MAT 205, Calculus III Summary II For Final

1 Ch. 14.1

Let F = u(z,y, 2)i + v(z,y, 2)] + w(z,y, 2)k a vector field on B. Know the
definition of Operators
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e curl F=V x F = Oy
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. diva:V-Vf=3£f+8§f+a§f
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Fundametal Identities

Vx(Vf) =0,
div(curl F) = 0.

2 Ch. 14.2

2.1 Line integral over a vector field F

Let C be a piecewise smooth curve with parametric representation
R(t) = z(t)i + y()] + 2(t)k
for a < t < b the line integral of F along C is

/(jﬁ-dﬁ:/c(udmikvdy—l—wdz)
= /ab (u(t)‘fl—”t“" ro) 4 w(t)%) dt
where u(t) means u(z(t),y(t), 2(t)), etc.

1. Study (ex 6) in p970 and the similar problems in the problem set 14.2



3 14.3. Independence of Path

3.1 Conservative Vector Fields

A vector field F is said to be conservative in a region D if it can be represented
in D as the gradient of a continuosly differentiable function f, which is then
called a scalar potential of F';

F=V}/.

Note that the above condition automatically implies that curl F=o.
Important Defintion.

o A region D is connected if any two points in D can be joined by a
piecewise smooth curve that lies entirely within D.

o A connected region D is symply connected if every closed curve in D
encloses only points that are also in D.

Important Theorem.

If F and curl F are continuous in the simply connected region D,
then F'is conservative in D if and only if curlF' = 0.

The conditions for the above theorem is crucial! If you use the above theorem
you should state the conditions clearly.
Fundamental theorem of line integrals

If F is conservative on the the region D and let f be a scalar potential
for ' = V f. Then, if C is any piecewise smooth curve lying entirely within
D, with initial point P and terminal point (), we have

| F-dit = £(@) - £(P)
Application

1. For a given line integral find F

2. Test if If F and curl F are continuous in the stmply connected region
D. If so and curl F = 0, F' is conservative.

3. Now find the potential function.

4. Use the fundamental theorem of line integral.



Study (ex 2) in p977 and (ex4) in p979. There will be a question, which
requires exactly the above procedure. You should clearly state the conditions
for the fundamental theorem of line integral. It is important to know over
what region in will be line integral of vecF' with curl vecF = 0.

For example consider problem 34 in p.983, which goes as follows

e over what region in the xy-plane will the line integral

/C ((—ym2 + 2 H)dr + a:ldy)

be independent of path?

First we note that

where
U = —y$_2 + :L'_l,
v=2x""
Then we find that
-, ou Ov)\ »
curl F = ———1k=0.
oy Ox

—

Now we have to worry if F' is continuous in the simply connected
region! We, however, see that F is singular (not defined)
for ¢ = 0, which means the whole y-axes! Consequently the
line integral is independent of path over the region z < 0

and 0 < z.
e evaluate the line integral above if C' id defined by
R(t) = (cos® t)i + (sin 3t)]
for 0 <t < 3.

the curve C looks nasty, which doesn’t really matter. There
are only two possibilties (i) C cross the y-axes. (ii) C does
not cross the y-axes. To see what is the case we examine if
cos®t =0 for 0 < t < % As cos0O = 1 and cost decrease and
becomes 0 for ¢t = 7, we conclude that cos®t # 0 for 0 <t <

2. Since C does not contains singularity and lying entirely
in the (good) region 0 < z and curlFF = 0 the line integral

is path independent.

Then we can use the fundamental theorem of line integral. Let’s
find the potential f of F' = Vf = fii+ f,7 From f;, = v and
fy =

flz,y) = /vdy = /(fl)dy =z 'y +c(z)

3



Now use
1 _

fo=—ya? +a”
Thus c(x) =logz. We have
f=z"ty+logz

Now P = (cos®0,sin0) and @ = (cos®§,sinm) The line integral
is then

| F-dit = Q) - £(P)

4 14.4. Green’s Theorem

What is Jordan Curve and its application in the definition of simply connected
region?

What is postively oriented piecewise oriented boundary curve of a simply
connected region D?

Green’s Theorem for Simply Connected Region

Let D ve a simply connected region with a positively oriented
piecewise-smooth boundary C. Then if the vector field F'(z,y) =
M(z,y)i + N(z,y)j is continuosly differentiable on D, we have

A(de+Ndy):/A<%—]z—aa—A;)dA

Read the proof in p986.
Green’s Theorem for Doubly Connected Region

Let R be a doubly-connected region (one hole) in the plane, with
outer boudary C; oriented counter-clockwise and boundary Cy of
the hole oriented clockwise. If the boundary curves and F (z,y) =
M (x,y)f—i— N (a:,y)j satisft the hypotheses of Green’s theorem
them

// ON oM dA = (de+Ndy)+/ (Mdz + Ndy)
rR\ Ox oy o) Cs

Assuming that we know the Green’s theorem of simply connected region,
sketch the essential idea (see p.989 figure) of the proof of the above
theorem. Study Ex 4 in p989 and the similar problem in the problem sets.
Remember that I emphasized the importance of this concept so many times.



5 14.5 Surface Integrals

Let S ve a surface defined by z = f(z,y) and Ry, its projection on the zy-
polane. If f, f;, and f, are continuos in R,, and g is continuous on S, then
the surface integral of g over S is

//Sg(x,y,z)d5= /Rwy/g(x,y,f(x,y))\/m dAg,.

Solve problem 19 in p.1001 as a simple exercise but why now? do
it using stokes theorem

6 14.6. Stokes Theorem

What is the compatible orientation of a closed path C' ib tge syrface S with
the orientatin on S7
Stoke’s theorem

Let S be an oriented surface with unit normal vector N , and
assume that S is bounded by a closed, piecewise smooth curve C'
whose orientation is compatible with that of S. If F' is a vector
field that is continuously differentiable on S, then

/Cﬁ-déz//s(curzﬁ-ﬁ)ds

There are two crucial examples (ex 2 in pl1005) and ex 3 in p1006.
The actual question will be roughly the same level of difficulty.
Study the similar problems in the problem sets. Assume that S’ has
the same boundary as S with the same orientation and can be continuosly
deformed to each other (or enclosing simply connected region) Then

J et a5~ | | (o -5)5

Finally read FEwvalutation of Line Integrals part in p.1020.



