Intro duction to Part 1:
How these papers came to be written. (versionof 12-7-95)

During the 1950's,1 worked on an ongoing project of trying to understand one par-
ticularly simple classof manifolds, namely 2n-dimensional manifolds which are (nj 1)-
connected. Although my intended paper on this subject was never nished, the project
nonethe lessled to the eight papers which follow.*

To understand how this came about, let me rst describe the original plan. The
homotopy theory of a closedmanifold M 2" which is (nj 1)-connectedis relatively easy
to describe. If the middle Betti number is , then the manifold can be obtained (up to
homotopy type) by attaching a 2n-cell to a bouquet

W" = S" ¢ S"

of = copiesof the n-sphere. The attaching map can be described as an elemen of
a homotopy group ¥sn; 1(W") which is reasonably well understood. More explicitly,
this group splits as the direct sum of ~ copiesof the group Y,; 1(S") together with
(i 1)=2 free cyclic groups, corresponding to Whitehead products of distinct generators
of Y4(W").

Better still, this spacecan be described in terms of cohomologytheory. The cohomol-
ogy groups HK = HX(M2":Z) are zerowith the exceptionof H® and H2" which are
freecyclicand H" 2 H"(W";Z) which is free abelian of rank ~ . The bilinear pairing
H"- H" ! H2" s either symmetric or skew according as n is even or odd, and has
determinant 8 1 by Poincar§ duality. Finally the \stable" attaching map canbe described
by a cohomologyoperation?

A H" ! Hzn(Mzn;:nil)E i nil;

where | . 1 is the stable homotopy group Y« n; 1(S¥) for k > n. This operation can
be described as follows. Any elemert ~ 2 H"™ 2 H"(W";Z) correspondsto a homotopy
classof maps W" ! S" . Composingwith the attaching map in %,; 1(W") , we obtain
an elemen of Y,; 1(S") which stabilizesto the required A(") 2| . 1.

The problem ariseswhen onetries to °esh out this homotopy picture by constructing
actual manifolds realizing speci ed homotopy invariants. In the simplestcase = 1, we
must attach a 2n-cell to a single n-spherein such a way asto obtain a manifold. It seems
that the best chance of carrying out this construction is to rst “thicken' the n-sphere,
replacingit by atubular neighborhood in the hypothetical M 2" . In other words, we must
form an n-disk bundle

D"} E®™ I SN

1 Seealso\ On simply connected 4-manifolds”, Sympos. Int. Top. Alg., UNAM, Mexico
1958, pp. 122-128;to be reprinted in Volume 4.

2 More generally, if a space X hasthe property that all cohomologygroups H' (X ; A)
with p< i < q are zero, then there is an analogousoperation

AHP(X;Z)! HIYX;) gipi 1)

Compare x8 of \Groups of homotopy spheres”,on p. xx.
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In the hoped for situation, the boundary spherebundle @?" = §2"i 1 will be homeo-
morphic to the (2nj 1)-sphere. Hencewe will be ableto glueona 2n-disk by a boundary
homeomorphism h soasto obtain a closedmanifold M 2" = E?"[ ,D?" with the required
homotopy type. Thus we are led to the following problem:

For which sphee bundes S"il)! §2"iln S jsthe total space §2"it
homeomorphic to the sphee S2"i 1?2

Three basic exampleshad beendiscovered by Heinz Hopf, namely the “brations 3
sty s®n s?2; s®) s’n s*; and S7) st sE

The corresponding (nj 1)-connected 2n-manifolds E2" [ , D?" were respectively the
complex projective plane, the quaternion projective plane, and the Cayley projective
plane. For circle bundles over the 2-sphere,classi ed by elemeris of the homotopy group
% (S0O(2)) 2 Z, the Hopf bration was the only possibility, up to sign. Howewer, for 3-
spherebundlesover S*, classi ed by elemerts of ¥3(SO(4)) 2 Z©Z , there are in nitely
many bundleswhich at least have the homotopy type of the 7-sphere. More precisely suc
a bundle is classi ed by two elemeris of H4(S*;Z) 2 Z , namely the Pontrjagin class p;
and the the Eulerclass e (denoted by T in the rst paper), subject only to the relation
p1~ 2e (mod 4H %) . It is not di+cult to ched that the total space 8’ hasthe homotopy
type of a 7-sphereif and only if the Euler classgenerates H#(S*;Z) . Thus we potentially
have in nitely many distinct 3-connected8-manifolds, twisted versionsof the quaternion
projective plane, which are distinguished by their Pontrjagin classeqand in somecaseshy
homotopy invariants as well).

It was natural to take a closerlook at the structure of these hypothetical manifolds,
using the Hirzebruch signature theorem.* For a smooth closed 4m -manifold, this theorem
expresses the signature (or \index") of the symmetric bilinear form
H2m . H2Mm | H4m 2 7 asa linear combination of the products of Pontrjagin classes
which lie in dimension 4m . For an 8-dimensionalmanifold, the formula reads

Pz i

signature = J[M 8 :
45

In our case,the signatureis 81, and we can choosethe the orientation sothat it is +1 .
Hencethe rst Pontrjagin classmust satisfy the congruence

pM®+45° 0 (mod7):

3 It is now known that sudh bundles can exist only in these particular dimensions.
Compare \Some consequence®f a theorem of Bott" on pagesxx-xx. For badkground on
the following remarks seeSteenrad, \The Topology of Fibre Bundles", Princeton University
Press 1951; as well as Milnor and Stashe®,\Characteristic Classes”, Annals of Math.
Studies 76, Princeton University Press1974.

4 The existence of such a signature formula was proved by Thom, who worked out
the 4 and 8 dimensional cases. At about the sametime, Hirzebruch had conjectured the
precisestatemert of the formula in all dimensions. Compare F. Hirzebruch, The signature
theorem: reminiscences and recreation, pp. 3-31 of \Prop ectsin Mathematics"”, Annals of
Math. Studies 70, Princeton U. Press1971.



For any choice of p; which does not satisfy this congruene, we have constructed a ho-
motopy 7-sphee §’ which cannot be smaothly homeomorphic to the standard 7-sphee.

At this point, | believed that | had constructed a courter-example to the Poincar§
conjecture in dimension 7. In other words, | assumedthat §’ could not even be con-
tinuously homeomorphicto the standard S’ . Fortunately however, before rushing into
print with this claim, | did someexperimentation, and discovered that this §’ actually
is homeomorphicto S’ . In fact, it can be obtained by pasting together the boundaries
of two standard 7-disks under a boundary di®eomorphism. Hence,as an extra bonus, the
proof also shaved that there exists a non-standard di®eomorphismof the 6-dimensional
sphere. These results are described in the paper \ On manifolds homeomorphic to the
7-sphere ", which follows.®

The next paper \ On the relationship between di®eren tiable manifolds and com bi-
natorial manifolds ", written in the sameyear but never published, carries the discussion
alittle further by tying it in with Henry Whitehead's theory of C?-triangulation, and by
citing Thom's proof that there exists a combinatorial 8-manifold, namely the E&[, D8
described above, which has no compatible di®ereriable structure, basedon his theory
of combinatorial Pontrjagin classes® (A few years later, Michel Kervaire constructed
a topological 10-manifold which cannot be given any di®ereniable structure at all, and
Steve Smale constructed an analogousexample in dimension twelve.” Still later, with
SergeiNovikov's proof that rational Pontrjagin classesare actually topological invariants,
it followed that the manifold E® [, D® above hasno di®ereriable structure at all. 8)

The paper \ Di®eren tiable structures on spheres”, written three yearslater, carries
out asimilar argumert basedon hypothetical manifolds of the form (SP_S9[ DP*9 , where
the two sub-spheresntersect transversally, with normal bundles described by elemerts of
Y, 1(SOq) and Y 1(SOp) respectively. This construction is much morerobust, not being
limited to dimensions7 and 15. In fact, taking p and q divisible by 4, it actually yields
non-standard structures onthe (p+ qj 1)-spherefor every choiceof p”° q° 0 (mod 4)
with p=2< gq< 2p. | wasable to verify this only for small valuesof p and q, but the
corresponding assertionfor p; q, 16 wasproved someyearslater by Antonelli, Burghelea

5 For an analogousconstruction in dimension 15, seeN. Shimada, Di®erentiable struc-
tureson the 15-sphere and Pontrjagin classesof certain manifolds, Nagoya Math. J. 12
(1957) 59-69.

6 For C1!-triangulations seeMunkres, \Elementary Di®erertial Toplogy", Princeton
Univ. Press1963. For combinatorial Pontrjagin classessomparethe preseration in \Char-
acteristic Classes",by Milnor and Stashe®.

7 M. Kervaire, A manifold which does not admit any di®erentiable structure, Commert.
Math. Helv. 34 (1960) 257-270;and S. Smale, The genenlized Poincar® conjecture in
higher dimensions, Bull. AMS 66 (1960) 373-375(compare footnote 16 below).

8 S.P. Novikov, Topological invariance of rational Pontrjagin classes Dokl. Akad. Nauk
SSSR163 (1965) 298-300(Soviet Math. Dokl. 6 (1965) 921-923). For more preciseinfor-
mation about the relationship between topological and combinatorial manifolds, seeR.
Kirby and L. Siebenmann, \F oundational Essgs on Topological Manifolds, Smoothings,
and Triangulations”, Annals of Math. Studies 88, Princeton Univ. Press1977.
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and Kahn, using an ingeneousdi®eomorphisminvariant due to Eells and Kuip er.®

These same non-standard spherescan be obtained by a bilinear pairing'® which is
described implicitly in this paper, and worked out more explicitly in the \Lectures on
Di®erentiable Structures”, on p. xx. Let me describe a smooth oriented manifold M " as
a twistedspherewith twist f : S"it1 Snil jf M" can be obtained from two copiesof
the standard n-disk D" by pasting boundariestogether under the di®eomorphism f .
Then the group jn, consisting of all di®eomorphismclassesof twisted n-spherescan be
characterized by the exact sequence

YoDI®" (S") | %Di®" (D") | Y%Di®" (S"il) 1 i, ! 0

of abelian groups, where YDi®" (M) is the group of di®eotopy classesf orientation pre-
serving di®eomorphismsof M . The required pairing %SO - %SO, | YDi®" (S ),
and hence

1/1’(80 - 1/4801( ! i k++1 5

can be de ned asfollows. If f : RX! SO and g: R ! SO map neighborhoods of
in nit y to the identity map, then the commutator of the two di®eomorphisms

(x;y) 70 (x; f(x)¢y); (x;y) 7' (g(y) ¢x;y)

of RK£ R isthe identit y outside of a compact set, and hencegivesrise to the required
di®eomorphismof the (k+ ")-sphere.If k= 4rj 1 and " = 4sj 1, then this construction
yields non-standard (4r + 4sj 1)-sphereswhenewer r=2< s< 2r.

The expository lecture \ Sommes de vari §t$s di®$rentiables et structures di®§renti-
ables des sphpres”, preserted at a conferencen Lille, intro ducesthis group j , of oriented
di®eomorphism classesof twisted spheres,and also the group £, of smooth oriented
manifolds having the homotopy type of S" , up to the relation which was then called
\J-equivalence" but is now known as\h-cobordism”. Thus j,! £, , wherethe j, are
the groups one really wants to understand,!* but the £, are much easierto deal with.

9 SeeP. L. Antonelli, D. Burghelea, and P. J. Kahn, The non- nite homotopy type of
somedi®eomorphism groups, Topology 11 (1972); and J. Eellsand N. Kuip er, An invariant
for certain smaoth manifolds, Annali di Math. 60 (1962) 93-110.

10 Comparethe two papersjust cited; aswell asP. J. Kahn, Characteristic numkbers and
oriented homotopytype, Topology 3 (1965) 81-95;A. Kosinski, On the inertia group of ¥z
manifolds, Amer. J. Math. 89 (1967)227-248;and T. Lawson, Remarkson the pairings of
Bredon, Milnor, and Milnor-Munkr es-Novikoy, Indiana Univ. Math. J. 22 (1972/73) 833-
843. For an application of related ideasto Riemanniangeometry, seeD. Gromoll, Di®erenz-
ierbare Strukturen und Metriken positiver Kr Ammung auf Spheken, Math. Annalen 164
(1966) 353-371.

1 In particular, these i , appear asthe coexcient groups of obstructions to smoothing.
Seel. Munkres, Obstructions to the smaothing of piecewise-di®eentiable homeomorphisms,
Annals Math. 72 (1960) 521-554;and Obstructions to imposing di®erentiable structures,
lIl. J. Math 8 (1964) 361-376;as well as M. Hirsch, Obstruction theories for smathing
manifolds and mappings Bull. AMS 69 (1963) 352-356.
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Although | talked with Ren§ Thom only a few times during the years when these
papers were written, his in°uence was quite important. For example, his intuitiv e feeling
for the structure of cobordism rings went far beyond his published work. During one
particularly decisive conversation, he constructed an interesting example by a technique
which | called surgery (The sameconstruction was intro duced independertly by Andrew
Wallace,*? who called it sphericalmodi cation. Both terms have been frequertly usedin
the literature.) | deweloped this idea in the paper \A pro cedure for kiling homotop y
groups of di®eren tiable manifolds ". A fairly easyMorse theory argumert shows that one
manifold can be obtained from another by a sequenceof sphericalmodi cations if and only
if the two belong to the same cobordism class. These ideas played a key role in further
work on groups of homotopy spheres!®

The manuscript \ Di®eren tiable manifolds whic h are homotop y spheres”, written
in 1959, was never published since most of its results were absorbed into a larger paper
\ Groups of homotop y spheres: | ", written in collaboration with Michel Kervaire. These
papers provided a much more systematic analysis of all possiblehomotopy spheresof any
dimension (other than 3). In particular, £, is nite for n 6 3. The analysisis basedon
an exact sequence

0! bPus ! £5 ! ! 1=3%(SO):

Here bP,+1 (denotedby £ ,(@) in the 1959 manuscript) is the subgroup consisting of
all homotopy n-sphereswhich bound parallelizable manifolds, and J : %4, (SO) ! | , is
the stable J-homomorphism. (Compare Part 3 of this volume.) The subgroup bP,; is
trivial for n ewven and hasat most two elemers for n~ 1 (mod 4) . Howewer, this group
is quite largewhen n~ 3 (mod 4) . In fact bP4y, is cyclic of order

am 22Mi 2(22Mi 11 1) numerator(B,=m) ;

where B, isthe m-th Bernoulli number'#, and a,, isoneortwo accordingas m is even
or odd. An explicit generatorcanbe constructed asfollows. (This form of the construction,
basedon the Eg-lattice, was suggestedby Hirzebruch.® My original construction was
somewhat more complicated.) Start with a 2m -skeleton consisting of eight copiesof the
2m-sphereintersecting in sewen points, indicated sdhematically as follows.

12 A.H. Wallace, Modi ¢ ations and cobounding manifolds, Canad. J. Math. 12 (1960)
503-528.

13 For further developmerts, seefor example,C. T. C. Wall, \Surgery on Compact Mani-
folds", AcademicPress1971,and W. Browder, \Surgery on Simply-Connected Manifolds",
Springer 1972.

4 These numbers grow rlapidly as m ! 1 ¢ as gne sees from the identity

Bm = 2 1+ 202M 4+ 3i2M + ¢¢¢ (2m)! (2¥)2M :

15 Comparethe discussionon pages673and 801 of Hirzebruch's \Gesammelte Abhand-

lungen, I", Springer 1987.



Now thicken ead of these spheresby taking a 2m-disk iIsomorphic to its tangent
disk bundle, with Euler number +2 . The spheresare to crossead other transversally at

ead intersection point:
Q@

(The non-trivialit y of the normal bundles is not shawvn very schematic picture.)
The result will be a parallelizable 4m-dimensional manifold Q*™ having a homotopy
sphere as boundary,'® provided that m > 1. It is shovn that this boundary @*™
is a generator for the nite cyclic group consisting of all homotopy spheresof dimension
4m j 1 which bound parallelizable manifolds.

The more preciseresults of these papers seemto be achieved at the cost of replacing
the groups j, by the cruder groups £, . In other words, topological sphereswere
replacedby homotopy spheres,and the relation of di®eomorphismby the apparertly weaker
relation of h-cobordism. Howevwer, just at this point, Smale!’ proved the h-Cobordism
Theorem, showing, exceptin low dimensions!® that di®ereriiable homotopy spheresare

16 As noted below, the boundary is actually a topological sphere, so that we can at-
tach a topological disk by a boundary homeomorphism h to obtain a topological man-
ifold Q*M [ D*M . | am indebted to Moe Hirsch for the following obsenation. If
m ~ 3 (mod4) sothat Y%, (Bso) = 0, then it is not hard to show that the result-
ing manifold doesnot even have the homotopy type of any di®erertiable manifold.

17 S. Smale, On the structure of manifolds, Amer. J. Math. 84 (1962), 387-399. (Com-
pare Milnor, Siebenmann, and Sondawv \Lectures on the h-Cobordism Theorem", Prince-
ton Mathematical Notes, Princeton Univ. Press1965.)

8 The most striking demonstration that low dimensionscan really be di®eren came
many years later with Donaldson's construction of uncountably many di®ereriable (and
even combinatorial) structures on Euclidean 4-space.No such examplescan exist in other
dimensions. SeeS. K. Donaldson, The geometry of 4-manifolds, Proc. Int. Cong. Math.
Berkeley 1986, AMS 1987, pp. 43-54; as well as J. Stallings, The piecewise-linar struc-
ture of Euclidean space, Proc. Cam. Phil. Soc. 58 (1962) 481-488;and E. Moise, Atne
structuresin 3-manifolds, V, The triangulation theorem and the Hauptvermutung, Annals
Math. 56 (1952) 96-114.



always \t wisted" spheres,and that simply-connected h-cobordant manifolds are actually
di®eomorphic. Thus, after the fact, we seethat j, 2 £, , except possibly in the case
n = 3. In fact the group j, is zero'® for n < 7, and the next few groups are given as
follows.

n = 7 8 9 10 11 12 13 14 15

in®2 Z=28 Z=2 (order8) Z/6 Z=992 0 Z=3 Z=2 (order 16256)

The projected \Groups of homotopy spheres: Il " was never completed, although a

very small part of it found its way into the expository paper \ Di®eren tial top ology ",
which was published a few years|ater.

Meanwhile, the original project of publishing a paper on 2n-manifolds which are
(nj 1)-connected,and a closelyrelated project of studying \Spaceswith a gap in coho-
mology" got lost in the shu2e. They were nally abandonedin 1962when Wall published
a beautiful exposition of the subject which made my attempts unnecessary’®

19 The statemert that j3 = 0 follows from Smale, Di®eomorphismsof S?, Proc. Am.
Math. Saoc. 10 (1959) 621-626,while the statemert that j 4, = 0 is due to J. Cerf, Sur
les di®®omorphismesde la sphgre de dimension trois (j4 = 0), Lect. Notes Math. 53,
Springer 1968. Seealso A. Hatcher, A proof of the Smale conjecture, Annals Math. 117
(1983) 553-607.

20 C.T.C. Wall, Classi cation of (nj 1)-connected 2n-manifolds, Annals of Math. 75
(1962), 163-189. Seealso his papers The action of j,, on (nj 1)-connected 2n-
manifolds, Proc. AMS 13 (1962), 943-944,and On simply-connected 4-manifolds, J. Lond.
Math. Soc. 39 (1964) 141-149.



Intro duction to Part 2: Exp ository Lectures.

| am very happy that the lecture notes on \ Di®eren tial Topology " by Jim Munkres
are herewith nally in print. These notes, basedon lectures at Princeton in the Fall of
1958, describe someof the foundations of the eld, including Whitney embedding, Thom
transversality, and tangent bundles of smooth manifolds, together with an outline of non-
orientable cobordism theory.

The notes\ Smooth Manifolds with Boundary ", basedon lecturesin Mexico City
in 1960, provide a bit more detail on some fundamenrtal constructions, using only C?-
smooth maps in order to simplify the proofs. They also include an outline of how these
constructions lead to exotic structures on spheres.

The notes on \ Di®eren tiable Structures ", from lectures at Princeton in the Spring
of 1961, cover further fundamenal material, including the di®eotopy extension problem,
connectedsums, and tubular neighborhoods.

\ Hassler Whitney , an appreciation " is adaptedfrom remarksat a memorial gathering
in Princeton.



Intro duction to Part 3: Relations with Algebraic Topology.

To any real vector bundle R™ | E !!' B there are assaiated characteristic classes
wi 2 H(B;Zz=2) and p 2 HY(B;2)

in the basespace. Wu Wen-Tsén, in his study of the cohomologyof Grassmannmanifolds,
had described relations betweenthesetwo kinds of classes.In particular, for vector bundles
over the sphere S* | it follows from his work that the Stiefel-Whitney class way is zeroif
and only if the Pontrjagin class px is divisible by 4. On the other hand Raoul Bott, in his
study of the homotopy groups of classicalgroups, shaved that the Pontrjagin classof suc
a bundle over S* s always divisible by (2k i 1)!. (A sharper statemert of his result
will be given shortly.) The next two papers\On the parallelizabilit y of the spheres”
(written with Bott), and \ Some consequences of a theorem of Bott ", combine thesetwo
statemerts to show that there exists a bundle over S" with w, 6 0 if and only if! n
equalsl, 2, 4, or 8. As easyconsequencesit follows that there exists a division algebra
over the real numbersonly in thesedimensions,and that the sphere S"i ! is parallelizable
only for thesevaluesof n .

The next paper, \On the Whitehead homomorphism J " describes a relationship
betweendi®erertial topology, algebraictopology, and number theory which | found quite
surprising. In particular, it provides a lower bound for the size of the stable homotopy
group | ak; 1 = Yak; 1+q(SY) , with g large, in terms of the denominator? of the Bernoulli
number By . This relationship is basedon the J-homomorphism

of Heinz Hopf and GeorgeWhitehead, which provides a fundamenal connection between
homotopy groupsof rotation groupsand homotopy groupsof spheres,and is alsointimately
related to the study of di®erertiable manifolds. In particular, the J-homomorphism gen-
eralizesto the Pontrjagin-Thom construction which assignsto ead embedded M P %2 SP* 4
with framed normal bundle amap f : SP*9 1 S% which carries each normal g-disk in
a tubular neighborhood onto S9, with M P mapping to a basepoint xo and with the
complemen of the tubular neighborhood mapping to the antip odal point j Xo . Taking
MP to be the standard SP %% SP*9 with an arbitrary normal framing, we recover the
J -homomorphism. In particular, taking g large, we obtain the stable J-homomorphism
J Y% (S0)! | .

1 This result would also follow from J. F. Adams, On the nonexisten@ of elementsof
Hopf invariant one, Bull. AMS 64 (1958) 279-282.

2 Similarly, the sizeof the group of homotopy spheres £ 4; 1 canbe estimated in terms
of the numerator of By . Comparethe introduction to Part | above. For number theoretic
properties of Bernoulli numbers, seefor example Appendix B of \Characteristic Classes”,
by Milnor and Stashe®.



Consider a homotopy ctassin the kernel of this J -homomorphism. Then application
of the Pontrjagin-Thom construction shows that SP, with its normal framing, is the
boundary of a normally framed submanifold QP*! in the disk DP*9*! . Gluing a standard
(p + 1)-disk onto the sphere SP = @QP*! , we obtain a closed di®ereriable manifold
M P+l

Now supposethat p+ 1= 4k . Since Q* is parallelizable, it follows that all of the
Pontrjagin classesp; of M“ are zerofor i < k. Hencethe signature formula reduces
to the simple form

signature = s, p[M #] :
Herethe coexcient s¢ isarational number which canbe computed explicitly asa multiple
of the k-th Bernoulli number,

22k(22ki 1i 1)
(2K)!

for example s; = 1=3;s, = 7=45; s3 = 2=945. Since the signature is an integer,® it
follows that the Pontrjagin number pc[M #K] is always divisible by the denominator of the
rational number s, . For example,taking k = 2, the number p,[M 8] must be divisible
by denom(s,) = 45.

The structure of the stable homotopy groups %, 1(SO) 2 ¥ (Bso) hasbeenworked
out by Bott. In particular, for n = 4k, the group Yay; 1(SO) is free cyclic. Furthermore,
there is a canonical embedding which | will denote by

Pka © Yak; 1(SO) ! Z;

de ned asfollows. Toead ~ 2 Yay; 1(SO) thereis asswiated an SO-bundle » over the
sphere S* | with Pontrjagin class py(» ) 2 H*¢(S%;Z) 2 Z . Now set pxa(") equalto
the corresponding integer py (» )[S*]. Bott shawved that the image pka(Yak; 1(SO)) %2 Z
is generatedby ax(2k i 1)!, where ax is either 1 or 2 according as k is even or odd.
(Seehis description on p. xx.)

If ~ belongsto the kernel of the J-homomorphism, then it is not hard to show
that pax (') canbeidentied with the Pontrjagin number p[M #] of the manifold M *

Bk ;

Sk =

3 |n fact the signature is an integer divisible by 8, since Q* is parallelizable. However,
this extra information is not very useful (except when k - 2) becauseof the large factor
22k in the formula for s .
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constructed above, up to sign. (SeelLemma 1 of the paper.) Hence, in this case,the
product s pxo(") must be an integer.

Since the stable homotopy groups of spheresare nite, by a theorem of Serre, the
image J¥%ax; 1(SO) ¥2| 4; 1 must be a nite cyclic group. Let jx beits order. Then a
generator "o of the kernel of the J-homomorphismwill map to the integer

Pka("0) = Jrkak(2kj 1) :

Henceit follows from the argumert above that the product sxjkax(2k i 1)! must be an
integer. In other words, the order ji of the group J¥%ax; 1(SO) must be a multiple of the
denominator of the rational number

scac(2k i 1) = 2%a (2% 1 1)By=2k :

Using classicalresults about Bernoulli numbers, we seethat the factor of 22ki 1; 1 never
causesany cancellation, sothis is just the odd primary part of the denominator of By=k.
Furthermore, an odd prime power p? divides this denominator if and only if k is a
multiple of p* (pj 1)=2. As examples,for k= 1; 2; :::; 6 this denominator takesthe
values

3; 3¢5; 3?¢7; 3¢5; 3¢11;  3?¢5¢7¢13

respectively.

This estimate is sharpenedto include the prime 2 in the paper \ Bernoulli numbers,
homotop y groups, and a theorem of Rohlin ", written with Kervaire, which shows that
the order of the cyclic group J%ax; 1(SO) is at least equal to the denominator of the
rational number Byx=4k . As examples,for k= 1;2;:::; 6 the ratio By=4k takesthe
values

1 1 _ 1 _ 1 _ 1 . 691
23¢37 24¢3¢5° 23¢32¢7° 25¢3¢5° 23¢3¢11’ 24¢32¢5¢7¢13

respectively. The proof is basedon work of Borel and Hirzebruch,* who de ne a ratio-
nal number A(M %) (the A-genug for any smooth closed 4k -manifold, and show that
A(M %) is anintegerwhenewer w,(M %) = 0. In fact, if k is odd then Hirzebruch shavs
that A(M %) is an eveninteger. Like the signature, A(M %) is expressibleas a rational
linear combination of Pontrjagin numbers, in fact

i Bk
2 (2k)!

The rest of the proof is completely analogousto the one outlined above, simply making
useof A(M ) in place of the signature.

A(M 4k) —

p[M %] + (termsin py; i Pk 1) :

4 SeeA. Borel and F. Hirzebruch, Characteristic classesand homagenus spaces, Il
Amer. J. Math. 82 (1960)491-504;and F. Hirzebruch, A Riemann-Roch theorem for di®er-
entiable manifolds, Sgminaire Bourbaki 1958/59,no. 177, F&v. 1959,0or Hirzebruch, \T opo-
logical Methods in Algebraic Geometry" (3rd ed.), Springer 1966. (Compare Problem 7
of Hirzebruch, Some problemson di®erentiable and complex manifolds, Annals Math. 60
(1954) 213-236.)
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It turns out, after the fact, that the lower bound obtained in this way is optimal. The
much more dixcult problem of nding an upper bound for the order of J¥%a; 1(SO) was
solved a few yearslater by Frank Adams,® who shawved that the order of J¥%ay; 1(SO) is
precisely equal to the denomineéor of Bx=4k . (Equivalertly, the order of J¥%a; 1(SO)
can be expressedas a product p® where p rangesover all primes such that 2k is a
multiple of pj 1, and where p? ! is the highest power of p dividing 4k .)

5 J. F. Adams, On the groups J(X) { IV, Topology 5 (1966) 21-71.
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Intro duction to Part 4: Cobordism, and to the App endix.

The researth announcemen \On the cobordism ring - °" describes some of the
structure of the cobordism ring for oriented manifolds. Details are provided in the paper,
\On the cobordism ring -° and a complex analogue, Part I", which combines the
techniques introduced by Thom with work of Frank Adams to show that the oriented
cobordism ring (nowadays denoted by - » ) has no odd torsion. It also shaws that the
analogousring - Y for manifolds with a complex structure on the stable normal bundle
has no torsion at all. These results were also obtained by Averbuh and Novikov in the

Soviet Union.?

The projected Part 11 of this paper was never written. In fact | am chagrined to
discover that | have never published any details about someof the announcedresults which
wereintended to appearin it. | am very grateful to Thom for his permissionto reprint his
Bourbaki lecture \ Travaux de Milnor sur le cobordisme ", which givesa better accourt
of this work than anything which | have published. In particular, it sketchesa proof that
the complex cobordism ring - Y is a polynomial ring of the form Z[Y?2;Y4;Y®;::],
wherethe Y?2¥ are certain complex manifolds. Furthermore, the oriented cobordism ring
- = modulo 2-torsion is a polynomial ring of the form Z[Y4; Y®; Y2::::], using only
those Y 2% with dimension divisible by 4.

The full structure of the oriented cobordism ring - » was worked out shortly after-
wards by Terry Wall.?

The expository paper \ A surv ey of cobordism " beginswith an outline of the results
described above, and ends with a very tentativ e exploration of more general cobordism
theories, for example for topological or piecewiselinear manifolds. Howewer, its main
emphasisis on cobordism for smooth Riemannian manifolds with an\ X -structure” on the
stabletangent bundle, where X is somespaceon which the in nite orthogonal group O =
Iilm O, acts. Let usde ne an X -structureon M asa sectionof the X -bundle assiated

with the tangent bundle of M . For example,if X = O=G where G is asubgroupof O,
then the X -structures on M correspond uniquely to reductions of the structural group
of the stable tangent bundle to this subgroup G. Thus an O=SO-structure is just an
orientation, while an O=U -structure is a stable almost complex structure, and an O=f 1g-
structure is a stable framing of M . For eadt choiceof X , thereis an assaiated cobordism
theory, which could be denotedby N.© , or better by - $ when G % SO. (The notations
which are actually usedin the paper, H,(M ) for the cobordism groups assaiated with
someclass M of compact manifolds, or N.(X) for the cobordism groups for smooth
manifolds with X -structure, seemrather confusing, and are not recommended.)

1 SeeB. G. Averbuh, Algebaic structure of intrinsic homolagy groups, Dokl. Akad Nauk
SSSR125 (1959) 11-14,and S. P. Novikov, Some problemsin the topology of manifolds
connected with the theory of Thom spaces, Dokl. Akad. Nauk SSSR 132 (1960) 1031-
1034 (Sov. Math Dokl. 1 717-720),as well as Homotopy properties of Thom complexes
Mat. Sb. 57 (1962) 407-442.

2 C.T.C. Wwall, Determination of the cobordism ring, Annals Math. 2 (1960) 292-311.

13



Remark. The exampleswhich are cited above all have the important property that
an X -structure on the stable tangent bundle determinesan X -structure on the stable
normal bundle up to homotopy, and corversely® However, examplessudh as X = 0=0,
show that a general X -structure will not have this property.

This paper also attempts to de ne the concept of \spin structure"” on an oriented
manifold within the same framework. Howewer, the construction which it describes is
wrong (seethe erratum).

A correct but quite di®erert de nition for the conceptof spin structure, suggestedoy
Moe Hirsch, is described in the paper\ Spin structures on manifolds ", which alsocontains
somevery preliminary computations of the spin cobordism ring - 57" .

The next paper, \ On the Stiefel-Whitney numbers of complex manifolds and spin
manifolds ", describesthe image of the homomorphism

SV oL Ng

from complex cobordism to oriented or non-oriented cobordism, and gives partial results
on a corresponding question for spin cobordism.

The last paper, \ Remarks concerning spin manifolds ", corntains two unrelated re-
sults. After a review of spin structures, section 2 usesthe Eells-Kuiper invariant to con-
struct a non-standard smooth involution of the 7-sphere? The last section usesa con-
struction of Atiy ah in topological K -theory (or more explicitly K O-theory) to study the
relationship between spin cobordism and exotic spheres.If D8 | E I B is a 8k-disk
bundle with spin structure, then there is a canonical K O-orientation class belonging to
the group KO(E;E) 2 K O(E=E) , where E- is the boundary sphere-bundle. Applying
this construction to the universal Sping, -bundle, where 8k > n sothat

Vern(EE) 2 -7 ;
we seethat this orientation classgivesrise to a homomorphism
-3 RO(S¥TN) 2 RO(S") ¢

Now specializeto the casen” 1 or n~ 2 (mod 8), sothat K O(S") is cyclic of order
2, and considerthe corresponding group of homotopy spheres£, . For 9. n- 18 it is
shown that the composition

£, ! -SPn 1 BO(S") 2 Z=2

is non-zero. If we assumethe results of Adams cited at the end of the previousintro duction,
then the proof extendsimmediately® to all higher valuesof n which are congruert to 1

3 Compare R. K. Lashof, Poincar§ duality and cobordism, Trans. AMS 109 (1963)
257-277.

4 For other free actions of nite groups on spheres,seeVolume 2 of these Collected
Papers.

5 Compare B. Lawsonand M.-L. Michelsohn,\Spin Geometry", Princeton Univ. Press
1989, p. 93.
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or 2 mod 8.

The full structure of the spin cobordism ring was worked out shortly afterwards by
Anderson, Brown and Peterson® Their work dependson a conceptof K O characteristic
classeswhich generalizesthe construction described above.

6 D.W. Anderson, E.H. Brown and F.P. Peterson, The structure of the spin cobordism
ring, Annals Math. 86 (1967) 271-298. Compare the exposition in R. Stong, \Notes on
Cobordism Theory", Princeton Univ. Press1968.
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Erratum for \A surv ey of cobordism".

In order to de ne the concept of \spin structure" on a smooth oriented Riemannian
manifold, we must lift the structural group of its tangent bundle from the rotation group to
the spin group. More generally, supposethat we have a smooth homomorphism h: G! H
between Lie groups (or well behaved limits of Lie groups) and someprincipal H -bundle
H)] P! M.If h embeds G asa subgroupof H , then areduction of the structural
group to G can be identi ed with a cross section of the ass@iated H=G-bundle. In
the caseof a general homomorphism this quotient space H=G no longer makes sense.
Howewver, we can form a \homotopy quotient” H=G, asfollows. Let us thicken H by
taking the cartesian product with a cortractible space Eg on which G operatesfreely,
and de ne H=G to be the quotient

(H £ EG):G;

using the diagonal action (A;e) ¢g = (A ¢h(g); e¢g) . Now starting with any principal
H-bundle H] P! M wecanform the assciated X = H=G-bundle

X | PEyX=(PELEEG=G I M:

There is a canonical G-bundle G] P£ Eg!" (P £ Eg)=G overthe total spaceof this
bundle, soany section s: M ! (P £ Eg)=G inducesa G-bundle over the original base
space M .

(In fact this space X = H=G ts into a one-sidedin nite sequence
¢e! -(H)! «(X)! G! H! X! Bg! By;

where any two successie maps form the inclusion and projection of a bration, up to
homotopy type. Any H -bundle is classi ed by a map into By , and we can lift to a map
into Bg if and only if there exists a section of the assaiated X = H=G-bundle.)

In particular, taking H to be the in nite rotation group SO and taking G to be
the in nite Spin group, de ned asthe non-trivial certral extension

1! f§1g! Spin! SO! 1;

it is not hard to chedk that X = SO=Spin has the homotopy type of the in nite real
projective space RP! , and that the fundamertal group % (SO) maps isomorphically
to Y4 (X) . Unfortunately howewer, the paper identies X with RP?! |, using the usual
action of SO on RP! . This is just wrong, since ¥4 (SO) mapstrivially to ¥4(RP!).

(An interesting variant of this example is provided by the group Spin®, de ned as
the non-trivial certral extension

11 st1 sSpin®! sSO! 1:

In this case,the homotopy quotient SO=Spin® has the homotopy type of the in nite
complex projective space CP! . Again the map SO! SO=Spin® is non-trivial, ascan
be cheded using cohomology)
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