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Intro duction

Let k be an algebraically closed eld and let V be a normal proper variety over k. We say that V is
separably rationally connectedif there exists a smooth rational curve C ! V mapping to V which avoids
the singularities of V such that Ty jc is ample on C. This de nition diers from [8, IV De nition 3.2]in
Kollar's book; it agreeswith his de nition if V has a resolution of singularities, see[8, IV Theorem 3.7].
Here is our main theorem; it is Conjecture IV 6.1.1 of [8] and it was proved by Graber, Harris and Starr in
the casethat k has characteristic 0, see[5].

Theorem. Let X be an irr educible nonsingular projective curve. Supmsethat f : P ! X is a proper at
morphism whosegeometric generic br e is a normal and seprably rationally connected variety. Then f has
a section.

The proof of this theorem is at the end of the paper. We briey indicate the layout of this paper, and the
main ideas.

Graber, Harris and Starr usea topological argument to specialize a family of rami ed coveringsY;! X to
amap Y, ! X sothat Y, contains an irreducible componert mapping isomorphically onto X . We replace
this by an elemenary construction which produces,starting with Y ! X, afamily Y; ! X specializing in
the desiredmanner sothat Y, is a nodal curve whosenormalization is Y. This is donein Section 1.

We advisethat the readerskip Section2 on a rst reading. Here we show that a proper at family P! X
of varieties over X with reducedgeneral bre hasa normalized pullback all of whose bres are reduced. The
pullback morphism Y | X can be taken to be nite generically etale. This is usedin Section 3 to showv
that it suces to produce a section of f after such a normalized basechange. In Section 4 we produce the
sectionin this case;herethe idea, if not the execution, is similar to that in [5].

De nitions 4.2.1 and 4.2.2 are taken from [5], and so are the main lines of proof, asis the conviction that
such a theorem can be proven (in characteristic p).

Acknowledgemen ts. Part of this researti was conducted by A.J. de Jong for the Clay Mathematics
Institute. A.J. de Jong was partially supported by an NSF grant.

1. Making families of curv es

Let k be an algebraically closed eld. Supposewe are given the following data:
1. A nite morphism :Y I X of irreducible smooth projective curvesover k. We assumethat is
generically etale. The degreeof this morphism is denoted d.
2. A nite setof points S X (k). We assumethat S contains all branch points of the morphism

1.1. Prop osition. Given data as alove there exist a projective surface W and at morphismsf : W ! P!,
g:W ! X with the following properties:
(a) The bre W, = f ~1(0) is a nodal curve, whosenormalization is the curve Y; themapY ! W, 9 X s
equalto . The image g(w) of any nodew 2 Wy is not in S. The surface W is nonsingular along W.
(b) The geneal bre W, = f ~I(t) is smooth, and the morphism ; : W; ! X induced by g has degree d.
(c) The formal local structure of the morphism ¢ : W; ! X in a neighlourhood of !(x) is isomorphic to
the formal local structure of the morphism :Y ! X in a neighlmurhood of —!(x) for all x 2 S and all
t2PY(k),t6 1.
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(d) There is an irr educible component X’ of W, = f ~1(1 ) which is mapped birationally to X under g. The
surface W is generially smaoth along X’ and X’ has multiplicity 1in W... (In other wordsf is generially
smaoth along X'.)

Proof. We choosean invertible Oy -module L of su cien tly high degree.Choosea pair of sectionssy;s; of
L which generateL and let h be the morphism ' (s s,y Y ! P'. LetY X P! bethe (reduced)image
closedsubsdhieme.

1.2. Lemma. (a) If deglL) > 2gy 2+ 2d then for generl choice of (sy;s;) the curve Y has at worst
ordinary doublepoints, and Sing(Y)\' S P!= ;.
(b) The divisor classof Y on X P! is the divisor classof the invertible shaf pri(Nm (L)) pr;(O(d)).

Proof. For a point x 2 X (k) considerthe closedsubshiemeYax = ~!(Spec Ox.x=m2) of Y. The bound on
the degreeimplies that the map ( Y;L) ! ( Yax;L) issurjective. For x 2 S we choosethe pair (Sp; S1) such
that the assaiated morphism Yo, ! P! is a closedimmmersion. For x 625 the di erential d identies the
tangert spacesTy = Ty(Yax) = TyY with T, X (for all y 2 Yoy (k)). We choosethe pair (sp;s;) sud that
the morphism Yo, ! P! is either a closedimmersion, or identi es at worst two points y;y’ of Yo, but does
not induce the samemap on the tangernt spacesTy = T,X = Ty,. The reader cheds that these conditions
de ne nonempty open setsUy (in the spaceof all pairs), and that the complemen of the open U, for x 625
has codimension 2. Hencethere is a pair satisfying all of these conditions. It is straightforward to ched
that such a pair works in (a).

To verify (b) we haveto compute Y \ fxg P! asadivisor onP' and Y\ X ftgasa divisor on X. The
rst divisor clearly has degreed as desired. The secondis the imagein X ofa bre ofthe map' :Y ! P!
The divisor classof the bre is ¢;(L) and the divisor classof the imageis c;(Nm (L)). O

Let D X bethe divisor D = ) ¢ x. Pick alarge number N divisible by d and let L = OY(NF —4D)).
Then Nm (L) = Ox (N D). By the lemma we have following rational equivalenceof divisors on X P':

d
Y1 Y IX f jd+ > Nlfxg P'J:

j=1 X€ES

Here q;:::; ¢ 2 P!(k) are pairwise distinct points chosensuc that X f ;g\ Sing(Y) = ; for all
j=1:005d

The above rational equivalenceimplies that there exists a pencil of curvesD on X P! with the following
properties: (i) Do = Y hasat worst nodesassingularities, (i) Do, = > X f jg+ > sNfxg P! misses
the nodesof Dy. Let W be the blow up of the surfaceX P! in the zero dimensional closed subsdheme
Do\ D.. Then we obtain the right half of the following diagram (the left half will be explained below)

[esZx P 0w 1 P!
.| )|
X IX

such that D; = f ~(t) (scheme theoretically) and such that g is the composition W ! X P! 1 X,
Properties (i), (i) imply that the general bre of f is smooth and that W is smooth alongD, = f ~1(0) = Y.
Further, the morphism f is also smooth generically along the irreducible componerts X f ;g of the bre
D .. Note that these componerts are mapped isomorphically to X under the morphism g. Thus (a), (b)
and (d) are satis ed; it remainsto shaow (c).



Forx 2 Swelet Zy Y bethe scheme
Zy = “'(SpecOxx=ml) =Y x Spec(Oxx=m}):

The morphism ( h) : Y ! Y inducesa closedimmersion of Z, into Y. Our choice of D, = > X
fjg+ > csNfxg P! insuresthat ( h)(Zx) D and hencewe may think of Z, as a substieme of
D, for all t 2 P'(k). We concludethere exists a morphism Z, P'! W which for every t 2 P! inducesthe
closedimmersion Z, ! D we just described. It ts into the commutativ e diagram displayed above.

Note that fort 6 1 the morphism : = gjp, : Dt ! X is nite. Upon comparing lengths we seethat
Zy = {'(SpecOx x=m}):

In particular this implies that D, is smooth along Zx (by looking at tangent spaces). Thus Lemma 1.4 (a)
below appliesand we deducethat the formal local structure of the morphism ; : D;! X in aneighbourhood
of ;!(x) is isomorphicto the formal local structure of the morphismY ! X in a neighbourhood of —!(x)

forall x 2 Sandall t2 P'(k),t6 1. O

1.3. Corollary. Supmsethat :Y ! X is a nite generially etale morphism of projective nonsingular
curvesoverk andthat S X (k) is a nite setof points. There existsa projective surface W and morphisms
f:W! C,g:W! X suchthat the following conditions hold:

(a) f is semi-stablefamily of curveswith smath geneal bre.

(b) There is a point 02 C(k) suchthat W, = f ~1(0) hasthe following description: Wy = Y [ |JL;, wher
giy = ,9(L;j)isapoint of X notin S, L; = P and Y\ L; = fyi1;yi2g wher (of course) (yi1) = (Yi2)
in X.

(c) Thereis a point 1 2 C(k) and an irr educible component X’ of the br e W, which is mapped isomor-
phically to X under g.

Proof. Enlarge S sothat it contains the branch points of the morphism and apply the proposition. Apply
basechangeby the map :P!'! P!, s7!t= s?=(s+ 1) and blow up the resulting ordinary double points
of W pi. P! aboves = 0to obtain the linesL;. Finally, apply the semi-stablereduction theorem to make
f semistable. Details left to the reader. |

We end this section by stating the lemma that was used above. The lemma is basically a restatemert of
Krasner's lemma, see[3, Section 3.4.2].

1.4. Lemma. (a) Let :Y ! X bea nite morphism of smmth curvesand assumethat is generically
etale. Let x 2 X . There exists an integer Ny suchthat for everyN Ny we havethe following: If Y'! X
is another nite morphism of smath curvesand if there exists an isomorphism

Y x SpecOxx=m} = Y’ x SpecOxx=m)

over Ox x then there exists an isomorphism

Y x SpecOxx = Y’ x SpecOx x

over Ox .

(b) Let X be a smooth curve over k and let Ox x R bea nite generially etale extension of complete
discrete valuation rings. There exists an integer Ny suchthat for everyN Ny wehave: If Y ! X is a
nite  morphism of smaoth curves,andy 2 Y (k) is over x suchthat

—..N — N
Oyyy=m, Ovy = R=m,
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over Ox x then ﬁy;y = R over Ox .

Proof. Part (a) follows from part (b) by writing Y’ x Spec Ox «x as a disjoint union of branches. Part
(b) follows from Krasner's Lemma in the following way. We can write R = Ox x[T]=(f (T)). For any pair
(y;Y’) asin (b) we can choosean isomorphism 6Y/;y = Oy < [T'I=(f'(T")) such that f/(T) f(T)2ml. In
other words, the classof T’ in 6Y/;y is a solution of f (X) = 0 up to order N. Krasner's Lemma says that,
provided N is large enough, this implies that there is aroot of f (X) = 0in 6y/;y. The corresponding map
of R to 6Y/;y is the desiredisomorphism. O

2. Obtaining reduced bres after normalized base change

Supposethat f : P! X isa at morphism of a normal variety P to an irreducible smooth projective curve
X over k. We will assumethat the following equivalent conditions hold: (a) the geometric generic bre is
reduced, (b) the general bre is reduced,and (c) the smooth locus of the morphism f is densein P.

We note that for x 2 X (k) the bre P, = f ~!(x) is a schemesatisfying S; (every local ring of dimension
1 had depth 1). Thus Py is reducedif and only if Py is generically reduced,i.e., all local rings of P at
genericpoints are elds.

Let :Y ! X bea nite morphism of another irreducible smooth curve Y to X . Set
PY — (P X Y)nor maliz ed:

In this section we presert a technical result that is similar to Lemma 2.3 in [7] and which follows in a
straightforward manner from the results in [4]. Namely we prove there is at least one nite generically etale
morphism Y ! X suc that Py ! Y hasreduced bres, i.e., suc that the smooth locusof Py ! Y is
densein every bre.

2.1. Prop osition. With the assumptionsand notations as atove. There existsa :Y ! X suchthat all
bresof Py ! Y arereduced and suchthat is generially etale.

Proof. First we examinethis questionwhenX = SpecR is the spectrum of a completediscrete valuation ring
R with algebraically closedresidue eld k. Indeed, let P be an irreducible scheme,and let P! SpecR be
a at morphism of nite type with geometrically reducedgeneric bre. It follows by unwinding [4, Theorem
2.1', page 368] that there existsa nite generically etale extensionR R’ and a commutativ e diagram

P’ l P rR ! P
| I I
SpecR’ I SpecR’ I SpecR:

whereP’! P rR’is nite andanisomorphismover the genericpoint of Spec R’, and wherethe morphism
P’! SpecR’is at with reducedgeometric bres. This implies that the normalization (P g R’)"o" maliz ed of
P rR’dominatesP’. Sincethe special bre of P’! SpecR’isreducedweseethat (P g R’)"o" maiz ed | p’
is an isomorphismabove the genericpoints of the special bre of P’ and hencewe seethat (P g R’)"°r maliz ed
has reduced special bre by the discussionbefore the proposition as desired. We note that any further
extensionR R’ R’ (assumedgenerically etale) will do the job aswell.

Let x1;::: ;X% 2 X (k) be the points of X such that Py, = f ~(x;) is not reduced. Let R; be the complete
local ring of x; on X. ChooseR; R/ asabove. By the remark at the end of the last paragraph we way
choosethe extensionsR; R/ such that the eld extensionsK; = f:f:(R;) f:f:(R/) = L; have a degreed
independert of i.
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Let K = k(X). We claim that there exists a separable eld extension K L of degreed such that
L k Kj is isomorphicto L;. To seethis we write L; = K;( ;) and we let f; 2 K;[X] be the minimal
polynomial of ; over K;. We choosea polynomial f (X) 2 K [X] which approximates f; simultaneously for
all i and we setL = K[X]=(f). By Krasner's lemmawe'll haveL  K; = L; if the approximation is good
enough, seeour Lemma 1.4 (b). O

2.2. Remark. In the preprint versionof this paper an alternativ e proof of this result was given using Lemma
2.3in [7], avoiding the referencel4]. The strategy there wasto shaw that the result with  possiblyinseparable
actually implies the a priori stronger result with  generically separable. We refer the interested reader to
the web pageof the rst author for a web-basedversion of this argument.

3. The reduction to the case of reduced bres

Supposethat f : P! X isaproper at morphism of a normal schemeP to an irreducible smooth projective
curve X over k. We will assumethat the following equivalent conditions hold: (a) the geometric generic
bre is reduced, (b) the general bre is reduced,and (c) the smooth locus of the morphism f is densein P.
Consider the question: Doesf have a section? In this section we will show that the answer is a rmativ e
if and only if f has a section after normalized basechangePy to thoseY ! X sud that Py hasreduced
bres overY.

3.1. Theorem. Assumptionsand notations as atove.

(i) In casek uncountable. Assumethat Py ! Y hasa section whenever :Y | X hasthe following two
properties: (a) is generially etale, and (b) Py ! Y hasreduced bres. Then P! X hasa section.

(i) In casek countable. Supmse that for some uncountable algebaically closal extension K of k the as-
sumptions of (i) hold for Px ! Xk overK. Then P! X hasa section.

Proof. Case(ii) can be deducedfrom (i) by a specialization argumert. Namely, by (i) we obtain a section
Kk : Xk ! Pk over some (uncountable) extension k K. Clearly « can be dened over a nitely
generated extension of k, i.e., over the function eld of somevariety T over k. By shrinking T we may
assumewe have a sectionof P T ! X T and by choosinga k-rational point in T we obtain our section

of P! X.

Next we prove (i). By Proposition 2.1 there is at leastone :Y ! X generically etale such that Py ! Y
hasreduced bres. Let ; :W;! X be the family of morphisms of curves constructed in Proposition 1.1
usingas S = fxy;::: ;X g the set of branch points of the morphism Y ! X. By construction, fort 6 1

the formal local structure of the morphism  : W, ! X in a neighbourhood of ;*(x;) is isomorphicto the
formal local structure of the morphism :Y ! X in aneighbourhood of ~!(x;). This clearly implies that

the normalization P; of P x W; hasreduced bres.

By assumption eadh of the morphisms P; | W, hasa section {, andsoP x W;! W, hasa section ;.
The relative Hilbert scheme Hilbo of P x W over P! is locally of nite type over k and has a countable
number of irreducible componerts. Sincek is uncountable, we seethat in nitely many of the points (W)
of Hilb will bein the sameirreducible componert Z  Hilb which dominatesP!. We deducethat there is a
section of P x W_ ! W_ wherek(t) L isa nite extension(by taking an L-valued point of Z). Let C
be the smooth projective curve over k whosefunction eld is L and let c 2 C(k) be a point which lies over
t=1 (under the map C! P! comingfrom k(t) L). Note that there is a componert X’ of the bre of

W (mC | C

over ¢ which is mapped birationally to X under the composite W . C ! W I X, and along which
W  p:i C is generically smooth (this correspondsto the componert X’ of Proposition 1.1 (d)). Think of
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asa rational map tting into the following commutativ e diagram:

c W @ C !
| | |
pt ' W 9 X

By construction extendsto a neighbourhood of the genericpoint of X ” and this givesa k(X ’) = k(X )-valued
point of P over X asdesired. O

4. The case of reduced bres

Let X be an irreducible nonsingular projective curve over k, and let P ! X bea at morphism. We will
assumethe following assumptionshold:

4.0.1. P is a normal projective variety.

4.0.2. All bres of f arereducedand connected.

4.0.3. The following equivalent conditions hold: (a) the geometric generic bre of f is normal, (b) there is

a nonempty Zariski opensetU X sud that for each x 2 U(k) the bre P, = f ~1(x) is normal, and (c)

there is a nonempty Zariski open setU X such that the nonsmooth locus of Py ! U has codimension
2in the bres.

4.0.4. There exists a nonempty Zariski denseopensetV P contained in the smooth locus of f with the

there exists a smooth rational curve P' = C! V\ f ~}(x) = Vx mapping to V, containing ead p; and suc
that Tp-x jc is an ample vector bundle.

This last condition meansthat the general bre Py of f is rationally connected. The version of this we give
above is equivalert to the following apparertly weaker condition:

4.0.4'. There exists a closedpoint x 2 X and a smooth rational curve P' ! P, mapping into the smooth
locus of Py = f ~!(x) sudh that Tpx jc is an ample vector bundle.

It follows from the proof of [8, Theorem IV.3.9.4] that, under the hypothesis 4.0.4', a Zariski denseopen
subsetV P asin 4.0.4exists. Thus 4.0.4and 4.0.4" are equivalent conditions, but 4.0.4is the form which
is more useful to us. Namely, it will be usedin the proof of the following theorem.

4.1. Theorem. In the situation abovef hasa section.

We do not immediately start the proof of the theorem. Instead we rst give a de nition. Note that the open
subsetV P of condition 4 will be xed throughout the discussion.

4.2. Denition. Let Y be an irreducible nonsingular projective curve over k.

4.2.1. A morphism :Y ! P is pre-exible (relativeto f) if ( Y) is contained in the smooth locus of f,
(Y)\V6;,andf 1Y ! X is generically etale.

4.2.2. A pre-exible curve :Y ! P is exible if HI(Y; *Tp-x)= 0.

4.2.3. A exible curve with links is a morphism : Y ! P from a connected, projective, nodal curve

Y =Yo[ Li[ :::[ L, such that jy, is exible, sud that ead link L; is a smooth rational curve, the links

L; are pairwise disjoint, and ead L; intersectsY, in two distinct smooth points p;; g 2 Yy, and such that
jL; is a closedimmersion of L; asarational curvein a bre of P! X such that Tp-yxj_, is ample.



4.3. Lemma. There existsa pre- exible curve :Y ! P.

Proof. Conditions 2 and 3 imply that the complemen of the smooth locus of f has codimension 2in P.
Let p2 V beapoint. Let Y be a connectedcomponert of the intersection of dim P 1 generalhyperplanes
in P which passthrough p. By Bertini's theorem and the codimension estimate Y is a smooth projective
curve contained in the smooth locus of f. It clearly meetsV and the generic etalenessfollows by choosing
the hyperplanessuitably. O

4.4. Lemma. There existsa exible curve :Y ! P.

Proof. By the lemma above we know there exists a pre- exible curve o : Yy ! P. Letn; 0bean
integer such that for every invertible sheafL on Y, with degL) n;, wehave H!(Y; ;Tp=x L) = 0. Let
ny = h'(Y; §Tp=x). Choosean integern n;+ ny and choosedistinct points p;;:::;pn 2 gl(V). Let
Ci;::5;Cqh V becurvesasin condition (4) which contain py;:::;p,. Form the comb Yo[ Ci[ :::[ Cp
where eat tooth C; is connectedto the handle Y, at the point p;, see[8, Il De nition 7.7]for the de nition

of the concept\comb”. Dene : (Yo[ Ci[ :::[ Ca)! P by jy,= oand jc isthe inclusion map.
By [8, Il Theorem 7.9], there exists a subcomb, say Yo[ C;[ :::Cn and a smoothing of the restriction
of suththat m n ny ny. The condition that a curve be contained in the nonsingular locus of f

and intersect V is open in the parameter space,so for a generalmember : Y ! P of the 1-parameter
smoothing of : Yy[ Ci[ :::[ Cnn ! P, s pre-exible. By [8, Il Lemma 7.16.1],if is a general
deformation, then H'(Y; *Tp—x)= 0. Thus :Y ! P isa exible curve. O

4.5. Denition.  Supposethat :Y ! X is a morphism from a connected,projective, nodal curveto X.
A W-diagram is a diagram:

X oo} Y rw %X
| |
b.:b I B
where B is a smooth curve, h is a proper, at family of nodal curveswith smooth general bre sud that
h=(b) = Y for someb 2 B(k), giy = , and there is a point b,, 2 B(k) and an irreducible componert

X h7Y(by) with gjix . : X« ! X anisomorphism.

4.6. Lemma. There existsa morphism :Y ! P whichis a exible curve with links and suchthat there
exists a W-diagram for = f

Proof. By Lemma 4.4, we know that there existsa exible curve (:Yy! P. By Proposition 1.1, we know
that there existsa curvewith links Y = Y[ Ly[ :::[ L, such that there existsa W-diagram for :Y ! X
where jy, = f o and whereead j_, is a constart morphism. Moreover, we can chooseY sothat the
setsLi\ Y, all missthe nitely many points of Y, gl(V). By condition (4), we can nd embeddings

i :Li ! P asin condition (4) passingthrough o(p;) and o(g). Dene :Y ! P by jy,= o, and

eah j_, = . O
4.7. Lemma. SupmseC is a smaoth curve, :A! C; :B ! C are projective, at morphisms and

Al B is a morphism of C-schemeswhich is an isomorphism over somepoint ¢ 2 C. Then there exists
a Zariski opensetc2 U C suchthat : —'(U)! —(U) is an isomorphism.

Proof. Even though this result is well-known, we could not nd a reference. Therefore we will include a
proof. Without lossof generality we may assumethat C is ane. Choosean ample invertible sheafL on B.
The pullback *L is ampleon ~'(c). By [EGA, III, part 1, Theorem 4.7.1], *L is ample when we shrink
C. There existsan integer N such that forn N, we havethat both L" and *L" arevery ample and have
no higher cohomologies.By cohomologyand basehange,the gradedalgebrasS(A; L") and S(B; *L") are
at Og -algebras. Moreover the pullback map *:S(B;L)! S(A; *L") is anisomorphismwhen we tensor
with Oc=m:O¢. Thus by Nakayama'slemma applied to the nitely-generated graded pieces(and using the
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fact that both algebrasare generatedand preseried in nite degrees),we can nd an open subsetU C
such that * is an isomorphismover U. So is an isomorphism over U. |

Proof of Theorem 4.1. By Lemma 4.6, we know there existsa :Y ! P which is a exible curve with
links such that there is a W-diagram for :Y ! X. We usethe notation of Lemma 4.6 for Y and the
notation of De nition 4.5 for the W-diagram. LetZ W P bethe schemetheoretic preimageof the graph

g W Xunder(1;f):W P! W X. Wethink of Z asaB-sdhemeusingh pry:Z ! B. Then
the graph ¢ Z, canbe consideredasa point in the relative Hilb ert scheme[ ] 2 Hilb(Z=B)(k) over the
point b2 B(k). Sincef : P! X is smooth along ( Y), we seethat (1;f) :W P! W X is smooth
along o, andthat Z, ! ( g)p = is smooth along . Since 4 is a section of the last mentionned
morphism, it is a locally complete intersection. By [8, | Lemma 2.12.1], ¢ Zy is locally unobstructed.
Here is a diagram to illustrate the above; all squaresbut the right one are cartesian.

s ' Zp 1z I W P I P
| | | | |
1o L I WX IoX

By [8, | Proposition 2.14.2], the obstruction group of &  Zy, is H!(Y;Hom, (1=12;0y)) where we iden-
tify o with Y and where | =12 is the conormal bundle of & Zy. From the diagram we infer that
Hom,, (I =I12; Oy) is isomorphicto *Tp-x . Considerthe short exact sequence

0 ! ir:1 “Tp=x jLi ( pi q) ! *Tp=x ! 8(Tp:x ) IO

Because o : Yy ! P is exible, H(Yy; 3Tp=x) = 0. Becauseeath *Tp-yx is ample on L;, every line
bundle summand hasdegree 1, sothat every line bundle summandof *Tp-x ( pi ) hasdegree 1
andH!(Li; Te=x( pi g)) = 0. Thus by the long exact sequencen cohomologyassaiated to the short
exact sequenceabove, we concludethat the obstruction spaceof ¢ Zy is zero. Therefore the morphism
Hilb(Zz=B) ! B is smooth at [ 3], see[8, | Theorem 2.10]. Thereforewe can nd amap D ! Hilb(Z=B)
of a smooth, connectedcurve D into the Hilbert schemeand a point d 2 D mapping to [ 3] such that the
composite map D ! B is etale at d. Sincethe Hilbert schemesatis es the valuativ e criterion of properness
over B we may alsoassumethat D ! B is nite, hencethere is a point d, 2 D (k) which mapsto b, in B.
The basechangeby (D;d;d..) ! (B;b;b,) of the W-diagram of :Y ! X leadsto a W-diagram. Thus,
by replacing the W-diagram of :Y ! X by the base-tiange,we may assumethat Hilb(Z=B)! B hasa
section passingthrough [ 3], i.e., there is a closedsubshieme Z at overB with = 4. By Lemma

4.6, the composition ! Z ! W is an isomorphism over an open subsetU, b2 U B,ie. | Wis
birational. Let ' ! be the normalization, so ' ! W is still birational. And the indeterminacy locus
of a birational morphism of normal varieties has codimension 2. Therefore, X . is not cortained in the
indeterminacy locus, i.e. there exists a curve X’ " which maps isomorphically to X ... By construction,
the compositemap ‘! Z! P! X equalsthe compositemap ! W ! X. Thusthe imageof X’ in P
is a curve which mapsisomorphically to X, i.e. f : P ! X hasa section. This endsthe proof of Theorem
4.1. O

Proof of the main Theorem. Assumption and notations as in the theorem. First we normalize P to get a
normal variety. So Theorem 3.1 applies. Henceit su ces to prove the theorem in those casewhereall bres
of P! X arereduced. (This reduction changesthe eld of de nition, but no matter.) If the original P
was projective then conditions 4.0.1, 4.0.2 and 4.0.3 above are satis ed. Condition 4.0.4' follows from the
existenceof the rational curve in the geometric generic bre. HenceTheorem 4.1 applies and we're done.

The nonprojective case. The main theorem claims the sameresult for any proper P ! X and the argument
above only works if P is projective. Why do we not apply Chow's lemma and reduceto the projective case?
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Here is onereason: Supposethat P’ ! P is a projective birational morphism such that P’ is projective and
normal. To apply the previous argumert we needthe geometric generic bre P. of P! X to be normal.
Unfortunately we do not know how to produceP’! P with this property.

Finally, hereis our proof in the generalproper casecircumventing this di cult y. As beforewe rst normalize
P to get a normal variety. So Theorem 3.1 applies. Hencewe may assumeall bres of P! X are reduced.
Note that 4.0.1, 4.0.2, 4.0.3 and 4.0.4 hold except for the projectivity in 4.0.1. The only place this was
usedin the proof of Theorem 4.1 is in the proof of Lemma 4.3. Thus we give an additional argumert to
prove the existence of a pre- exible curve in the proper nonprojective case. The idea is to use 4.0.4 to
construct asurface ! X with rational bres, a morphism ! P over X, andto construct the pre- exible
curve asa divisor on . We will usethe following notations: V P denotesthe open mertioned in 4.0.4,
Sm(P=X) P denotesthe open subsetof points of P wherethe morphismf : P! X is smooth. Note that
Sm(P=X) is densein every bre of f.

We claim that there exists a 1-dimensional closed subsheme T P with the following properties: (a)
T is the scheme theoretic union of irreducible reduced curves at and generically etale over X (in other
words, T ! X is nite, at and generically etale), (b) ead irreducible componert of T meetsV, and (c)
for every x 2 X (k), the intersection Tx \ Sm(P=X) is not empty. We leave it to the readerto construct T.
(Hints: Start with someirreducible curve meeting V, generically etale over X , and not contained in a bre
of P! X. Then (a) and (b) hold and (c) holds except for a nite number of points x; 2 X (k). For ead i
add an irreducible componert T; passingthrough a nonsingular point of the bre Py,, generically etale over
X with T;\ V6 ;)

Pick a point x 2 X (k) such that T, V, and such that Ty is a reducedset of points (i.e., suchthat T! X

is etale at all points of Ty). Pick a smooth rational curve C Vi such that Ty C and sudc that Tp=x jc

is ample. Think of Tx asa divisor on C. We claim we may assumethat Tp-x jc = Oc( Tx) is ample. The
proof of [8, IV Theorem 3.9.4] shows that Tp-x jc = Oc( N) can be made ample for any N. (Note that

the open V correspondsto the open X ¢ in the statemert of [8, IV 3.9.4].) Here is a direct argumert. Pick
generalpoints ¢;, i = 1;:::;m, m >> 0on C, and pick a rational curve C;j ! Py passingthrough ¢ suc
that Tp-x jc, is ample. The union C[ [JC; is a comb. The results of [8, Section |l 7] say that a subcomb
can be smoothed xing Tx and free over Tx union two auxiliary points. This freenessmplies the claim (see
[8, Il 3.1)).

Let Hilbp-x be the relative Hilb ert schemeof P over X . This is in generaljust an algebraic spaceand not
a scheme, see[2]. For a schemeY over X a Y -valued point of Hilbp-yx correspondsto a closedsubshieme
Z P x Y at andof nite presernation over Y. There is a closedalgebraic subspaceHilb + -p=x which
parametrizesonly those closedsubsthiemesZ P x Y which contain the closedsubshemeT x Y. The
curve C we constructed above de nes a point [C] 2 Hilbt ~p=x (k) lying over x 2 X (k).

The amplenessabove meansthat the morphism Hilbt-p=x ! X is smooth at the point [C]. Namely, the
obstruction spacefor the corresponding deformation problem is equalto H'(C;NcPx Oc( Ty)). This is
a quotient of the cohomologygroup H'(C; Tp-x jc = O( Ty)) which is zero.

Thuswe can nd an (irreducible) etale neighbourhood (Y;y) of (X;x) andamap :Y ! Hilbtcp=x suc
that (y) = [C]. However, sincethe Hilbert scheme satis es the valuative criterion of properness,we can
extend to amorphism :Y ! Hibrc p-x 0N a nonsingular projective completion Y of Y. This means

we have a closedsubshhemeZ P x Y tting into a commutativ e diagram:

T xY ! ' P xY !
Y

X +—— T

!

<] — x
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The morphism is nite and generically etale. The morphism Z ! Y is at and proper and the bre of

Z! Y overyisC.

We choosea resolution of singularities ! Z; then is a proper smooth surface over k henceprojective
(see[6, Il 4.2]). Clearly, ! Y is aruled surface;its bre over the point y is the curve C. Let U be
the inverseimage of Sm(P=X). By our choice of C we have: (a) the general bre of ! Y is cortained in
U. Namely, the bre = C is contained in U. By our choice of T we have: (b) all bres of U! Y are
nonempty. Namely, for ead y 2 Y (k) there is somet 2 T(k) over (y) which is in Sm(P=X).

We claim that there exists a nite generically etale morphism of irreducible nonsingular projective curves
Y! Y andan Y -morphism Y! U . Thisisa generality on ruled surfacesand open subsetssatisfying
(a), (b) which follows easily from the lemma below. Granted this generality, we seethat the composition
Y! I P is the pre- exible curve asdesired. O

4.8. Lemma. Let ! X be a nonsingular ruled surface over an irr educible nonsingular projective curve.
Assume given irr educible components Ci, i = 1;:::;r of the singular bres suchthat no bre is covered
completely by the C;. Then there exists a pro jectiv e surface ' over X and a birational morphism ! ’/
over X which contracts all the curvesC;.

Proof. We leave it to the reader that condition (b) of [1, Theorem 2.3] holds, and then [1, Theorem 2.3]
implies the lemma. If the characteristic of k is p > 0 (which is the caseof interest here) then one can also
apply [1, Theorem 2.9] directly. O
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