Name: Problem 1: /25

Problem 1. Mandatory Problem.(25 points) For each of the following sequences (s, )nen, say whether
or not the limit exists. If the limit does exist, evaluate the limit, and then PROVE that the sequence
converges to the limit you evaluated (in terms of the definition with ¢ and N). You may either prove
this directly, or you may use limit theorems. If you use limit theorems, please explain clearly what limit
theorems you use. If the limit does not converge, it is enough to say “does not exist” (you need not

prove it).
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Name: Problem 2: /30

Problem 2. Mandatory Problem.(30 points) For each of the following series, determine whether the
series converges or diverges with justification.
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Name: Problem 3: /30

Problem 3. Mandatory Problem(30 points) Let b > 1 be a real number. Let r > 1 be a real number
and let f(x) be the decreasing function 27" on [1,b]. For every integer n € N, define ¢, = V/b. Let P,
be the partition of [1,b] given by

=<1 <<z < <zZpy <zZ® =b, xk=qﬁ.

Define I to be the subinterval [zx_1, zx] = [¢¥71, ¢¥] of width Azy = 2}, — 25_1.

(a)(3 points) Find each length Axy.
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Name: Problem 3 continued.

(c)(10 points) Find the upper Darboux sum U(f, P,) and the lower Darboux sum L(f,P,). Please
use a summation identity to reduce your answer to a fractlon whose numerator and denominator are
polynomials in g,. n -r( k—l
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Name: Problem 4: /30

Problem 4. Mandatory Problem.(30 points) Let f(z) be the function

@) == { z? sin(()’l/xQ), Zi—%’

(a)(5 points) Using derivative rules and the known derivative dsin(z)/dz = cos(z), prove that for every
a # 0, f(z) is differentiable at z = a, and compute the derivative. Please show all steps.
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(b)(10 points) Prove that f(z) is differentiable at = 0, and find the derivative. Justify your answer.

57’ del\:‘m'/‘l‘on) 70 B J,‘M’g(gnﬁ‘aﬁlg 6'7L 0 I\I[ ,ﬁ.‘m f(&)—-p{o) gp ex,}f;_
X

R0

< .« 2 _.,.. J
This i xf—‘:o A S""["J.—: ﬁé‘% XSf‘n(;;). S oglsmli) <1, ak,
O ¢|x ()] €Kl Thes, she Lim W ek O, alrox,@g ﬁi/—'f/o) @&:;g and
 fw)=0.

(c)(10 points) Consider the function g(z) = = + f(x). Prove that ¢’(0) exists and is positive, yet there
exists no § > 0 such that g(z) is increasing on (—d,+4).

Since * q'(r)> 1+ Fo” in patedy- g 15 INeedisby at O and
j/(o) C?V@Zg 1, whith i positive. On He othes bad, fo evey
read 20, ther exdfe @ with 0<afcjz 3~ o
wlL) e 2w L) s -2 (L] 3 €L Clace in(Zasiy g has
""2&5 [RZ) aC‘”(av) a“(&'} 31306"'07#%9 36(2;’_

(d)(5 points) Why does the answer to (c) not contradict the Increasing Function Theorem (corollary of
~ the Mean Value Theorem) regarding increasing functions and positive derivatives?
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Name: Problem 5: /60

Problem 5. Additional Problems.(60 points) Solve (at least) two of theAfollowing. You will receive
the highest two scores among the scores you earn on any of the following. For each solution, make clear
which part you are solving.

(a)(30 points) Let (s,)nen be a sequence of positive real numbers that converges to a positive limit s.
Prove directly (without citing general theorems) that also (1/5,)nen converges to +/s.

(b)(30 points) Let (S,d) be a compact metric space, let (S’,d’) be a metric space, and let f : (S,d) —
(87, d') be a function that is continuous. You may assume the “Extreme Value Theorem”: the continuous
image of every compact metric space is a compact metric space. Prove that whenever f is bijective, the
inverse function f~!: (S',d’") — (9, d) is also continuous.

(c)(30 points) Let f : [0,1] — [a, b] be a continuous, increasing function. Prove that for every z € (0,1),
there exists a unique y € [0, z] such that

s =3 [ ro

(d)(30 points) Let f : [0,1] — [ R, R] be an integrable function such that for every 0 < a < b < 1, there
exists z_ € (a,b) such that f(z_) < 0 and there exists z, € (a,b) such that f(z,) > 0. Prove that for

every 0 <a<b< 1, f::_a f(z)dz equals 0.

(e)(30 points) On [0,1], let (fn)nen be a sequence of continuous, real-valued functions that converge
uniformly to f. State the definition of “uniform convergence”, and then prove that for every convergent
sequence (Zn)neny —  in [0, 1], also (fi.(zn))nen converges to f(z).
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