(a)

Start with a one-form o € Q!(R?*) of constant rank 2k. Show there exist local coordinates z!, ...,z

such that

a A (da)* =t = gda® Nda® A - A da?®

for some positive g. Define a function f so that f* = g and define a one-form ¢ so that o = fo. Show
that o has rank 2k — 1.

Proof. By definition of a rank 2k one-form, (da)* is nonvanishing, and a A (da)¥ = 0. (In this case,
this second property is trivial since (da)” is a top form.) We can assume a A (da)*~! does not vanish
locally, since its derivative is (da)*. Since a A (da)*~! is a nonvanishing 2k — 1-form, we can find a
locally-defined nonvanishing vector field ¢ such that i(¢)[a A (da)*~!] = 0. Therefore, around any point,

we can find local coordinates t, 2%, 2%, ... 2?* such that £ = % in this coordinate system.

Hence, i(¢)[a A (da)*=1 = i(€)[dz? A -+ A dz?*] = 0. Since a A (da)*~! is nonvanishing, at each point
p there is a unique one dimensional subspace of the tangent space at p where {(p) must reside. Ergo,
a A (da)*=1 and da? A - - A dz?* are linearly dependent. So a A (da)*~! = gda? A --- A dz?* for some
continuous, nonvanishing ¢. If ¢ is negative, we can switch 2 to —z2 to make g positive.

Let f be such that f* = g and let ¢ = 1a.

f
1 1
do = ——df Na+ —da
P ety
Since a A a = 0, we can quickly calculate:
o) = (k- 1)edf Ao A (da) 2 4 T (da)t!
(do) ——(—)ﬁfa(a) +f,H(Oé)
1 1
o A(do)F~1 = Foz/\ (da)k=t = ;(gde Ao ANdx?R)y =da? A - A da?R
(do)* = d(oA(do)=Y) =d(dz®* A---Adz*) =0

Hence, o A (do)#~! vanishes nowhere and (do)* is identically 0; i.e. o has constant rank 2k — 1.

Prove that the above still holds when n > k and a € Q(R?") still has rank 2k.

Proof. We know that (da)* is nowhere vanishing, and a A (da)* = 0. Hence, (da)**! = d(aA(da)k) = 0.
Thus, da is a 2-form of constant rank k. Therefore, by Darboux’s Theorem (Problem 2), there exist

local coordinates z', 22, ..., 22" such that do = dz' A dx? + da® A da* + - + da®F =1 A da?F.
Then (da)¥ = k!(dz! Adz? A -+ A do? =1 A dx?F), and since a has rank 2k, a A (da)* = 0. Expressed
2n

in this coordinate system, o = Y ;" a’dz® for some functions a’. « A (da)¥ = 0 implies that o’ = 0 for
i > 2k. So

2k
a= Za’(wl, o x?™)dat
i=1

do = Efil szl gT‘I;daxj A dx?. Therefore, for any 1 < i < 2k and for any j > 2k, g% = 0, since the
Oa’

only term of the sum that carries a factor of da’ A da' is §%da’ A dz', and this term does not appear
at all in da by choice of coordinates. Hence, each a* is independent of 27 for j > 2k. Thus,



is completely independent of z2%+1, ... 22" Therefore, we can restrict to the 2k-dimensional submani-
fold generated by {z?,...,2%"}, and apply part (a).

O

Use part (b) to show that if € Q'(M) has constant rank 2k then we can find a positive function f and
a one-form o of constant rank 2k — 1 such that

a = fo.
Use this fact and question (3) to find coordinates that verify the claim.

Proof. Part (b) allows us to define o and f locally as follows: Given a coordinate chart z : U — R?",
r,a is a one form of constant rank 2k on R?". Thus, there exist a positive function f’ and a rank 2k — 1
1-form ¢’ on R?" such that f'o’ = z,a. Let f = 2*f’ and 0 = z*0’.
By question 3, there are local coordinates z',22,...,2", 4% 42, ...,y" such that ¢ = dy' + Zfﬁ Zidyt.
Then a = fdy' + Zf:2 fz'dy’. Define ' = f and 2° = fz' for 2 < i < k. (da)* =da' Ady' A--- A
dzP Ady* #0,s0 21, ..., 2%y, ... y* are linearly independent. Hence, the z?, 4* are part of a coordinate
system such that o = Zle iy’

O



