MULTIVARIATE CALCULUS PROBLEMS

MUSTAFA KALAFAT

1. ANALYTIC GEOMETRY

1.

Let f and g be two continuous functions on [0,1]. Their dot product is

defined by, f-g= [, f(z)g(z)dz.

[A]
Find the length of the functions, v;(z) =1 and vy (z) =z .

B]

Find the angle between v; and vs.
€]

Show that the functions, 22 — 1 and 622 — 62 + 1 are orthogonal to
each other.

[A: 1,1/v/2;30%]

2.

Find the distance between the points, (527)32, and (32—11)2":0 in R*.

[A: 1/v/5)

3.

Find and sketch the surface, obtained by the union of the tangent
lines of the surface,

S a2+’ +22—1024+16=0
passing through the origin.
[A: 922 = 1622 + 1617
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4.
Find the equations of the tangent planes to the surface,
S:a?4+9y*—6x—-9=0
passing through the point [ -2, 0, 1923 |.
[A: 3z £ 4y + 6 = 0]

9.
Find the equation of the line passing through the points [2,0,0,0] and
0,1,5,6] in R
Ag= - o s
6.

Find the parametric equation of the '2 dimensional’ plane, passing
through the points [1 1 11],[1234],[0039]in R

[Ai [z y 2 t]=[12 3 4]+u[l 1-2-8+v[0123], (u,v) € R?]

2. DIFFERENTIATION

1.

Given a paraboloid t = 22 + y? + 22, 7" denotes the dimension

"time”.

[A]

Find the equation of the normal line at the point [1,2,3,14].
[B]

Find the equation of the tangent space at this point.

[C]

Obtain the same equation via the parametric(vector) one by

elimination, without any use of the gradient.
[D]
Find the equation of a plane, tangent to the paraboloid at this point.

Lx—1 _ y—=2 _ z—3 _ t—14. — .

[zyzt)=[1 2 3 14)+u[1 0 0 2]+v[0 1 0 4]]
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[A]

Calculate the value of, f(z,y) = /1 + zy? at [1-9,-1-9] approximately.
[B]

Find the equation of the tangent plane to the graph of f at [2,-2], and

calculate the z-coordinate of the point with x=1-9 and y=1-9 on this
plane.

[C]
Comment on the numbers you have obtained.
[A: 2:8, 22 — 4y — 3z = 3,2-8, The tg-plane approximation]

3. ImPLICIT FUNCTIONS

1.

Find the critical points of the function z = g(z, y) defined by the
equation,

—x2 2
22x—x° 3e2zy+y =9

[P(]’l ===, 1113,:{:\/ ln3]

(&

4. EXTREME VALUES

1.

Find and classify the critical points of

flay) = (1—2"—y?)(xy)

[ Saddles: (0,0), (£1,0), (0, 1),
L.Max: (£1/2,+1/2),
L.Min: (£1/2,F1/2)]

2.

Let Py be a point sliding over the ellipsoid, 22 + % + 24—2 = 1. Find the
location of Py=(a,b,c) a,b,c>0 such that the volume in the first
octant, bounded by the tangent plane to ellipsoid at Py and the

coordinate planes is minimum.

[A: [1,2,3]/V3]
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3.

Choose a point Py = (g, Yo, z0) on the surface ””3—9 + % + % =1, and
calculate C' = xgyozo + % This question worths C points.

[C<10]

4.

[A]
Find the distance from the point [1 1 1 0] to the hyperplane,

20 —y+ 2+ V10t = 14.

[B]

Obtain the same result by using the extension of the formula
‘distance of a point to plane in R?’.
[A: 3]

5. DOUBLE INTEGRALS

1.

Find the volume of the region in the first octant, below
22y
=l

[A: % ab]

2.

Find the average value of f(z,y) = xy over the region

0<2,0<y<
<2,0<y< 0

[A:1/7]

6. TRIPLE INTEGRALS

1.

Write the volume of the solid in the first octant bounded by the
planes,

z2=2,6c+2y+32=12
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as a single iterated triple integral, and evaluate it in an efficient way.
12—32 12—2y—3z

A [2[555 [0 dudydz, 7)

2.

Find the volume of a solid in R?, whose image in the u-v-w space lies
in the first octant and bounded by

w=0,w=4,6u—+2v+ 3w =18.
Where, u-v-w is related to R?* by the following equations,
u = xsin23 — ycos 23 + cosh z

v = x cos 23 + y sin 23 + 2%€5?

6w = z.
[A: 156]
3.
Calculate the volume of the ellipsoid Z"—j + z—i + i—i =1.
4.
EvaluatefffE‘(’;—;—FZ—;—Fi—deWhereE:2—§+z—§+’z—§§1.
[A: imabc]

7. LINE INTEGRALS

1.

Describe the path of an ant, which is located at the center of a
revolving disc about the origin, and started moving towards the +x
direction with a constant speed a. The disc has the angular velocity

w.

[A: ¢(t) = at[cos wt, sinwt] |

2.
The velocity field on the surface of a river is given by
Viz,y) =le" e"].
Find the path of the ball released at the point [0,1].
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Describe the electric field generated by the object of charge Q, placed
at the origin, and show that this electric field is conservative.

F=k42 k= 4
72 TEQ
A FE =k [2.9.7] = +Q
[A: Elv,y, 2] = kQ vy 2 el
4.
ol —y x
B =—
r.9] = S )
is a vector field on R? — {0} where o, I € R*
and C : 22 +y? = a’.
[A]
Evaluate §c B - dr , in the counterclockwise direction.
[B]
Determine whether B is conservative in this region. If so, find its
potential.
[A: p1o] , NOJ
5.

Let P,Q be two scalar fields having continuous partials with P, = @,
except at the points (£4,0) and (0,0) in the plane. Let
Cr:z*+9y*=1
Co:(z+2°+y" =09
Cy:(x—2+y*=9
Cy:a*4+9y*=25
And the integrals ¢, Pdz + Qdy over Cy,Cs3,Cy in the
counterclockwise direction are Iy = 5, I3 = 3, I = 7 , respectively.
[A]

Find the value of I;.

[B]

Draw any three curves, having the integrals 2 , 6 , 8.

[A: 1]

6.

Evaluate ¢, (y — z)dz + (v — z)dy + (z — y)d=
where C is the boundary of the plane x + 2y + z = 2 , in the first
octant.
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[A: -2]
8. SURFACE INTEGRALS
1.
Evaluate [ [ Wi#w, where S is the plane ax + by + cz = d # 0.

[Hint : Use the Gauss Law]

[A: 2m/a? + B2 + ¢2/d]]

2.

Calculate [ [, CurlF -iido where S : 2° 4 y* 4 2° = 4a” |
2?2+ 9% >a% a#0,
i : unit outward normal and F = 22¢%i + 22e¥] + y2e*k
[A: 0]
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