1 Differential forms

1.1 A word on terminology

We will begin by stating various terminology, which is frequently abbreviated
and misused: A wvector is a point in R". A k-tensor on R™ is a multi-linear
function T: (R")* — R. We denote the space of k-tensors on R" by T#(R").
An alternating k-tensor is sometimes called a form. In fact, k-tensor is
sometimes called a form. A wvector field on an open set U C R" is a function
v:U — R". A k-tensor field on U is a function T:U — T*(R"). Just as a
vector field on U is a choice of vector for every point of U, a tensor field on
U is a choice of tensor for every point of U. A k-tensor field is sometimes
called a tensor field, or a k-tensor, or a tensor. Calling a tensor field a
tensor is confusing and misleading (no one calls a vector field a vector); it
is also common practice. The “strain tensor” that one learns in engineering
(I have only the vaguest idea of what it is) is presumably a tensor field, in
that it assigns a tensor (also called the strain tensor) to every point of the
material. The curvature tensor of Riemannian geometry is likewise a tensor
field; we evaluate the curvature tensor field at a given point to determine
the curvature tensor at that point. An alternating k-tensor field is a field
of alternating k-tensors; it is a choice of alternating k-tensor at every point
of U. It is also called a form field, or a form, or a differential form. The
latter terminology is probably the most common. A differential form is most
precisely and properly called an alternating k-tensor field.

1.2 Tensors

We say that T: (R™")* — R is multilinear if it is linear in each coordinate; in
other words,

T(vo,..., Ay« 0k) = AT (vg, ooy U4y ooy ),

and

T(vgy .. v+ 0, k) =T (voy .oy 04 o 0p) + T(vg, .o, 0L V).
We call such a multilinear form a k-tensor (on R™). We let 7%(R") denote the
space of k-tensors. Then 7*(R") is a vector space (over R) with pointwise
addition and scalar multiplication. We let eq,...e, be the standard basis



vectors for R™. We let [n] denote the sequence 1,...,n (or the associated
set), and we let [n]® be the set of sequences 7:[k] — [n]. Given such a
7, we let e; be the sequence e,q),...,e;u), so that T'(e;) is shorthand for
T(erq1), - --ery). We will prove the following:

Theorem
For every t: [n]* — R there is a unique T € T*(R) such that

T(e;) = t(7)
for every T € [n]".

Before we prove Theorem 1, we will define ¢™ € T*(R") where T € [n]*, by

k

o (o) = [ vr®-

=1

(Recall that v/ is the j' coordinate of v). Therefore, for 7,0 € [n]*, ¢7(e,) =
0o, where 6., is 1 if 7 = o, and zero otherwise.

Proof of 1:

Given t: [n]* — R, we let T} = > renpr L(T)@7. Then

Tiler) = ) Ho)¢"(er)

o€ln]k

= > t0)d,r

o€ln]k

= t(7).

This shows existence. For uniqueness, we can use multilinearity to write, for

a k-tensor T,
k

T(’U[k]) = Z T(eg) va(i).

o€[n)k i=1

We can derive a corollary of the uniqueness part of this theorem:



2 Corollary
The {¢" },¢pps form a basis for 7%(R™).

Proof:
First, if 3 A-¢7 = 0, then A, = > 1 A-97(e5) = 0 for all o €

[n
follows that the ¢” are linearly independent. Second, given T" € T" (]RA
write T = 3 i« T(e7)¢™. Then T(e,) = T(e,) for all o € [n]*,

by Theorem 1.

I
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We can define the tensor product @:7*(R") x T/ (R") — T*(R") by
(SRT)(v1,- - vp11) = S(v1,- -+, U6)T (Vks1, - - -, Vgyy). The tensor product is
bilinear. If we denote by (¢, 7) the sequence (o(1),...,0(k),7(1),...,7(1))
then ¢ ® ¢™ = ¢@7), and we can write ¢° = ¢°D @ --- @ ¢°®), where
¢'(e;) = dij.

If Q: R"” — R™ is a linear transformation, and T' € 7*(R™), we can define
QT € TFR™) by (Q*T)(v1, ..., vx) = T(Q(v1), ..., Q(vy)). We observe that
QS T) = (@) x (Q°T).

1.2.1 Exercises

1. Find
¢"*1((2,3), (4,1), (5,7)).

2. Find tensors S and T such that SR T ZT ® S.

3. For every non-zero 1-tensor R on R"™ there exists an invertible linear
transformation 7: R™ — R” such that T*R = ¢'.

4. Find a tensor T' € T?(R?) such that T # R ® S for all 1-tensors R, S
on R?. What 2-tensors T on R™ can we write as R ® S?

5. Show that we can write any T' € 72(R") as
T = Z R; ® S,
i=1

where R;, S; € T! (Rn)



1.3 Alternating tensors and the wedge product
1.3.1 Generalized signs

We first define various extensions of the sign of a permutation. We define
sgn: N — {—1,0,1} by

-1 ifn<0
sgnn =< 0 ifn=20
1 ifn>0

For o: [k] — [k] a permutation (we will write o € Sy), we can write

sgno =sgn [ o() o),

1<i<j<k

or equivalently,

seno =sgn [ (o) — o ()i — ),

where Z§ is the set of two-element subsets of [k]. We can then observe that

sgn(oor)=sgn [[ (o(7(0) = o(r(5)) (G )

{i.7}eTy
=sgn |[ (o(r(@)) —o(r())(r()) = 7(j)) sen [ (r(0) = 7)) —J)
{i.j}yek {i,j}eTk
= (sgno)(sgnr).
If o is a transposition, then sgn o = —1. More generally, for any o € [n]* we

can define sgn o by the same formula; then it is non-zero if and only if o is
injective, and 1 when o is increasing. We can define even more generally, for
o:1 — N, where I C N is finite,

sgno = sgn H o(3) —o(i).
iLyel
1<)
Thenifo(l) = J,and 7: J — N has domain J, then sgn(roo) = (sgn7)(sgno).
For any finite I C N we can let |I| be the cardinality of I, and identify I with
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the increasing function defined on [k] (where k = |I|) whose image is I, so we
can write [ = {I(1) < ... < I(k)}. Thus by (v;) we mean (viy, ..., Vi)
For I,J C N, we let

sgn(I,J) = sgn H Jj —i.

icl,jeJ

More generally, for I, ..., I, C N, we let

sgn(ly,...,Ix) =sgn H s—T.
TGIZ',SEI]'
i<j

We show the following:

3 Lemma
1. sgn(1ly,...,I}) # 0 if and only if the I; are pairwise disjoint.

2. sgn(J, 1) = (—1)Wlsgn(1,J).
3. sgn({ U J, K)sgn(l,J) =sgn(l, J, K).
4. Foro: K - N,and IUJ =K, INJ=0,

sgn(o) = sgn(I, J)sgn(o|r)sgn(ol|s)sgn(o(1),o(J))

Proof:

1. This is immediate.

2. Interchanging I and J in sgn(/, J) multiplies every term in the product
by —1; there are |I||J| such terms.

3. We write, for I, J, K mutually disjoint,

sgn(l,J,K) = sgn H (s —r)

rel,seJ or relUJ,;se K

= sgn H (s —r) H s—r

rel,seJ relJJ,se K

= sgn(/,J)sgn(/ U J, K).

5



More generally we can verify that

n—1

sgn(l1, ..., I,_1)sgn ( L_Jl I, [n> —sen(lh, ..., I,).
4. We write
sgno = Sgn{' 1}_[IK(U(j) — (D) — 1)
= sgn ,;11;"(” —o(i)) JL@' )
{giﬂ?gm — (D) : i): 1}_[IJ(0(j) —o(0)(j — 1)

= sgu(o(1),0(J)) sen(l, J) sgn(ol:) sgn(ol,)

(where Z? is the set of two-element subsets of I).

1.3.2 The Determinant
We define Det € T*(R¥) by

Then, for any 7 € Sy,

Det — Z ¢O'OT



and then, for any sequence (vy)) € (R¥),

K
Det(v,) = (sgn) Z sgno H'UZ

oESk =1
k
(sgnT) Z sgn o H
€Sk =1
= (sgn ) Det(vp). (1)

1.3.3 Alternating tensors

We say that a k-tensor T on R" is alternating (or anti-symmetric) if

T(v,) = (sgno)T (viw) (2)

for every sequence (vy) € (R™)* and permutation o: [k] — [k]. Because ev-
ery permutation can be written as a product of transpositions, it is enough
to check (2) for all transpositions (or even transpositions of consecutive
numbers); this is the usual definition of an alternating tensor. Note that
if T(vy)) has a repeated value, then there is a transposition that inter-
changes those two inputs; it follows that T'(vy) = —T'(vp)) and therefore
T'(vpy) = 0. Thus equation 2 can be extended to non-injective 0. We can
then write, for any o € [n]*, T'(e,) = (sgn o)1 (ey(x))) when o is injective, and
T(es) = 0 otherwise. (By (es())) we of course mean (er(y, .. .,erux)) Where
I'={I(1) < ... < I(k)} = o([k])). It follows that the values of T'(e,) for
o € [n]¥ can be deduced from the values of T'(e;) for I C [n], |I| = k. Thus an
alternating k-tensor 7" is determined by t7: Z;' — R defined by t7(1) = T'(e;).
We denote the space of alternating k-tensors on R™ by QF(R").

By (1), we observe that Det € QF(R¥). In fact, if A\ € QF(R¥), then \ =
A(ef) - Det because the two alternating k-tensors agree on [k|, the unique ele-
ment of Z. In particular, if T: R¥ — R* is a linear transformation, then then
T* Det = Det(Tey, ..., Te;) Det; if we let det T' denote Det(Teq, ..., Tey); we
obtain 7" Det = (det T") Det, and thereby det(S o T) = det S - det T' for all
linear transformations S,7: RF — RF.

Suppose that I C [n], and |I| = k. We define 7: R" — R* by 7/ (vp,) =
(v7). We can then define ¢! € QF(R") by

o(v1, ..., vr) = Det(n! (vy), ..., 7 (vp)).



Then ¢! € QF(R™) because Det € QF(RF). We can easily verify that ¢!(e;) =
dry, where 07y is the Kroneker delta on Z;'. Given an arbitrary function
t: I — R, we can define T € QF(R") by T = Drery t(I)¢!; then T(er) =
t(I). Thus we have shown:

Theorem
Given t: I}' — R, there is a unique T € QF(R"™) such that

T(el) = t([)
for every I € 17

We can likewise show

Lemma
The {¢"}1ezp form a basis for QF(R™).

1.3.4 The wedge product

We now define the wedge product, which is a bilinear form from QF(R") x
QYR™) to Q*(R™). The wedge product of a and 3 is written o A 3. We
define

(@AB)(vx) = > seu(l, J)a(vr)B(vy),

IuJ=K
1=k T|=t

where K = [k +1]. So far we know only that a A 3 € T"(R*"); we will
verify as 1 below that a A 3 € QFF{(R"). The reader should check that the
equation will also hold if we replace [k + [| by some other index set X C N
of size k + [; this will be a convenient observation. We will then show:

1. If a € QF(R™), and 8 € QY(R™), then a A § C QFH(R™).

2. BAa=(—1)lPla A B where |a| = k if a € QF(R™).

3. anN(BAy)=(aNB)NYy.

4. ¢t N @7 = sgn(I, J)¢™ when I'NJ = 0; ¢' A ¢7 = 0 otherwise.

Proof:



1. We must show that if 0 € S,,, then (oA 3)(vs) = (sgno)(a A B)(Vjty)-

We write

(A B)(vy) =

Z sgn(/, J)O‘(U0|I>B(UU|J)

TUJ=[k+]

> seu(l, J)sgu(olr) sgn(ols)a(ve(n)B(va)

TUJ=[k+]

> sen(o)sgu(a(l), o(J)ave(n)B(va)

TUJT=[k+1]

S sen(o) sen(l', J)a(vr)Bluy)

I'uJ’=[k+1]
(where I' = o (1), J = o(J))
= (sgno)(a A B) (V1)

2. We write
(a A B)(vk)

3. We write

(A B)AY)(on) =

— Z sgn(1, J)a(vr)B(vy)

IuJ=K

— Z sgn(1, J)B(vy)a(vr)

IuJ=K

— Z sgn(J, I)B(vr)a(vy)

JUI=K

— Z (=)W sgn (1, .J)B(vr)a(vy)

JUI=K

- Z (=) Bl sgn (1, J)B(v)a(vy)

JUI=K

= (=173 A a)(vk).

sgn(K, L)(a A B)(vk)y(vL)

sen(K.L)( Y sen(l. Da(o)B(es) )y (vr)

M IUJ=K

sgn(Z, J)sgn(I U J, L)a(vr)B(vy)y(vr)

IUJUL=M

sgn(l, J, L)a(vr)B(vs)y(vr).

IUJUL=M

KUL

(]

KUL
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We can then likewise write
(@A BAN) (o)=Y sen(, ], L)a(vr)B(vs)y(vr).
TUJUL=M

In fact, we can write

(1 A A ag) (o) = sgn(]l,...,lk)Hai(vli).

4. We write, for |K| = |I| + |J|,

(@' AoM)ek) = > sen(l, J)¢ (er)d’(es)

RUS=K

= > sgu(I,J)drdss

RUS=K
= Sgn(Iv J)é(IUJ)IO

because the only possible non-zero term of the sum occurs when R = [
and S = J, and that can only occur if K = I UJ. Therefore ¢! A ¢ =
sen(l, J)¢™ 7 if [T U J| = |I| + |J|. (because the two sides agree on
{ex}ixi=ir+1)) and ¢ A ¢7 = 0 otherwise.

Thus we can write ¢! = ¢/ A ... A ¢'1D; in particular Det = ¢[n] =
LA LLLA P

We observe that if (:R®™ — R™ is a linear transformation, and a €
QF(R™), B € QY(R™), then Q*(aAB) = Q*aAQ*B. This “naturality” follows
directly from the coordinate-free definition of the wedge product.

1.3.5 exercises
1. Find ¢!} ((1,2,3,4),(5,6,7,8)).
2. What is the dimension of QF(R™)?
3. What is ¢pt135} A {24517
4. Prove that

sgn(1, J)sgn(K, L)sgn(I U J, K UL)=sgn(l, ], K,L).
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5. Prove that
n—1
sgn(U 1;, In) sgn(ly,...,L,—1) =sgn(ly,..., I,).
i=1

Use that to prove that

ar A A ag(vy) = Z sgn(ly, ..., Iy)a(vy) - - a(vr,).
LU, . .Ul=M

6. Prove that

k
sgn(o) =sgn(ly,...,Ix)sgn(o(ly),...0(lg)) H sgn(olr,),

i=1
where the domain of ¢ is partitioned into I, ..., .

7. Given a linear transformation 7: R" — R", let T*: R™ — R"™ be defined
by (T'z,y) = (x,T*y) for all x,y € R". Prove that det 7" = det T

8. Find w € Q%(R?) such that w A w # 0.

1.4 Form fields and the exterior derivative

Let U C R™ be open. A wector field v on U is a map v: U — R". A k-tensor
field 7 on U is a map 7:U — T*(R"™). If vy,...,v; are vector fields on U,
and 7 is a k-tensor field, then 7(vy,...,vx) is a function from U to R. We
say that 7 is C" (for r > 0) if, for every sequence vy, ..., v, of C" vector
fields on U, the function 7(v1,...,v) is C*. We denote the space of C"
k-tensor fields on U by C"(U; T*(R™)); likewise we denote the space of C”
vector fields on U by C"(U;R"). If 7 € C"(U;T*(R")) then we can write
7:(C"(U;R™)) — C"(U,R); because 7(vy,...,v;) is a real-valued function
on U when vy,...,v; are vector fields on U. On the other hand, not every
function 7 from £ vector fields to real-valued functions on U is a k-tensor
field; we require that 7 is C"-linear; which means not only that 7 is additive
in each coordinate, but that

T(V1, .y G Viye k) =g - T(V1, ..., Ug)

for every C" function g: U — R.

11



If z € U, then 7(x) € T*(R"). Therefore we can write, for every = € U,
T(x) = Y pepp fr(z,0)¢7, where f.(z,0) = 7(z;€,). We can also write
T = 2 el To®”, where 7,(z) = 7(x;€,). Thus every k-tensor field on U
can be written as a linear combination of the tensor fields ¢, with coefficients
that are real-valued functions on U. If 7 is C* then the functions 7, are C¥;
conversely, if 7 = de[n]k 7,¢° and the 7, are in C*, then 7 € C* (the reader
can verify).

We say that 7 is a k-form field (or more precisely and long-windedly, an
alternating k-tensor field), if one of the following three equivalent conditions

hold:

1. For every z € U and vectors vy, ...,v; in R", and every permutation
0 € S 7(x;05) = (sgno)7(x; vp).

2. For every sequence vy of vector fields on U, 7(v,) = (sgno)7(vp).
3. For every o € [n]*, 7, = (sgn o) 7, ()

The third condition means that 7 is an alternating k-tensor field if and only
if we can write 7 = ) rezp 710!, where the 77 are real-valued functions on U,
and ¢! in this context is the alternating k-tensor field given by ¢(z) = ¢';
in other words, its value at every point = € U is the alternating k-tensor ¢’.

The form field ¢’ is usually written dx’.

We can take the wedge product of form fields by taking it pointwise; in
particular, we can write dx’ = dx'W AL oA A1,

A zero-tensor field is a function; any zero-tensor or one-tensor field is
automatically alternating. If f € C"T1(U), we define df € C"™(U;Q*(R™)) by
df (z;v) = Df(x)v. We can compute

df (z) = ZDif(x)dxi.

We have thus defined the exterior derivative d: C>(U; Q°(R")) — C>°(U; Q'(R"));
we will extend it to d: C°°(U; Q¥(R")) — C>(U; Q*1(R")) by writing

d(Z ffdxl) = dfyda.
I I
We will prove the following:

12



6 Lemma
The linear operator d: C®°(U; Q*(R")) — C>®(U; Q*1(R")) is the unique
such linear transformation satisfying

1. df(z;v) = Df(x)v for every function f and vector (z;v),
2. d(aApB)=daA B+ (=1)aAdj for all form fields o and (3, and
3. d(df) = 0 for every function f.

Proof:
We first show that our standard exterior derivative defined in (1.4) satisfies
1, 2, and 3. 1 is obvious. For 2, we write

d(fdx' A gda’) = sgn(1, J)d(fgdz"™")
=sgn(I, J)(gdf + fdg) A dx'’
= (df Adz") A (gda?) + (=D fda! Adg A dx?
= d(f dz") A (gda”?) + (=D f da? A d(g dx7)

For 3, we observe
d(df) =Y d(Dif) Ada’
= D;(Dif)dx’ A da’
1,J
=0 by the law of mixed partials.

Next we show that if d: C(U; QF(R")) — C(U; Q**!(R")) is a linear trans-
formation that satisfies 1, 2, and 3, then d = d on all form fields. By 1
df = df for every function f. Next we show by induction that d(dz!) = 0.
Let I = {i} UTI', with i = I(1) and |I| = |I'| + 1. We assume by induction
that d(dz') = 0. Then da’ = da* A da”', and
d(dz") = d(dz’) A da” — dat A (d(dz")) (by 2)
= 0Adz!" —dz* A0 (by 3 and induction).
Finally, by 1 and 2,
d(fdz") = df A da" + fd(dz')
=df Ndx'.

13



Thus, by linearity da = do for all form fields o = S ardal. @

Suppose that f:U — V is C°, where U C R™ and V C R" are open,
and o € C°°(V; Q*(R™)). We define the pullback f*a € C=(U;Q*(R™)) by
(fa)(@;vr, .., o) = alf(2); Df@)or, ..., Df (@), (3)
We observe that, for g € C>(U),
fr(dg)(z;v) = dg(f(x); Df(z)v)
= Dy(f(z))Df(z)v
= D(go f)(z)v
= d(go f)(w;v).
So f*(dg) =d(go f) =d(f*g). With f as before, and I € Z}!, we let
dff = df' ™ A AdFT®),
so dn! = dx'. We require the following:

Lemma
d(dff) = 0.

Proof:
We can write [ = {i} U I’ as in the proof of Theorem 6. Then by induction,
d(df") = 0. Then

(df' ndf")

d(df") =d
d(df'y Ndf" —df* nd(df")
0

We can then write
d(f*(gdz")) = d((f*g)df")
=d(f*g) Ndf!
= [*(dg A da)
= [*(d(gdz")).

It follows then that d(f*«) = f*da; in other words, d is natural for the
pullback operation.
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1.5 Two simple special cases of Stokes’ theorem

If feC®U), the support of f, written supp f, is Cl{z € U | f(x) # 0}. If
w € C®(U; Q*(R")), then we can write w = Zlezg wrdx!; the support of w
is the union |J rezp SUPP W Note that f € C°°(R™) has compact support if

and only if it is non-zero on a bounded subset of R™.
If w e C®(U; Q"(R")), then we can write w = fdz' A...Adz"; we define

/w:/fdxl/\.../\dm”:/f.
U U U
Proposition

Suppose that w € C*(R", Q"~1(R")) has compact support. Then

/ dw = 0.
Proof:

We let doi be dz' A ...dat... A dx", where the dzt indicates that dz’ has
been ommitted. Then

We now prove

o 0 L
dxj/\dxlz{ ifi 7 (4)

(=1)ida* Ao Adz™ ifi=

We can write w = Y1 | w; dz?, where w € C*(R") has compact support.
Then

dw:zn:zn:Djwidxj/\%

i=1 j=1

i=1

We can write

= (—1)1/ N / Diwi(l’l,...,l’,’,...,l’n)
S (zl,..xt..z?)eR?—1 Jg;=—c0

15



Now define 4,: R*™' — R™ by i,,(x1,...,2,-1) = (0,21, ...,7,_1), O, equiva-
lently, i (x2,...,2,) = (0,29, ...,2,). We define the lower half-space H,, by
H,={z € R" | z' <0}. We will prove:

Proposition
Suppose that w € C*(H,,, T* }(R")) has compact support. Then

/ dw = / irw. (5)
n Rn—l
Proof:

We let w = Y7, w;dzi as in the proof of Proposition 8. Then dw =
St (=1 Diwidzt A ... A da™ as before. Then for i > 1,

i=1
[e.9]
Diw; = / / Diwi(z1, .., Tn)
Hy (CEl,...,fi,...,:En)GHn,1 Ti=—00

=0

by the fundamental theorem of calculus. For i = 1 we can write

0
Dyw, = / / Dywi(xq, ..., xy)
H, (22,00 )ER"—1 Jz1=—00

:/ wl<0,$2,...,$n).
(x27__.7xn)ER”71

Finally
W = (wi 0ip)in *dat
L= ]
—/ (wy 0dp)dat A ... Adx™ !
Rn—1
:/ w1(0, 29, ..., Tp),
(z2,...,Tn ) ERP 1L
which completes the proof of the proposition. @
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2 Integration and partions of unity

2.1 Iterated integration

Lemma
Suppose that f:[a,b] x R — R is continuous, where R C R™. Then Yy € R,
e >0, 36 > 0 such that Vz € [a,b], ¥ € R,

ly =y <6 = |f(z,y) — flz,y)] <e

Proof:

Given y € R, € > 0: For all « € [a,b] we can find an open interval I, C R
(with z € I) and 0, > 0 such that if (2/,3') € [a,b] X R, and 2’ € I, and
|y — y| < d,, then

ay) = fey)] < 3,

and )
|f(a7',y) - f(l',y)| < 5,
and then
(@ y) — (@, y)] < e

We can find finitely many x; such that [a, b] C |, I,,; we then let 6 = min; J,,.
Then any x € [a,b] lies in I, for some i, so if |y —y| < 0 < 0, then

|f(x,y')—f($,y)| < E.

We will use the usual notation f: f(x)dx (where f may depend on other

variables as well) as shorthand for the notation f;:a f(z).

Theorem
Suppose that f:[a,b] x R — R is continuous. Then F: R — R defined by

F(y) = ff f(z,y) dx is continuous.
Proof:

Given y € R, and € > 0, we can find (by Lemma 10) 6 > 0 such that for all
y € R, if [y — /| <6, then for all x € [a, b],

[ e [ )i

< €.
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This shows that F' is continous.
We can then inductively define the integral [ rJ, where R C R" is a closed
rectangle, and f: R — R™ is continuous, by

Jo= L]

where R = [a,b] x R’; in other words,

oLl
where R =[] [a", b'].

We would like to be able to say that we can interchange the order of
integration, so that, for example,

[ [ L e 0

To this end, we will prove the following:

Lemma
Suppose that f:[a,b] X [c¢,d] — R is continuous. Let Q:[a,b] X [¢,d] — R be

defined by .
ars)= [ [ s, (7)

Then D1Q(r,s) = fycfry

Proof:
We will show that Ve > 0 3§ > 0 such that if 0 < |h| < ¢ then

;L(Q(T—i-hs (r,s) / fry’

If s = ¢ then the left hand side is always 0. Otherwise, given € > 0, we let §
be such that

€

[z —r|<é = |f(z,y) — f(r,y)] < s — |

18



13

(such a § must exist by Lemma 10). Then for all y € [¢, s|, and 0 < |h| < 9,

‘ 1 r+h €

R R

T=r

'%/y: x:hf(x’y)_/y;f(r,y)‘ <e

We can then show:

SO

Theorem
Suppose that f:[a,b] x [¢,d] — R is continuous. Then

b d d b
yY) = ,Y). 8
Proof:

Let P(r,s) = [,_, [._ f(x,y), and let Q(r,s) be as in Lemma 12. Then
P(a,s) = Q(a,s) = 0 for all s, and D,P(a,s) = f;:cf(r, y) by the Fun-
damental Theorem of Calculus, so D1P(r,s) = D1Q(r,s) by Lemma 12.
Therefore P(r,s) = Q(r,s) for all (r,s) € [a,b] X [¢,d], which shows (8).
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