MAT131 Fall 2007 Midterm 1 Review

Sheet

The topics tested on Midterm 1 will be among the following.

(1)

(x)

Definition, basic properties and graphs of elementary functions: pow-
ers, exponentials, logarithms, and trigonometric.

The definition, basic properties and graphs of even and odd functions.

The definition and meaning of increasing and decreasing for func-
tions and graphs.

Reflection, translation and scaling of graphs and the corresponding
transformation of the functions.

Definition, basic properties, and graphs of inverse functions. Compu-
tation of an inverse function.

Definition, basic laws, and techniques for computing limits, one-sided
limits, limits using the squeeze theorem, limits equal to infinity, and
limits at infinity.

Identifying all discontinuity points (both the location and type), the
domain of a function, and all vertical and horizontal asymptotes. Ap-
plication of these notions to curve-sketching.

The statement of the Intermediate Value Theorem and its use in finding
zeroes of functions.

The definition of the derivative as the limit of a difference quotient,
and methods for computing derivatives directly from the definition.

Using the derivative to compute the equations of tangent lines.
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Following are some practice problems. More practice problems are in the
textbook as well as on the practice midterm.

Problem 1. In each of the following cases, determine whether the limit exists
as a finite number, and say its value if it is defined. If the limit does not
exist as a finite number, determine whether the limit is positive or negative
infinity. If the limit does not exist as a finite number or as positive/negative
infinity, explain why.

()

lim f(x), where f(z) = { _%, §28

Solution to (a)

lim f(z) = lim f(z) = lim f(z) =]0].

z—01 z—0— z—0
(b) |
lim & + sin(x) ‘
T—00 €T
Solution to (b)
—1 i 1
1= tim S < g TESR@) oL
T—00 €T T—00 xT —00 Xz
Thus, by the Squeeze Theorem,
lim 250 _ gy
T—00 €T
(c)
. Va?
lim —
x—0
Solution to (c)
)
lm Y = fim L =1
z—0t X z—0+ I
/2 _
tim Y2~ g 50
z—0- X z—0~- X



Since

. Va? . Va?
lim — # lim —,
z—0t T z—0~ X

thus

) 2 :
lim —— does not exist |.
z—0 I

(d)

3 — 222 —4xr + 8

}:1—{% x2 — 4
Solution to (d)
—2)(z* — 4 -4 (22—-4
lim(x )@ >zlimx :() :9:@.

7—2 (a:—Q)(CL’—i—Q) =2 1+ 2 242 4

(e)
lim In((5 + ™))

r—00

Solution to (e)

| - 1
lim In((5 + e~%)V/*) = limM = lim In(5) —=[0].

()
lim (V922 + 6z + 3x)

T——00

Solution to (f)

lim (V922 4 6z 4 3z) =

T—r—00

(92% + 6x) — (3z)?

lim —
z——00 /972 + 6z — 3z
) 6z
lim —
z==00 3(—4/9 4 (6/z) — 3)

lim 6
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(2)

.|z —=2]
lim
r—2 I — 2
Solution to (g)
-2 —2
o P2, T2
r—2+t T — 2 =2+ L — 2
-2 —(z—2
o P2 g 2
r—2— T — 2 r—2~ x—2
Since | ) | 2
T T —
li li
xl»2+ x—2 %wig{ x—2"
thus 5
lirr% g does not exist |
r—2 U —

(i)
22 —4x+3
lim —————
—1 g2 -1

Solution to (i)

ot —4dx+3 o x—3 =2

§)

. cosw
lim
x—0
Solution to (j)
0
lim cos(z) = lim cos(0) = lim — = +o0
r—0t X r—0t s z—0t T
0 1
lim _cos(x) = lim —COS( ) = lim — = —-o0
r—0~ X r—0~ X z—0— T

Each one-sided limit is defined as 400 or —oo, but the two one-sided limits
are not the same. Thus

lim cos(x)

x—0

' does not exist .
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(k)

lim x cos(x)

x—0

Solution to (k)
lim 2 cos(z) = 0cos(0) =0 x 1 =0

z—0

v
lim x cos(x)

T— 00

Solution to (1)

lim  cos(z)| does not exist |

r—00

since the values oscillate between very positive numbers (when z is between
(2N — 1/2)m and (2N + 1/2)7 for positive integers N), and very negative
numbers (when z is between (2N+1/2)m and (2N +3/2)7 for positive integers
N).

(m)

lim 32+ 20 — 1
z—oo  4x3 +1
Solution to (m)

3 20 — 1 3 2 2\ _ 1 3 2 2\ _ 1 3
g B2 PO Q) () @) = (/) g
r—oo  4ad +1 T—00 34+ (1/2?)) T—00 4+ (1/x3)

(n)
sin(z)

2—0 sin(2x)
(Hint: Use the angle addition formulas or the double angle formula for sine.)

Solution to (n) By the double angle formula, sin(2z) = 2sin(x) cos(x).
Thus

sin(z) . sin(x) _ 1 1 B

2—0sin(2z) =0 2sin(z) cos(z) 2—02cos(x)  2cos(0) L2

i ()
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Solution to (o) Again by the double angle formula, sin(2z) = 2 sin(x) cos(x).
Thus

1 cos(x) lim cos(x) lim 1 1 i
im = — )= — — |1
e—m/2 \ sin(2x) e—m/2 \ 2sin(z) cos(z) s—m/2 2sin(x)  2sin(m/2) 2

(p)

sin(z)

z—0 tan ()
Solution to (p) Since tan(x) equals sin(x)/ cos(z),

sin(x)

lim = lim cos(z) = cos(0) = [1].

z—0 tanx z—0

(a)
5 x> —5r+6
xl—% 2 —4

Solution to (q) By factoring, z* — 5z + 6 = (z — 2)(z — 3) and 2> — 4 =
(x —2)(x 4+ 2). Thus,
> —br+6 . x—3 2-3 [y

L _zlgix+2_2+2:;1/4"

(r)
o 22 —6x+9
lim ——M—
z—3 2r—06

Solution to (r) By factoring, 2> — 6z +9 = (z — 3)? and 2z — 6 = 2(x — 3).
Thus,

lirn — = |1In =
r—3 2:[;‘ — 6 r—3 2 2

Jn (o)

Solution to (s) By the angle addition formulas,

2 —6x+9 o rx—3 3-—3 @

(s)

sin(z+m/2) = sin(x) cos(m/2)+cos(x) sin(7/2) = sin(x)-0+cos(z)-1 = cos(x).
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Thus,

Ji%( cos(x) ): i ) _

sin(z + 7/2) e—m/2 cos()

. z+1 rz—1
lim + 1+
x—0 X xr

Solution to (t) Clearing denominators gives,

(t)

. (zr+1 r—1 . (rz+1 x -1 . (e+D)4+z+(z-1)
lim + 1+ = lim + — 4+ = lim .
z—0 x x z—0 X X X z—0 T

Thus,

()

Solution to (u) Multiplying numerator and denominator by the common
factor of 23 gives,

for all x # 0. Therefore,

1
z—0 1 _ 2241 z—0 @
T

(v)
lim <m - x)

lim (\/x2 +1— x)

Solution to (v) Using difference of squares,

(u—v)(u+v) =u? —v?
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with the substitutions u = V22 + 1, v = x yields,
(\/952—1—1—95) (\/952+1+yc> =(2*+1)—2*=1.

Dividing gives,

1
\/x2—|—1—1:>:—.
( Vi+1l+x

Thus .
lim (\/x2 +1 —x) = lim —— :@.

T—00

On the other hand, clearly,

Jim (\/3527—1—1—1") = 00 + 00 =[00]
(W)
lim (\/ﬁ%—%)

lim <\/:132 4+ 1+ a:)

Solution to (w) By the same method as above,

1
T——00 r——0o /2 +1— 1 @

And also
lim (\/x2 + 1+ x) =[o0].

r—00

(%)

ea:—l—l _ ez—l

m ——-
00 ea:Jrl + 69071

Solution to (x) Using the exponent laws,

Thus,

e:t—i-l . ex—l e . e — % . 6_1 ex(e _ 6_1> e — 6_1

ertl 4 er=1  er.e4er.e7l  efle+e ) e4e !
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Therefore,

r+1 1

-1
. e—e _ i -1
M e =, e — emel/eneT]

e — e

(y)

. 1
lim —
2—0 sin(z)
1
lim

Solution to (y) Of course,

] 1
lim — = 400
z—0+ sin(z)
and
) 1
lim = —00.

z—0- sin(z)

Therefore ling) (1/sin(x)) is‘ undefined both as a finite number and as +00 or —oo .

On the other hand, both

lim ——— =
e | sin(z) | oo

and
lim ; = 400
z—0- | sin(z) | '

Therefore lim(1/ | sin(x) |) equals [c0].

(2)
lim In(z?)

lim [In(z)]*.

z—0t

Solution to (z) Since lim, _(z?) equals 0T,

limIn(z*) = lim In(y) =|[—o0|.

x—0 y~>0+
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On the other hand, since

lim 22 = oo,

Z——00

also

lim [In(z)]* = [50].

z—0t

Problem 2 For the following function, state the domain, whether the func-
tion is even, odd or neither, and the location and type of any and all discon-

tinuities.
1—+1—422

fla) ==

Solution to Problem 2 The domain is the union of [—1/2,0) and (0, 1/2].
The function is odd. Note that

1 —+/1—4x? v 12 — (1 — 42?) 4

z—0 2z =0 2x(1 + /1 —4x?)  2=02z(1 4+ /1 — 422)
I 2x 2-0 0
111 = - —
=01 ++/1—422 1++/1 2

Thus f(z) has a removable discontinuity at z = 0.

=0.

Problem 3 For each of the following functions, state the domain of the
function, and the location and type of any and all discontinuities.

()

T

YT cos(x)

Solution to (a) The function is defined except when 1 + cos(z) = 0, i.e.,
when x = (2n + 1)7 for n an arbitrary integer. Each of these discontinuities
is an infinite discontinuity.

(b)
T+ 2

y:$3+x2—2x

Solution to (b) Factoring gives 23 +1%—2r = z(2?+2—2) = z(z—1)(z+2).
Thus the denominator is 0 for v = —2, z = 0 and z = 1. So f(x) is undefined
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when z = —2, x = 0 and z = 1. The discontinuities x = 0 and x = 1 are
each infinite discontinuities. But since
2 1 1
lim Tt — - -

1
e z(r— D(@+2) eoeam—1) (-2)(=3) 6

xr = —2 is a removable discontinuity.

Problem 4 Find the equations of all tangent lines to the graph of y = a2
which contain the point (3,5). Please note this point is not on the graph.
You may compute the derivative by any (correct) method you know.
Note. If this review problem is discussed in lecture, we will draw a pic-
ture. For a nice Java applet illustrating this problem, scan down to the
“Archimedes triangle” section of this webpage on the parabola.

Solution to 4. The derivative of y = 2% at z = a is

y'(a) = 2a.

Thus the equation of the tangent line to y = 22 at (a, a?) is

y —a* = 2a(z —a), y=2ar —a’.

Substituting in (z,y) = (3,5), the point (3,5) lies on the tangent line at
(a,a?) if and only if

5 =2a(3) — a’.
Rewriting gives

a*>—6a+5=0.
This factors as (a — 5)(a — 1) = 0. Thus a = 1 or a = 5. The equations of
the corresponding tangent lines are

‘yzQI—l‘and‘y:mx—%.

Problem 5 In each of the following cases, use the definition of the derivative
as a limit of a difference quotient to compute the derivative of y = f(z) at
the point = a. Then find the equation of the tangent line to the graph of

y = f(x) at the point (a, f(a)).
(A)y=vVr+latr=3

Solution to (a) The difference quotient is

Ly(3+h) —9(3) = H(V/BEW 1 - VEFT) = ~(VITh— V) =
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http://www.cut-the-knot.org/ctk/Parabola.shtml

1(+h)—(4) 1
Vit h+vVA Vith+V4

for h # 0. Therefore

1 1 1 1
'(3) = lim —(y(3+h)—y(3)) = lim = = =1/4|
V() = i (3 () = fim = = = 1]

So the equation of the tangent line is
y—vVi=(1/4)(z-3), |y=1/z+(5/4)
(b)y=z+latz=-1
Solution to (b) The difference quotient is
(1R = (1)) = 3 (1R (<2)) = 3 (1 h+ =)
A N = T+ " 1+
Clearing denominators gives,
1 1 1 h?—-1 1 1(R2—1)+1 1 h? h
—(1+h+ )= — + = —( ) = = = .
h —1+h h—14+h —=14+h h —=1+h h—14+h —1+h
Therefore,
h
"— = =
yi(=1) = Jim ==

So the equation of the tangent line is

y=—2

(c)y=a’+2*at z=—-2

Solution to (c) The difference quotient is

S| =

(y(2+h)—y(2)) = %((2+h)3+(2+h)2—12) _ %((8+12h+6h2+h3)+(4+4h+h2)—12) _

1
- (16h + Th* 4+ h*) = 16 + Th + h*.

Therefore,
y'(2) = lim (16 + 7h + h*) =16
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So the equation of the tangent line is

y—12=16(z —2), |y=16z—20

(d)y=atz=0
Solution to (d) The difference quotient is

%(y(h)—y(o)) - % (%_(_1)) 1 <h+1 h—l) L(h+1)+(h—1)

h h—1+h—1

1 20 2
hh—1 h-—1

Therefore,
2
/ — i —_— | —
y'(0) = lim o= =[=2]

So the equation of the tangent line is

vh1= -2, [EEEE

Problem 6 Use the definition of the derivative as a limit of a difference
quotient to compute the derivative of y = z? + In(1)sin(z) at the point
r=".

Solution to Problem 6 Since In(1) equals 0, this is the same as y = z2.

The difference quotient is

y(7T+h)—y(7)  (T+h)?*—=7 (494 14h+h?)—49  14h+ h?

h h h h
for h # 0. Thus

= 14+h

y/(7) = lim y(7+ h}z —y(@ _ lim (14 + h) = [14].

Problem 7 Use the definition of the derivative as a limit of a difference
quotient to compute the derivative at = 0 for the following function

22, >0
Y= 0, =0
—22, <0
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Note. The derivative is defined at this point.

Solution to Problem 7 For h > 0, the difference quotient is

y(h) —y(0) _ h2—0 _

= h.
h h
And for h < 0, the difference quotient is
yh) —y(0) _ —w-0
h h )
Thus L
i Y0 =) _ 7
h—0+ h h—0+
e () = y(0)
. y(h) —y(0) L
. h B hlir(r)1+( h)
Since h 0 h 0
i YW —y(0) ()_y():o,
h—0+ h h—0— h
also

y'(0) = lim M — @

h—0 h
Problem 8 Determine whether or not the following function is continuous
at r = 0.
[ 2*sin(1/z), x#0
y= 0, z=0

Also determine whether or not the derivative of y = f(z) is defined at x = 0.
If it is defined, compute it. If it is not defined, explain why not.

Solution to Problem 8 The function is squeezed between +z? and —a?

since sin(1/x) is trapped between +1 and —1. Since
glgig(l) z? = glﬁlin(—xQ) =0,
by the Squeeze Theorem,
algig(l) 2*sin(1/x) = 0.

Since y(0) = 0 also, y is continuous at z = 0.
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Moreover, (y(h) — y(0))/h = hsin(1/h) for h # 0. Since this is squeezed
between |h| and —|h|, and since

lim |h[ = lim(—|A]) = 0,
also the derivative
y'(0) = }LiIr(l) hsin(1/h) =0
by the Squeeze Theorem.

Problem 9 In each of the following cases, use the definition of the derivative
as a limit of a difference quotient to compute the derivative function.

()
f(z) = %_'_3, for z # 3, f'(x) =7

Solution to (a) By definition,

f(2) = lim ~ RN S N N U ) el el )
S hs0h \(z+h)+3 x+3) ho0h (x+h+3)(x+3)
—h 1 —
lim — i _[“1/(z+37|
0 R (z 1 h+3)(x+3) b (zthi3)(zt3) “Ve+s?

(b)
g(x) =22° —4, ¢(z)=?

Solution to (b) By definition,

glx+h) —g(x) (2(x + h)* —4) — (222 — 4)

/ 1 S _
L h -

. (2(2*42zh+ k%) —4)—222+4 dzh+2R* B

o h =i lmes2n) = )

(c)
f@) =V2r =7 fl(z) ="

Solution to (c) By definition,

.1 . 1242 —=T7)— 22 -T)
() = lim (V22 1 2h — T—v22 —7) = lim — =
fiw) = Jim (V22 V2 =) = i e o
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2
Y, sy Yy N% = [/ =7]
(d) X X
( ):Jc+1 I i(z) =7
Solution to (d) By definition,
1 1 1 1 1

i'(x) )=

liml( x+1 B x—1 B r+h+1 . r+h—-1
h—oh (x4+1)(z+h+1) (x+h-1)(z—-1) (z+1)(x+h+1) (z—1)(x+h—-1)

liml((x+1)—(x+h~l—1) B (x—l)—(x+h—1)>:

— lim — _ _
hlg(ljh(a:%—h—i—l r+h—1 :L’—|—1+x—1

) =

h—oh' (z+1)(x+h+1) (x—1)(x+h—-1)
tim ¢ —h - —h B
b (z+ D@ +h+1) @-D@+h—1)
1 1 1 1

I _ _ 1
hli%( (x—=1)(z+h—-1) (z+D(z+h+ 1)> (z-1)2  (2+1)2

Problem 10 Sketch the graph of a function f(x) satisfying all of the following
properties.

1. limg_q+ f(z) =1

2. lim, - f(z) =0

3. f(1)=1

4. lim,__ o f(z) =2

5. f(—2) =4

6. lim, . - f(z) = —0
7. lim,__1+ f(x) = 00

8. lim, o f(z) = —1
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Problem 11 In each of the following cases, say whether the statement is
true or false for an everywhere continuous function f(x) satisfying the stated
hypothesis. If the statement is false, sketch a graph demonstrating it is false.

1. If y = f(z) is increasing, then y = — f(z) is increasing. | FALSE
2. If y = f(z) is increasing, then y = — f(z) is decreasing. | TRUE
3. fy=f(x )

4. If y = f(z) is increasing, then y = f(—xz) is decreasing. \TRUE\

5. If y = f(x) is even, it cannot be everywhere decreasing. | TRUE
f(z) is odd, it cannot be everywhere decreasing. | FALSE

7. An inverse function y = f~!(z) defined on an interval [a, b] cannot be

both increasing on (a, c¢) and decreasing on (c,b). | TRUE

)
)
) is increasing, then y = f(—=z) is increasing. | FALSE
)
)
)
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