MAT 544 Real Analysis I Jason Starr
Stony Brook University Fall 2011
Problem Set 4, Due Thurs. 10/13/2011

MAT 544 Problem Set 5 Solutions

Problems.

Let (S,ds) be a metric space and let X be a bounded, closed subset of a Banach
space (W, | o |lw). Let K : § x X — X be as in Corollary 4 on p. 230, i.e., K is continuous
and there exists a positive real number C' < 1 such that for every s € S, the map K, : X — X
by Ks(x) = K(s,x) is C-Lipschitz. Denote by BC(S, X) the subset of BC(S, W) parameterizing
bounded continuous functions with image in X.

(a) Prove that BC(S, X) is a closed subset of BC(S,W). Combined with Theorem 4.7.5 on p.
218, it follows that BC(S, X) is a complete metric space.

(b) For every f: S — X in BC(S, X), define K(f):S — X by s+ K(s, f(s)). Prove that K(f)
is an element of BC(S, X).

(c) Prove that the map K : BC(S,X) — BC(S,X) by f — K(f) is C-Lipschitz. Apply the
contraction mapping fixed point theorem to give a second proof of Corollary 4 (in this context).

Nota Bene. Corollary 4 is more general since X need not be a closed bounded subset of a Banach
space. If X is a subset of a Banach space W, then it is valid to replace X by the intersection of
the closure of X with a bounded ball in W by the estimates in Corollaries 1 — 3 together with the
theorem from lecture that a uniformly continuous (e.g., Lipschitz) function on a metric space X
extends to a continuous function on the completion of the domain (i.e., the closure of X in W). In
practice the metric spaces X we work with usually are subsets of Banach spaces.

Problem 2| Let (V|| o [[y) be a normed vector space, let (W, ||bullet||y) be a Banach space. Let
V.CV and W C W be open subsets. Let K : V. x W — W be a continuous function such that

for every v € V, the induced morphism Ky, : W — W, @ — K(¥,@) is differentiable. Let C
be a positive real number such that C' < 1. Assume that for every ¢ € S and for every w € W,
|d(Kge)allop < C so that Ky, is C-Lipschitz. Let % € V and @, € W be elements such that
Kgo,.(wo) — U_J'().

(a) Using Corollaries 1 — 3 on pp. 229-230 if necessary, prove that there exist real numbers dy > 0
and dyy > 0 such that

(i) The ball S = Bj, (%) is contained in V, and the closed ball X = B, (1) is contained in
w.

(ii) The continuous map K maps S x X into X.
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(b) Denote by cg, : S — X the constant function cg,(v)) = wo. Apply [Problem 1|to conclude that
the sequence (K" (¢, ))n=0.12,.. converges in BC(S, X) to the unique continuous function f : S — X
from Corollary 4.

(c) Finally assume that G : V x W — W is a continuous function such that every Gye is dif-
ferentiable and the derivatives d(Gj,)s vary continuously in (7,vecw). Let @y € V and @y € W
be elements such that Gy, +(wWo) = Ow. Modify (or simply quote) the arguments in the proof of
Theorem 4.9.3, pp. 230-231, to show that up to replacing 1% by a small open ball about 7, and up
to replacing W by a small open ball about @y, the map Kgo (@) := @ — T~ (G4 ()) satisfies the
hypothesis in (a). As above, conclude that (K™(cg,))n=0.1.2... converges in BC(S, X) to the unique
continuous function f:S — X such that G(V, f(¢))) = 0.

With the same notation as above, let V=W = R and let G : V x W — W be the
function G(x,y) = (1+x)—(1+y)?, so that G(z, yo) = 0 for the point (zg, yo) = (0,0). Compute T
and T-!. Compute K (x,y) and compute K (f(z)). Starting with the constant function co(z) = 0,
compute the first three iterates K (o), K (K (co)) and K(K (K (c))). How do these compare to the
Taylor approximations to y/1 4+ x — 1 about zy = 07

Let n be a positive integer. Let V' and W both be the vector space L(R"™ R") of
linear operators on R". Denote by Idg~ the identity matrix. Let G : V x W — W be the function
G(X,Y) = (Idge + X) o (Idge +Y) — Idgn, so that G(Xo, Yy) = 0 for the point (Xo, Yy) = (0,0).
Compute T and T-!. Compute K(X,Y) and compute K(f(X)). Starting with the constant
function co(X) = 0, compute the first three iterates K (co), K(K(cy)) and K (K (K (co))). How do
these compare to the “Taylor approximations” to (Idg» + X )~ about Xy = 07?

Find an example of a continuously differentiable function G : R x R — R such
that G(0,0) = 0, yet with (dGg.)o noninvertible and such that there is no continuous function

fi(—ev,ev) = (—ew, ew) with G(z, f(x)) = 0.
Solutions to Problems.

Solution to |(1)]

Solution to @ The simplest argument uses sequences. Let (f,)n=12._. be a sequence of elements
of BC(S, X) which converges to f in BC(S, W) with respect to the uniform norm. Because the
sequence converges uniformly, for every s € S, the sequence (f,,($))n=1,2,.. converges to f(s) with
respect to the norm on W. Since this is a sequence of elements in X, and since X is closed, the
limit f(s) is also in X. Thus for every s € S, f(s) isin X, i.e., f is in BC(S, X).

Solution to @ There are three things that need to be checked: that K(f) is continuous, that
K (f) maps S into X, and that f is bounded. Since K is continuous and since f is continuous, also
K (s, f(s)) is continuous. Since the image of K is in X, for every s € S, K (s, f(s)) is in X. Finally,
since X is bounded, every function into X is bounded. Hence K (f) is in BC(S, X).

Solution to Let f1, fo be elements of BC(S, X). By definition of the uniform norm,

1K (f1) = K(f2)llan = Tab{ K (f1(5)) = K(fa(s))llw = s € S}.


http://www.math.sunysb.edu/~jstarr/mat544.fall11/index.html
mailto:jstarr@math.sunysb.edu

MAT 544 Real Analysis I Jason Starr
Stony Brook University Fall 2011
Problem Set 4, Due Thurs. 10/13/2011

Since K is C-Lipschitz by hypothesis, we have
1K (f1(s)) = Ks(fa(s)lw < Cllfi(s) = fa(s)llw < Cllf1 = follun-

Since C|| f1 — f2|lun is an upper bound for every s € S, we conclude that it is greater than or equal
to the least upper bound, i.e.,

1K (f1) = K(f)lun < Cllf1 = Follun.

Therefore K is C-Lipschitz. Since C < 1, it follows that K is a contraction. And by @, BC(S,X)
is a complete metric space. Therefore by the contraction mapping fixed point theorem, there exists
a unique fixed point f in BC(S, X), i.e., there exists a unique continuous function f : S — X such
that K (f) = f. This precisely says that for every s € S, K,(f(s)) = f(s), i.e., f(s) is a fixed point
of K. Of course we know that this fixed point is unique, so f(s) is the fixed point of K. Since f
is in BC'(S, X), it is continuous. So we conclude that the function f : S — X sending every s to
the unique fixed point f(s) of K is a continuous function.

Solution to |(2)]

Solution to @ Because W is open and 1 is in W, there exists a real number 7 > 0 such that
the open ball B, (i) is in W. Therefore for any positive real dy < r, say dy := /2, the closed
ball Bs,, () is in W. Since K is continuous, in particular the function K,z : V — W by
U — K (¥, W) is also continuous. And K, (7)) equals K (U, @), which equals @y by hypothesis.

—

Therefore there exists a real number dy > 0 such that for every v € B, (1)), K (U, %) = Koz, (V)
is in the ball B(i_cys,, (), i.e.,

dw (K (v, ), @) < (1 — C)dw.
Also Ky, is C-Lipschitz. So for every w € B, (W), also we have
dw (K (0, @), K (0, 1)) < Cdw (W, 1) < Cow.
Thus by the triangle inequality, for every v € Bs, (v) and for every @ € By, (W),
dw (K (0, W), W) < dw (K (0, W), K(U,wWy)) + dw (K (0, W), W) < Cow + (1 — C)dw = dw -

Thus K (0, @) is in By, (Wy). Therefore, for S = B, (0) and for X = By, (W), K maps S x X
into X.

Solution to |(a)| By [Problem 1|, the map K : BC(S, X) — BC(S, X) is a contraction. Therefore,
by the contraction mapping fixed point theorem, for any function f, € BC(S, X), the sequence
(Kn<f0)>n:0,172’m converges in BC(S, X) to the unique fixed point. And again by , that
fixed point is the continuous function f : .S — X from Corollary 4.

Solution to [(b)|With the choice of S and X from|[(a)] and using that K is C-Lipschitz by the mean
value theorem, K satisfies the hypotheses of[Problem 1| Thus, by that problem, (K™ (cg,))n=01.2...

converges in BC'(S, X) to the unique continuous function f : S — X from Corollary 4.
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Solution to The argument for this is as in the proof of Theorem 4.9.3, pp. 230-231. Since
d(K5,.e)a, is 0 by construction, and thus has operator norm 0, and since the derivative map is
continuous, so that also the operator norms of the derivatives vary continuously, for any specified
real number C' > 0 (in particular, for C' with 0 < C' < 1), for all ¥ in a sufficiently small ball
about ¥ and for all & in a sufficiently small ball about , the operator norm of d(Kyz4)gz is < C.
Combined with the mean value theorem, this implies that Ky, is C-Lipschitz on this small ball.
Now apply [(a)| and |[Problem 1|

Solution to [(3)| For fixed z € R, the function G, 4(y) = (1+2z) — (1+y)? is a polynomial function

in y. The usual single variable derivative is the partial derivative,

96 _
oy

—2(1+4vy).

The derivative linear transformation d(G,.), : W — W is the linear transformation Ay — —2(1+
y)Ay. In particular, T := d(Go.)o is the linear transformation Ay — —2Ay. So the inverse linear
transformation is 7-'(Ay) = (—1/2)Ay. Therefore we have

K(,y) =y =T Glo) =y — 5 (1+2) = (L49)?) =y+ 50— 2 1) = 50— 17,

Therefore for a function f,(z), the function f, i = K(f,) is

1
2

frni(z) = 5 (@ = (ful2))).

Starting with fo(x) = ¢o(z) = 0, this gives first

@) = %(m 02y = %x

next

and finally

On the other hand, the Taylor series of f(z) =1+ x —11is

11 1 5
O o — —g2 4 — g3 — 24y
R S T D

So the degree n Taylor approximation of f,(x) equals the degree n Taylor approximation of f(z)
for each n = 0,1, 2, 3.
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Solution to |(4)| There are a number of elementary results from multivariable calculus which are
useful for computing derivatives. One is that every constant function is differentiable with zero
derivative. Another is that the sum of two differentiable functions is differentiable and the derivative
of the sum equals the sum of the derivatives. A final result, used previously, is that every bounded
linear transformation is differentiable with derivative equal to that same linear transformation. In
particular,

GxoY)=(ldpn + X) oY + X

is the sum of the linear transformation (Idg» + X) oY and the constant function X. Thus the
derivative is the sum of the derivatives, the first of which is (Idg» +X) oY and the second of which

is 0. Thus we have
d(Gx.e)y(AY) = (Idgr + X) 0 AY.

In particular, the derivative at (Xo, Yy) = (0,0) is
T(AY) = d(GXo,o)Yo (AY) = (Ian + 0) o AY == AY

In other words, T is the identity transformation. So the inverse linear transformation 7! is also
the identity transformation. Therefore we have

KX, Y)=Y -THGX,Y) =Y —GX,Y)=Y - (X +Y + X oY) = -X - XoV.
Therefore for a function f,(X), the function f,,; = K(f,) is
fart(X) = =X = X o fu(X).
Starting with fo(X) = ¢o(X) = 0, this gives first
AX)=-X - Xo0=-X-0=—X,

next

fo(X) ==X —Xo(-X)=—-X+X?

and finally
fs(X)=—-X —Xo(-X+X*)=-X+X>- X"

On the other hand, the Taylor series of f(X) = (Idgs + X)~! — Idgn is
0- X+ X - X+ X o (1) X"+ ..,
So the degree n Taylor approximation of f(x) equals f,(X) for each n =0, 1,2, 3.
Solution to There are many examples. One such is G(z,y) = z — y*. Of course the partial
derivative with respect to y at (0,0) is
oG

—| = (2ylpn =0
ay ©0) (0,0)

Moreover, for every x < 0, there is no choice of y such that y> = z. So there is no function,
continuous or otherwise, defined on (—ey ,0) with G(z, f(z)) = 0.
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