
Name: ------------------------ Problem 1: /20

Problem 1(20 points) Define a tuiiural transformation between two covariant functors. Then, for
~he c~tegory of vector spaces over a field F, prove there exists a natural transformation () from the
identity functor to the double dual functor ,

V H (V*)* = Homp(HomF(V, F), F),

[T: V ---+ TV] H [(Tt)t : (V*)* --+ (W*)*],

such that for the F-vector space F, Bp is an isomorphism.
Extra credit. (3 points) For your choice of isomorphism BF, is ()the only natural transformation?
Prove your answer.
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Problem 2: /30

Problem 2(30points) Let R b: a commutative ring with 1. For every Z-module Q give Homz(R, Q)
the st.ructure of R-module as III the homework exercises, i.e., for ¢ : R -+ Q in Homz(R, Q) and
for r III R, (r * ¢)(s) := ¢(sr). Prove that if Q is an injective Z-module, then Homz(R Q) is an
injective R-module. '
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Problem 3(30 points) In the following commutative diagram) the rows are exact.

o -----t A .zs., A" ---+ 0

1 u1 1u"

o ---+ B' .ss.; B .ss.; B" ---+ 0

v'l v1 1
o ---+ C' ~ C ---+ 0

Assuming that u" is surjective and v'is injective) carefully prove that Ker(v) equals Image(u). You
may use the Snake Lemma or the Long Exact Sequence of Homology. But if so) you must precisely
and correctly state the result you are using. And you must justify your application of the result.
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M' .~. M ~ t-,AII ~fJ ~~ert- '-'. IS. lI' e- '
0""'" • ~ . • 1"1. n , J JA..o . ~ A ex i,,1- J~ VurI~t..- L-{)II) £;(aJ Ser./fftCl.- or nOMo~1 ~'VtJ. 0" -(

O~ <9 -'? K~(w) ~ Kerlu") .!; KefN') ~ t~:J~ (A1.rr{q.I~1

!:Co~8'(v;)~ [<>f.-('1).

B{ ~7r>-H1l>'"S " Kercl'J £-.
-rhcJ,S at~f) Kerr'!) /t:» (UI~

l:.vr> (rt).

Coky l ~"J are: cer()·

is cerO.J irtL.) Ke((v) e.r"als

4

--- -- ------- ---- --- ----- ------ ----



Name: _
~ -

Problem 4: /20

Problem 4(20 points) Let A be a finite abelian group. Let p be a prime integer. Let the order of
the Sylow p-subgroup of A be p", Prove that the natural map

maps the Sylow p-subgroup of A isomorphically onto A @z (Zjpnz).
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