow

in�nitesimal automorphisms,then X ! Def (X ) is universal, i.e. for any deformation

XS ! S of X there existsa uniquely determinedholomorphicmap S ! Def (X ) such

that XS
�= X � Def (X ) S. By a result of Tian [18] the basespaceDef (X ) is smooth if

K X
�= OX . In this caseonesays that X deformsunobstructed.

Let � be a lattice of index (3; b � 3). By q� we denote its quadratic form. A

marked irreducible symplectic manifold is a tuple (X ; ' ) consistingof an irreducible

symplecticmanifold X andan isomorphism' : H 2(X ; Z) �= � compatiblewith qX and

q� . The period of (X ; ' ) is by de�nition the one-dimensionalsubspace' (H 2;0(X )) �

� C consideredas a point in the projective spaceP(� C). If X ! Def (X ) is the

universaldeformation of X0 = X , then a marking ' of X naturally de�nes markings

' t of all the �bres Xt . Thus we can de�ne the period map

P : Def (X ) ! P(� C)
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as the map that takest to the period of (X t ; ' t ). Note P is holomorphic. Its tangent

map is given by the contraction

H 1(X ; TX ) ! Hom(H 2;0(X ); H 1;1(X )) � Hom(H 2;0(X ); H 2(X ; C)=H2;0(X )):

The holomorphic two-form � on X satis�es qX (� ) = 0 and qX (� + �� ) > 0. Hence

the image of P is contained in the period domain Q � P(� C) de�ned as f x 2

P(� C)jq� (x) = 0; q� (x + �x) > 0g, which is an open (in the analytic topology)

subsetof the non-singularquadric de�ned by q� .

Beauville proved in [2] the Local Torelli Theorem: For any marked irr educible

symplectic manifold (X ; ' ) the period map P : Def (X ) ! Q is a local isomorphism.

2.2.2 Examples

Hilb ert schemes of K3 surfaces. If S is a K3 surface, then Hilbn (S) is irr educible

symplectic (cf. [2])

Strictly speaking,Hilbn (S) is a schemeonly if S is algebraic. In general,it is just

a complexspace.Using that S is smooth, compact,connected,and of dimensiontwo,

one shows that Hilbn (S) is a smooth compact connectedmanifold of dimension2n.

By results of Varouchas [21] the Hilbert scheme is K•ahler if the underlying surface

is K•ahler which is the casefor K3 surfaces. Beauville then concludesthat for any

K3 surfaceS the Hilbert schemeHilbn (S) is irreducible symplectic by showing that

Hilbn (S) admits a unique (up to scalars) everywhere non-degenerateholomorphic

two-form and that it is simply connected.

It is interesting to note that for n > 1 one has b2(Hilbn (S)) = 23. Moreover, the

secondcohomologyH 2(Hilbn (S); Z) endowed with the natural quadratic form qX is

isomorphic to the lattice H 2(S;Z) � (� 2(n � 1) � Z).

Generalized Kummer varieties. If A is a two-dimensionaltorus, thenK n+1 (A)

is irr educiblesymplectic (cf. [2]).

The generalizedKummer variety Kn+1 (A) is by de�nition the �bre over 0 2 A of

16



the natural morphism Hilbn+1 (A) ! Sn+1 (A) �� ! A, where� is the summation and

0 2 A is the zero-point of the torus. Hilbn+1 (A) itself alsoadmits an everywherenon-

degeneratetwo-form, but neither is this two-form unique nor is Hilbn+1 (A) simply

connected. Both conditions are satis�ed for Kn+1 (A). The secondBetti number of

Kn+1 (A) is 7 (cf. [2]).

The examplesprovided by the Hilbert schemesof K3 surfacesand by the gen-

eralized Kummer varieties are the two standard seriesof examplesof irreducible

symplectic manifolds. Thus in any real dimension4n we have at least two di�erent

compact real manifolds admitting irreducible hyper-K•ahler metrics. They are not

di�eomorphic (in fact, not even homeomorphic),becausetheir secondBetti numbers

are di�erent.

2.3 Fibrations

De�nition 2.4. By abelian �bration on a 2n-dimensional irr educible holomorphic

symplectic manifold X we mean the structure of a �br ation over Pn whosegeneric

�br e is a smooth abelian variety of dimension n.

This is a higher dimensional analogueof elliptic �brations on K3 surfaces. At

�rst sight, this de�nition may appear to be unnecessarilyrestrictive. For example,

maybe we should allow the baseto be a more general n-fold than Pn , or to have

dimensiondi�erent to n. However, this is the only �bration structure that can exist

on an irreducible holomorphicsymplecticmanifold, becauseof the following result by

Matsushita [12]:

Theorem 2.3. For projective symplectic manifold X , let f : X ! B be a proper

surjective morphism such that the generic �br e F is connected. Assumethat B is

smooth and 0 < dimB < dimX . Then

(1) F is an abelian variety up to a �nite unrami�e d cover,

(2) B is n-dimensionaland has the sameHodgenumbers as Pn ,

(3) the �br ation is Lagrangian with respect to the holomorphicsymplectic form.

17



In particular, if X is 4-dimensional,we can usethe Castelnuovo-Enriquesclassi�-

cation of surfacesto deducethat the generic�bre is an abelian surfaceand the base

is P2.

Both ExamplesH il bn (S) and K n+1 (A), the Hilbert schemeof points on a K3 sur-

faceand the generalizedKummer variety, are abelian �brations when the underlying

K3 surfaceS or complex tori A, respectively, is an elliptic surface. For example, if

f : S ! P1 is the �bration on S, we get an induced �bration

f [n] : H il bn (S) ! SymnP1 �= Pn

on H il bn (S). The �bres in this caseare products of n elliptic curves: special n-

dimensionalabelian varieties. A similar thing happens for the generalizedKummer

variety.

In Chapter 5 we prove that the opposite alsoholds: if a hyper-K•ahler manifold of

dimension4 admits a �bration with �b ers that are products of elliptic curves, then

it is deformation equivalent to a Hilbert schemeof points on a K3 surface.

18



Chapter 3

Degenerations of 2-dimensional

Tori

In this sectionweclassifythe possibledegenerate�b erswhich canoccur in a semistable

degenerationof two-dimensionaltori under the assumptionthat the canonicalbundle

of the total spaceof the family is trivial.

3.1 Basic Tools

Let � : X ! � be a proper map of a K•ahler manifold X onto the unit disk

� = f t 2 C :j t j< 1g, such that the �b ers X t are nonsingular compact complex

manifolds for every t 6= 0. We call � a degeneration and the �b er X 0 = � � 1(0) - the

degenerate �b er.

De�nition 3.1. A map  : Y ! � is called a modi�c ation of a degeneration � if

there existsa birational map f : X ! Y suchthat  = � � f and  is an isomorphism

outsideof the degenerate �b er.

A degenerationis called semistableif the degenerate�b er is a reduced divisor

with normal crossings.Not every degenerationcan be modi�ed to a semistableone.
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Nonetheless,it is possibleto reduceany degenerationto a semistableoneafter a base

changeaccordingto Mumford's theorem ([9]).

De�nition 3.2. The polyhedron �( V) of a variety with normal crossingsV = V1 +

� � �+ Vn , dimVi = d is the polyhedron whoseverticescorrespond to the irr educiblecom-

ponentsVi and the verticesVi 1 ; � � � ; Vi k form a (k � 1)� simplexif Vi 1 \ � � � \ Vi k 6= 0.

Let � : X ! � be a semistabledegenerationof surfaceswhosedegenerate�b er is

X 0 = V1 + V2 + � � � + Vn . If D 2 Pic(X ) and V is a component of the �b er, then let

DV = i � (D) = D � V; wherei : V ,! X is the inclusion. For D; D 0 2 Pic(X ) the inter-

sectionindex on V is de�ned: D �D 0�V = DV �D 0
V : Wewill statesomeresultsfrom [10].

Lemma 3.1. ([10]) Let C = Vi \ Vj be a doublecurve of a semistabledegeneration

of surfaces. Then (C2)Vi + (C2)Vj = � TC , where TC is the number of triple points of

the �b er X 0 on C.

Proof. Note that C is a union of non-singularcurvessinceX 0 is a divisor with normal

crossings.We have Vi � Vj � X 0 = 0, becauseX 0 � X t . On the other hand,

Vi � Vj � X 0 = Vi � Vj � (Vi + Vj +
X

k6= i;j

Vk) = Vi Vj Vi + Vi Vj Vj + TC = (C2)Vj + (C2)Vi + TC :

Let � (V ) = h0(OV ) � h1(OV ) + h2(OV ) = pg � q + 1 be the Euler characteristic

of the structure sheafOV of the algebraicsurfaceV.

Lemma 3.2. ([10]) Let T be the number of all triple points of � , then

� (X t ) =
nX

i =1

� (Vi ) �
X

i<j

� (Ci;j ) + T;

where Ci;j = Vi \ Vj

20



Remark 3.1. ([10]) For a variety with normal crossingX 0 there is a natural mixed

Hodgestructure with weight �ltr ation W and W0H m (X 0) �= H m (�( X 0)) :

Theorem 3.1. (Kulikov [10], Persson[15]) Let � : X ! � be a semistableK•ahler

degeneration of surfaces, then

h1(X t ) =
nX

i =1

h1(Vi ) �
X

i<j

h1(Ci;j ) + 2h1(�) + ckh1;

pg(X t ) =
nX

i =1

pg(Vi ) + h2(�) +
1
2

ckh1;

where ckh1 = dim Coker (� H 1(Vi ) ! � H 1(Ci;j )) ; d is the number of doublecurves

of the �b er X 0 and � is its polyhedron.

Lemma 3.3. A surface V is ruled or CP2 if and only if H 0(V; nK V ) = 0 for every

n > 0:

3.2 Main Theorem

In [19,20]K. Uenostudiesdegenerationsof normally polarizedabelian surfaceswhich

are of the �rst kind. A degenerationis said to be of the �rst kind if it corresponds

to an inner point of the Siegelupper half plane. Ueno doesn't imposeany condition

on the total spaceof the �bration. Here we assumethat the total spacehasa trivial

canonical bundle and we consider general degenerations. In order to classify the

possibledegenerations,we don't refer to Ueno's list.

We prove the following theoremwhich is analogousto the classi�cation theorems

in [10] which Kulik ov givesfor K3-surfacesand Enriquessurfaces.

Theorem 3.2. Let � : X ! � bea semistableK•ahlerdegeneration of two-dimensional
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tori suchthat K X is trivial. Then the degenerate �b er X 0 is one of the following four

types:

(i) X 0 = V1 is a nonsingular torus;

(ii) X 0 = V1 + V2 + � � � + Vn ; n > 1; all Vi are elliptic ruled surfaces, the double

curvesC1;2; � � � ; Cn� 1;n are elliptic curvesand the polyhedron � is a simple path.

� � � �

(iii) X 0 = V1 + V2 + � � � + Vn ; n > 1; all Vi are elliptic ruled surfaces, the double

curvesC1;2; � � � ; Cn� 1;n ; Cn;1 are elliptic curvesand the polyhedron � is a cycle.

� �

�

�

�

(iv) X 0 = V1 + V2 + � � � + Vn ; n > 1; all Vi are rational surfaces, and all the double

curvesCi;j are rational. The polyhedron � is a triangulation of the real 2-dimensional

torus T2.

In the �rst casethe monodromy M is trivial, i.e. N = logM = 0. In the second

and the third casesN 2 = 0. And, in the fourth case the monodromy is of maximal

rank.

Proof. Case(i) is when X 0 hasa singlecomponent.

Let n > 1. The �b ers X t and X 0 are linearly equivalent and in addition X 0 =

V1 + � � � + Vn � 0; henceby the adjunction formula,

K Vi = K X 
 [Vi ] jVi = OVi (
X

j 6= i

� Vj ) = �
X

j 6= i

Ci;j

becauseK X is trivial. Then K Vi is anti-e�ectiv e, and thus all of Vi are ruled surfaces
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(Lemma 3.3). Considera double curve Ci;j on Vi . We have:

2g(Ci;j ) � 2 = (K Vi + Ci;j ; Ci;j )Vi = �
X

k6= i;j

(Ci;k ; Ci;j )Vi = � TCi;j ;

whereTCi;j is the number of triple points of X 0 on Ci;j . SinceTCi;j � 0 andg(Ci;j ) � 0,

there are two possibilities:

(A) g(Ci;j ) = 0 and TCi;j = 2, soCi;j is a rational curve and there are exactly two

triple points on Ci;j .

(B) g(Ci;j ) = 1 and TCi;j = 0, soCi;j is an elliptic curve and Ci;j doesnot intersect

any other double curve.

In the case(A) we seethat Ci;j intersectssomeother doublecurveswhich must be

rational as well and also contains two triple points. Thus every Vi is a ruled surface

and the set of double curves on Vi consistsof a disjoint union of a �nite union of

elliptic curvesand a �nite number of cyclesof rational curves.

Let V = Vi 0 be one of the components, let � : V ! �V be a morphism onto the

minimal model �V (� is a composition of monoidal transforms) and let L be an ex-

ceptional curve on V such that L �= P1; (L2)V = � 1 and L is blown down to a point

by the morphism � . Then (L; K V )V = � 1, so (L;
P

j 6= i 0
Ci 0 ;j )V = 1: Thus, either

L intersects only one of the connectedcomponents of the divisor
P

j 6= i 0
Ci 0 ;j or L

coincideswith one of Ci 0 ;j . It follows that the number of connectedcomponents of

the divisor
P

j 6= i 0
� � Ci 0 ;j equalsthe number of connectedcomponents of the divisor

P
j 6= i 0

Ci 0 ;j sinceK �V = � � K V .

In Lemma2.18from [10]Kulik ov givesa list of possiblecomponents of an e�ective

divisor linearly equivalent to � K �V , where �V is either a minimal ruled surfaceor CP2.
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Sincethe reduceddivisor
X

j 6= i 0

� � Ci 0 ;j � � K �V ;

we have the following possibilities for V :

(a) V is a rational surfaceand
P

j 6= i 0
Ci 0 ;j is a cycle of rational curves;

(b) V is a rational or an elliptic ruled surfaceand
P

j 6= i 0
Ci 0 ;j = C is a single

elliptic curve;

(c) V is a ruled elliptic surfaceand
P

j 6= i 0
Ci 0 ;j = C1 + C2 consistsof two disjoint

elliptic curves.

Case 1: One of Vi is of type (a). Then the double curves on the components

adjacent to Vi alsoform a cycle,hencethe components adjasent to Vi are alsoof type

(a). SinceX 0 is connected,it follows that all Vi are rational surfacesand their double

curvesform cycles.Therefore,the polyhedron � is a triangulation of a compact real

surfacewithout a boundary. There is no boundary, becausethere are exactly two

triple points on each double curve.

SinceVi and Ci;j are rational, pg(Vi ) = 0; h1(Vi ) = 0; h1(Ci;j ) = 0 and from the

secondequality, ckh1 = 0 (see[15]). Then the �rst formula in Theorem3.1 says that

h1(�) = 2 and the secondformula says that h2(�) = pg(X t ) = 1. We alsoknow that

h0(�) = 1 (from Remark 3.1). There is only onereal surfacewithout boundary with

thesecohomologynumbers, namely the torus T 2. In this casethe degenerate�b er

falls into type (iv) in the statement of the theorem.

Case 2: All of the Vi have types(b) or (c). Then X 0 hasno triple points (T = 0)

and thus � is 1-dimensional,so h2(�) = 0.
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Let the number of rational surfacesbe r . For a ruled elliptic surfaceVi the Euler

characteristic � (Vi ) is 0, while for a rational surface� (Vi ) = 1. Also, � (Ci;j ) = 0 for

an elliptic curve Ci;j . Therefore,after we apply Lemma 3.2, we get r = � (X t ) = 0.

In other words, there are no rational surfacesin the �b er X 0.

Since for an elliptic ruled surfaceVi we have pg(Vi ) = 0, then from the second

formula in Theorem3.1 we get ckh1 = 2. Now we substitute it in the �rst formula in

this theorem and usethat h1(Vi ) = 2; h1(Ci;j ) = 2 to obtain that

n = 1 + d � h1(�) ;

wheren is the number of components and d is the number of double curves.

If h1(�) = 0, then n = d + 1 and � is a tree. Moreover, on each component Vi

there are at most two doublecurves,therefore� is the simple path described in case

(ii ) of the theorem.

If h1(�) = 1, then n = d and there is oneloop in the graph, hence� is the simple

cyclefrom case(iii ) (becausethere areat most two edgescomingout of every vertex).

If h1(�) � 2, then there will be at least one vertex in which there are at least

three edgesmeeting,which is a contradiction.

The claims about the monodromy follow from the fact that N = 0 if and only if

h2(�) = 0 and ckh1 = 0; and N 2 = 0 if and only if h2(�) = 0 (seeTheorem 2.7 in

the paper [10]).
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Chapter 4

Deformation of Hilb ert Schemes

In this chapter we answer the following question:

Question 1. Let X = H il b2(S) for a K3 sufrace S. Assumethat there is a �br ation

structure f : X ! P2 of X . Does a general deformation of X preservingthe �b er

structure stil l remain isomorphic to H il b2(S0) for a K3 surface S0 ?

The answer to the question above is negative. In general, a deformation of X

preservingthe �b er structure is no longer H il b2(S0) for a K3 surfaceS0.

Proof. Let D = f � c1(OP2 (1)) 2 H 1;1(H il b2(S))Z be the pull-back of the hyperplane

classand E 2 H 2(H il b2(S); Z) be the exceptionaldivisor.

Lemma 4.1. Denote the Kuranishi space of Hilbert schemesof two points on K3

surfaces by KH . The analytic subvarietyof KH for which D 2 H 1;1(H il b2(S))Z is of

type (1; 1) is of complexcodimensionat most 1.

Proof. H 2(H il b2(S); Z) = H 2(S;Z) � E.

The Hodgenumbersof H 2(H il b2(S); Z) are (1; 21; 1), and let � 2 H 2;0(H il b2(S)).

The only condition on a �rst order deformation of H il b2(S) that D remains in H 1;1

is that the \deformation" of � has intersectionzerowith D.

Therefore, inside the 21-dimensionalspaceKH there is at least a 20-dimensional

spaceof deformationswhich are �brations over P2.

27



Lemma 4.2. For every K3 surface S, the analytic subvarietyof the moduli space of

K•ahler K3 surfacesS0 suchthat H il b2(S0) �= H il b2(S), is discrete.

Proof. SinceE is an integral class,there arecountably many possibilitiesfor E. From

E we can reconstruct its orthogonal complement H 2(S;Z) and by Torelli's theorem,

we can reconstruct S, ([1]). Hence,we get countably many possibilities for S.

Denote the Kuranishi spaceof K3 surfacesby K. Consider the analytic subva-

riety I = f ([S0]; [X 0]) 2 K � KH jS0 is a deformation of S, X 0 is a deformation of

X = H il b2(S), X 0 is a �bration over P2 and X 0 �= H il b2(S0)g.

There aretwo maps: � 1 : I ! K and � 2 : I ! KH . The map � 2 has0-dimensional

�b ersby Lemma 2.

Prop osition 4.1. The map � 1 : I ! K is nowhere submersive.More precisely, if S0

is a K3 surface with H 1;1(S0)Z = (0), then S0 is not in the imageof � 1, i.e., H il b2(S0)

is not a �br ation over P2.

Proof. A generalK3 surfaceS0 doesn't have any divisors, i.e., H 1;1(S0)Z = (0). We

are going to prove the proposition by way of contradiction. Assumethere exists a

surjective holomorphic map g : H il b2(S0) ! P2. Then the divisors D and E are

proportional, becauseH 1;1(H il b2(S0))Z = H 1;1(S0)Z � E = (0) � E = E.

In particular, D [ D [ D 2 H (3;3)(H il b2(S0))Z) is proportional to E [ E [ E.

Consider the inclusion { : E ,! H il b2(S0), then E [ 4 = {� (c1(NE =H il b2 (S0))[ 3): We

want to compute this cup-product.

Take the commutativ e diagram:

E ,! Ŝ0 � S0

# #

S0 �= � ,! S0 � S0
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By the properties of blow-up, E = P(TS0); N
E =Ŝ0� S0

�= O(� 1) and NE =H il b2(S0)
�=

O(� 2).

Then, H � (P(TS0)) = H � (S0)[� ]=(� 2 + a1� + a2); where� = c1(OE (1)):

Now we want to determinea1 and a2. There is an exact sequence:

0 ! O(� 1) ! � � TS0 ! Q ! 0;

whereQ is a line bundle and � : E ! S0.

Applying Whitney sum givesus:

c(Q) =
� � c(TS0)
c(O(� 1))

=
1 + � � c1(S0) + � � c2(S0)

1 � �
= (1+ � � c1(S0)+ � � c2(S0))(1+ � + � 2+ : : : )

SinceQ is a line bundle, c2(Q) = 0, therefore� 2 + � � c1(S0)� + � � c2(S0) = 0. For

a K3-surfaceS0, c1(S0) = 0; c2(S0) = 24, hence� 2 = � 24[f ], where [f ] is the classof

a �b er of � .

We get {� E [ 4 = (c1(NE =H il b2(S0))[ 3) = (� 2� )3 = (� 8)� (� 24[f ]) = 192[p], where

[p] is the classof a point.

However, D [ 3 = 0, but E [ 4 6= 0, henceE [ 3 6= 0 as well and D and E cannot be

proportional - a contradiction.

Since S0 determines X 0 = H il b2(S0), the map � 1 is injective. The dimension

of K is 20 and since � 1 is not submersive, we get that dim(I ) � 19. Therefore,

dim(� 2(I )) � dim(I ) � 19.

The locusof deformationsof X that are �brations over P2 hasdimensionat least

20 (by Lemma 1). So, a genericsuch deformation is not in the imageof I , i.e., it is
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not isomorphic to H il b2(S0) for any K3 surfaceS0.
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Chapter 5

A Special class of hyp er-K •ahler

manifolds

5.1 Four-folds �bred by Jacobians

Here we assumethat the irreducible holomorphic symplectic manifold X is �bred

by abelian varieties, and that this �bration has a section. Ultimately, our goal is to

relate X to the examplesdue to Beauville. Markushevich considersa special classof

such �brations and provesthe following theorem:

Theorem 5.1. [11] Supposethe irr educibleholomorphicsymplectic four-fold � : X !

P2 is �br ed by Jacobiansof genus-twocurves,and that the �br ation admits a section.

Then X is birational to H il b2(S) for someK3 surface S.

Here we outline how the K3 surfaceS is constructed: it is actually the double

cover of the dual plane (P2)_ branched over a sextic B .

Let Y ! P2 be the family of genus-two curves. Each curve Yt , for t 2 P2, is

hyperelliptic, being a double cover of P1
t := P(H 0(Yt ; KYt )) branched over six points.

Each of theselines P1
t is canonicallyembeddedin the dual plane (P2)_ .

The �bre X t is the Jacobian of Yt , and therefore its tangent spaceTpX t at any

point p 2 X t is H 0(Yt ; KYt ). Using the holomorphic symplectic form, and the fact
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that the �bres of X are Lagrangian,we can identify TpX t with

(� � 
 1
P2 )p = (
 1

P2
)t :

The Euler sequenceon P2 gives

0 ! 
 1
P2 ! H 0(P2; O(1)) 
 O(� 1) ! OP2 ! 0

and projectivizing we get the inclusion

P(
 1
P2 ) ,! P(H 0(P2; O(1))) = (P2)_

where the right hand side is the trivial bundle over P2 with �bre (P2)_ . Taking the

�bre over t 2 P2 provesthe claim.

The six branch points on P1
t will vary holomorphically with t, so for a pencil of

these lines in (P2)_ it will cut out a sextic. A priori, di�erent pencils could give

di�erent sextics;however, the six branch points on P1
t will actually be the points of

intersectionof P1
t with the curve B dual to the the degeneracylocus of the �bration

X . This establishesthat B is a sextic, and the double cover of (P2)_ branched over

B is thereforea K3 surfaceS. Moreover, pulling-back the line P1
t from (P2)_ will give

us a curve in S isomorphic to Yt , as both curves are double covers of P1
t branched

over the samesix points.

We have thus realized the baseP2 as a linear systemof curves on a K3 surface.

IndeedX is isomorphic to the moduli spaceof rank-onetorsion sheaveson S, which

moreover is birational to H il b2(S) (see[17]).

5.2 Main Theorem

We considerhyper-K•ahler manifolds of complex dimension 4. The special kind of

�brations we considerare the ones�bred by elliptic abelian varieties. We usetech-

niqueswhich are di�erent from the onesthat Markushevich usesand we obtain the
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following result:

Theorem 5.2. Let p : X ! P2 be a hyper-K•ahler �br ation with general �b er a

product of two elliptic curves. Assumethat the �br ation admits a section � and that

the general singular �b er is semi-stable.Then X is deformationequivalentto H il b2(S)

for a K3 sufrace S.

Proof. Take the open subsetU � P2 over which the �b ers of p are smooth. U is al-

gebraic. Indeed,p is a proper morphism, the singular locusof the morphism is closed

and the imageof a Zariski closedsubsetof X is Zariski closedsubsetin P2. Therefore,

the complement of the imageof the singular locus,which is U, is an algebraicopenset.

The �b ersover U areof the form E 1
t � E 2

t . We can form the �bration ~Y ! U with

�b ersof the form E 1
t [ E 2

t , wherethe two elliptic curvesare gluedalongthe section� .

Since ~Y is not normal, we can take the normalization ~Y nor ! ~Y ! U. Using Stein

factorization, the morphism ~Y nor ! U factors through a smooth proper morphism

with connected�b ers and an �etale morphism of degree2: ~Y nor ! V ! U.

According to [6], Section6.3., there is a uniquenormal variety �V , a �nite degree-2

morphism f : �V ! P2 and a �b er diagram:

V 2:1� ! U

y y

�V 2:1� ! P2

Indeed,let's cover P2 =
S

E i with open a�ne sets. Then we have the following maps

between the rings of functions: C(E i ) ! C(U) ! C(V): Take the integral closure

of C(E i ) inside the fraction �eld of C(V). It corresponds to �E i . We can glue all of

them together to get a variety �V ([7]) which is normal by construction. �V is unique,

becauseit is such that for every normal T and dominant morphism T ! P2, the

set of lifts: T 99K �V ! P2 is naturally in bijection with the set of factorizations:

C(P2) ! C( �V ) 99KC(T).
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Sincethe general�b er of X is semi-stable,the �bration ~Y nor ! V extendsto a

minimal family of elliptic curves � : E ! �V with a general �b er being semi-stable.

The singular �b ersare from Kodaira's list of degenerationsof elliptic curves. In codi-

mensionone there are no multiple �b ers. However, in codimensiontwo there might

be multiple �b ers, the �b er dimensioncan jump or E might not be even de�ned. We

are only interestedin codimensionone. Notice that E is a N�eronmodel [3] (the �b ers

are abelian varieties). There is an induced section� of the �bration.

Since the map f : �V ! P2 is 2:1, there is an involution i acting on �V which

interchangesthe sheetsof the �b ers. The involution is well de�ned on V and from

the �b er diagram above it is well de�ned on �V as well, becausewith i � 1V we can

construct the same�b er diagram sincethe mapsto P2 are the same.Thereforethere

will be an involution on �V compatiblewith the involution on V. Denotethe branched

locus of f by D and f � 1(D) = ~D. Let G be the discriminant locus of � : E ! �V .

Note that the intersectionG \ ~D consistsof �nitely many points. Indeed,if it wasn't

true, then G and ~D would have a whole component in common. The �b ers above

this component would be very degenerate(they will be products of two degenerate

elliptic curves). However, we assumedthat in codimensiononethe �b ersof the origi-

nal �bration haveat worst simplenormal crossingsingularities,sothis cannothappen.

The section� inducesa section(� , � � i ) of the map:

pr �V : E � �V i � E ! �V

and the involution i :	 �V inducesan involution iE on E � �V i � E.

Considerthe non-branched locus P2 � D and its pre-imageX 0 in X . Denote the
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induced �bration by p0 : X 0 ! P2 � D . By construction,

X 0 = E � �V i � EjV =iE (5.1)

Let L � P2 be a line intersectingD transversally at generalpoints of D. Denote

the pre-imageof L in �V by LV . The map f V : LV ! L is 2:1. We chooseL general

so that L doesn't intersect ~D \ G, soevery �b er of EL V � L V i � EL V ! LV over a point

of L \ ~D is smooth. Now we pull back our construction to L V and we have a rational

morphism:

LV � P2 X 99KEL V � L V i � EL V

which by Weil's extensiontheorem[3] is regularon the smooth locusof L V � P2 X ! LV

(the �b ersare abelian varieties).

Every section of p : X ! P2 is contained in the smooth locus of X ! P2, so it

pulls-back to a curve in the smooth locusof L V � P2 X ! LV (via the sectionf V � ).

Since KX = OX , the relative sheaf ! X =P2 = p� OP2 (3) and therefore � � ! X =P2 =

OP2 (3).

Considerthe relative tangent bundle with the natural isomorphism:

(f V � )� N f V � (L V )=LV � P2 X = f �
V (� � TX =P2 ) �! (� ; � � i ) � TE� i � E=�V jL V

For every point p 2 LV \ ~D, the map is L1 � L2 ! L1 � L2(p), whereL1 2 T� E jp

and L2 2 N � E =E�E
�= TE. Outside the branched locus, the map is the identit y.

From the above we get:

f �
V (� � � 2TX =P2 ) ! (� ; � � i ) � � 2TE� i � E=�V jL V ;
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or equivalently,

f �
V ! X =P2� ! (� ; � � i ) � ! E� i � E=�V� jL V

Also, we have:

! E� i � E=�V jL V
�= f �

V ! X =P2 (� LV \ ~D) �= f � [OP2 (3)(�
1
2

D)]jL V ; (5.2)

because~D ! D is 2:1.

However, ! E� i � E=�V = ! E=�V 
 ! i � E=�V . Denote by �M1;1 the coarsemoduli spaceof

marked elliptic curves. The singular locus of a family of elliptic curvesmaps to the

boundary of �M1;1. If we denote the pull-back of the boundary of �M1;1 by � , then

! E=�V = �
12 and similarly, ! i � E=�V = �

12.

Therefore,

(� ; � � i ) � ! E� i � E=�V
�= O �V

� G + i � 1G
12

�
= O �V

� f � 1(f (G))
12

�
= f � OP2

� f (G)
12

�
(5.3)

When we comparethe isomorphisms(5.2) and (5.3), we get:

f � OP2

� f (G)
12

�
jL V

�= f � [OP2 (3)(�
1
2

D)]jL V ;

or equivalently,

f � OP2

� D
2

+
f (G)

12

�
jL V

�= f � OP2 (3)jL V

Comparing the degrees,we obtain the relation:

1
2

deg(D) +
1
12

deg(G) = 3

The degreesof D and G are positive integers(otherwisewe would have trivial �bra-

tions), hencethere are two possibilities: (deg(D); deg(G)) = (2; 24) or (4; 12).
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Case 1: (deg(D); deg(G)) = (4; 12)

Sincedeg(D) = 4, �V is a del Pezzosurface(i.e., K �V < 0). We want to show that

E is rationally connected. Take two generalpoints p;q 2 E. Then f (� (p)) ; f (� (q))

are two generalpoints in P2. Then f (� (p)) 2 L p, whereLp is a tangent line to D at

f (� (p)) and f (� (q)) 2 L q, whereLq is again a tangent line. Let L p \ Lq = f rg.

Take a tangent line L to D and pull it back to �V : L �V
:= L � P2 �V . Its normalization

is ~L �V and Ej ~L �V
is an elliptic �bration over P1 with 12 nodal �b ers. The surfaceis

rational, becauseit is deformation equivalent to P2 blown-up at 9 points in the base

locusof a pencil of plane cubics([1], section5.12).

We can lift the lines L p and Lq to E and get Ej ~L p; �V
and Ej ~L p; �V

which are rational

surfaces.We can connectany two points on a rational surfacewith a rational curve.

Connectp to ~r and q to ~r , where~r 2 (f � ) � 1(r ), sop is rationally chain connectedto q.

The point ~r is a smooth point of E. In characteristic 0, we can smooth the nodal

rational curve if we have a generalpair p;q and if ~r is smooth. Therefore,E is ratio-

nally connected.

Fix a sections of i � E ! �V . Then we get a section ~s of E � �V i � E ! E. Sincewe

have a �nite morphism E � �V i � E ! X , we get a �nite morphism E ! X .

The image of a �nite morphism from a rationally connectedvariety to a hyper-

K•ahler manifold is of dimensionat most 1
2dim(X ), becausewe have a (2; 0) form on

X and there are no holomorphic (2; 0) or (1; 0) forms on a rational variety. However,

dim(E) = 3 and it is bigger than 1
2dim(X ) = 2 - a contradiction.

We ruled out the �rst caseand the only remaining caseis:
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Case 2: (deg(D); deg(G)) = (2; 24)

Then �V �= P1 � P1.

Take a tangent line L to the conic and pull it back to �V: L �V
:= L � P2 �V . Its

normalization ~L �V is reducibleand consistsof two copiesof P1, say ~L �V ;1 and ~L �V ;2.

Case 2.1:

Ej ~L �V ;k
is an elliptic �bration over P1 with 12 nodal �b ers, k = 1; 2. Then we repeat

the sameargument as in Case1 in order to excludethis case.

Case 2.2:

Ej ~L �V ;1
is an elliptic �bration over P1 with 24nodal �b ersand Ej ~L �V ;2

is an elliptic �bra-

tion over P1 with no singular �b ers. Then Ej ~L �V ;2
is the trivial �bration and therefore,

E is the pull back of an elliptic �bration on P1 through the projection on this factor.

And, sincethe elliptic �bration on P1 has 24 nodal �b ers, it is an elliptic K3 surface

S ! P1.

After consideringall the cases,we seethat:

E � (P1 � P1) i � E = (S � P1) � (P1 � P1) (P1 � S):

We want to prove that (S � P1) � (P1 � P1) (P1 � S) �= S � S. Indeed, we have the

following commutativ e �b er diagram:

S � S � ! P1 � S

# & #

S � P1 � ! P1 � P1
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Therefore,

E � (P1 � P1) i � E = (S � P1) � (P1 � P1) (P1 � S) �= S � S:

But X is birational to the desingularizationof E � (P1 � P1) i � E=~i (by (5.1)) which is

deformation equivalent to S � S=Z2. Therefore,X is deformation equivalent to the

desingularizationof S � S=Z2 which is H il b2(S) by Fogarty's theorem (seeChapter

2, Section2.1). With this we �nish the proof of our main theorem.
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