Towards the Poincar § Conjecture and the Classi cation of 3-Manifolds
John Milnor (versionof 6-14-03)

The Poinca§ Conjecture was posedninety-nine yearsago, and may possibly have been
proved in the last few months. This note will be an accourt of someof the major results
over the past hundred yearswhich have paved the way towards a proof, and towards the
even more ambitious project of classifyingall compact 3-dimensionalmanifolds. The nal
paragraphprovides a brief description of the latest developmens, due to Grigory Perelman.
A more seriousdiscussionof Perelman'swork will be provided in a subsequet note by
Michael Anderson.

Poincar §'s Question.

At the very beginning of the twentieth certury, Henri Poincar§ (1854-1912)made an
unwise claim which can be stated in modern languageas follows.

If a closa 3-dimensionalmanifold hasthe homolay of the sphee S, thenit is
necessarily homemorphicto S3.

(SeePoincar 8 1900.1) However, within four yearshe had deweloped the conceptof \fun-
damerntal group”, and hencethe madinery neededto disprove this statemeri. In Poincar &
1904, he presened a courterexamplewhich can be described asthe cosetspace SO(3)=l40 .
Here SQO(3) is the group of rotations of Euclidean 3-space,and lgp is the subgroup con-
sisting of thoserotations which carry a regular icosahedronor dodecahedrononto itself (the
unique simple group of order 60). This manifold has the homology of the 3-sphere,but

its fundamertal group %3 SO(3)=lgp is a perfect group of order 120. He concludedthe
discussionby asking, again translated into modern language:

If a closal 3-dimensionalmanifold hastrivial fundamentalgroup, mustit be home-
omorphic to the 3-sphee?

The conjecturethat this is indeedthe casehascometo be known asthe Poinca$ Conjecture
It hasturned out to be an extraordinarily dixzcult question, much harder than the corre-
sponding questionin dimension v e or more,? and is a key stumbling block in the e®ortto
classify 3-dimensionalmanifolds.

During the next ft y yearsthe eld of topology grewfrom a vagueideato awell developed
discipline. Howewer, | will call attention only to a few dewelopmerts which have played an
important role in the classi cation problem for 3-manifolds. (For further information see:
Gordon for a history of 3-manifold theory up to 1960; Hempel for a presenation of the
theory up to 1976; Bing for a description of some of the ditculties assaiated with 3-
dimensionaltopology; James for a generalhistory of topology; Whitehead for homotopy
theory; and Devlin for the Poincar® Conjecture asa Millennium Prize Problem.)

1 Namesin small capsreferto the list of referencesat the end. Poincar§'s terminology may confusemodern
readerswho usethe phrase\simply-connected" to refer to a spacewith trivial fundamertal group. In fact,
he used\simply-connected" to mean homeomorphicto the simplest possiblemodel, that is, to the 3-sphere.

2 Compare Smale 1960, Stallings , Zeeman, and Walla ce for dimension v e or more, and Freedman
for dimension four.



Results based on Piecewise-Linear Metho ds.

Sincethe problem of characterizing the 3-sphereseemedso dixzcult, Max Dehn (1878-
1952)tried the simpler problem of characterizingthe unknot within S3.

Theorem claimed by Dehn (1910). A piecewise-linarly emkeddel circle
K % S2 is unknotted if and only if the fundamentalgroup ¥a(S®r K) is free
cyclic.

This is a true statemert. Howewer Kneser, 19 years later, pointed out a seriousgap in
Dehn'sproof. The questionremainedopenfor nearly ft y years,until the work of Papakyria-
kopoulos.

One basicstep wastaken by JamesWaddel Alexander  (1888-1971):

Theorem of Alexander (1924). A piecewise-linarly emtedded 2-spheein S°
cuts the 3-sphee into two closel piecewise-linar 3-cells.

Alexander also showved that a piecewise-linearlyembeddedtorus must bound a solid torus
on at least one of its two sides.

Helmut Kneser (1898-1973)xarriedout afurther stepwhich hasplayeda very important
rolein later developmerts.® He calleda closedpiecewise-lineaB-manifold irreducibleif every
piecewise-linearlyembedded2-sphereboundsa 3-cell, and reducibleotherwise. Supposethat
we start with sudh a manifold M3 which is connectedand reducible. Then cutting M3
along an enmbedded 2-spherewhich does not bound a 3-cell, we obtain a new manifold
(not necessarilyconnected)with two boundary 2-spheres. We can again obtain a closed
(possiblydisconnected)3-manifold by adjoining a coneover eat of theseboundary 2-spheres.
Now either eady componert of the resulting manifold is irreducible, or we can iterate this
procedure.

Theorem of Kneser (1929). This procedure alwaysstopsafter a nite numker
of steps,yielding a manifold #3 suchthat each connected componentof # 2 is
irr educible.

In fact in the orientable case,if we keep careful track of orientations and the number n
of non-separatingcuts, then the original connectedmanifold M 2 can be recovered as the
connectedsumof the componerts of K3, togetherwith n copiesof the \handle" S'£ S2.
(Compare Seifer t 1931, Milnor  1962.)

In 1933, Herbert Seifer t (1907-1966)introduced a classof brations which play an
important role in subsequeh dewelopmers. For our purposes,a Seifert bration of a 3-
manifold can be de ned as a circle action which is free except on at most nitely many
\short" b ers, as described belov. Sud an action is specied by a map (x;t) 7! xt from
M3 £ (R=Z) to M3 satisfying the usual conditionsthat x° = x and x5*!' = (x5)!. We
require that eah ber xR should be a circle, and that the action of R=Z should be
free excepton at most nitely many of these b ers. Hereis a canonicalmodel for a Seifert
“bration in a neighborhood of a short b er: Let ® bea primitive n-th root of unity, and let
D %2 C bethe openunit disk. Form the product D £ R and then idertify ead (z;t) with

3 Parts of Kneser's paper were basedon Dehn's work. In a note addedin proof, he pointed out that Dehn's
argumert waswrong, and hencethat parts of his own paper were not proven. Howewer, the result described
here was not a®ected.



(®z; t+ 1=n) . The resulting quotient manifold is di®eomorphicto the product D£ (R=2Z) ;
but the certral “b er under the circle action (z;t)S = (z; t + s) is shorter than neighboring

b ers,which wrap n times aroundit, since (0;t)¥" " (0;t) .

There were dramatic dewelopmers in 3-manifold theory, starting in the late 1950's
with a paper by Christos Papakyriak opoulos (1914-1976). He was a quiet personwho
had worked by himself in Princeton for many years under the sponsorshipof Ralph Fox.
(I was also working with Fox at the time, but had no idea that Papakyriakopoulos was
making progresson sud an important project.) His proof of \Dehn's Lemma", which had
stood as an unresoled problem sinceKneser rst pointed out the gap in Dehn's argumen,
was a tour de force. Hereis the statemert:

Dehn's Lemma (P apakyriak opoulos 1957). Consider a piecewise-linar
mapping f from a 2-dimensionaldisk into a 3-manifold, whele the image may
have many self-intersections in the interior, but is not allowed to haveany self-
intersections near the boundary. Then there exists a non-singular emtedding of
the disk which coincideswith f throughoutsomeneightorhood of the boundary.

He proved this by a constructing a tower of covering spaces, rst simplifying the singularities
of the disk lifted to the universal covering spaceof a neighborhood, then passingto the
universal covering of a neighborhood of the simpli ed disk, and iterating this construction,
obtaining a non-singulardisk after nitely many steps. Using similar methods, he proved a
result which was later sharpenedas follows.

Sphere Theorem. If the seond homotopygroup ¥»(M 3) of an orientable 3-
manifold is non-trivial, then there exists a piecewise-linarly emhleddel 2-sphee
which representsa non-trivial elementof this group.

As an immediate corollary, it followsthat ¥»(S3r K) = 0 for a completely arbitrary knot
K 14 S8 . More generally ¥»(M ) istrivial for any orientable 3-manifold which is irr educible
in the senseof Kneser.

Within a few years of Papakyriakopoulos's breakthrough, Wolfgang Haken had made
substartial progressin understandingquite general3-manifolds. In 1961,Haken solved the
triviality problemfor knots; that is, he described an e®ectie procedurefor decidingwhethera
piecewise-linearlyembeddedcircle in the 3-sphereis actually knotted. (SeeSchuber t 1961
for further resultsin this direction, and a clearerexposition.)

FriedhelmWaldha usen madea greatdeal of further progresshasedon Haken'sideas. In
1967a, heshavedthat thereis a closerelationship betweenSeifert b er spacesand manifolds
whosefundamertal group has non-trivial certer. In 1967b he introducedand analyzedthe
classof graph manifolds By de nition, theseare manifolds which can be split by disjoint
embeddedtori into pieces.ead of which is a circle bundle over a surface. Two key ideasin the
Haken-Waldhausenapproad seemrather innocuous,but are actually extremely powerful:

De nitions.  For my purposes,a two-sided piecewise-linearlyembedded closed
surface F in aclosedmanifold M 2 will be calledincompessibléf the fundamen-
tal group Y4 (F) is in"nite, and mapsinjectively into ¥4 (M %) . The manifold
M 3 is suzciently large if it cortains an incompressiblesurface.

As an exampleof the power of theseideas,Waldhausenshonvedin 1968that if two closedori-
enable 3-manifoldsare irreducible and suxciently large, with the samefundamenal group,
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then they areactually homeomorphic.Thereis a similar statemert for manifoldswith bound-
ary. Theseideaswerefurther dewelopedin 1979 by Jaco and Shalen and by Johannson ,
who emphasizedhe importance of decompsing a spaceby incompressibletori.

Another important developmen during theseyearswasthe proof that every topological
3-manifold has an essenhally unique piecewise-linearstructure (seeMoise ), and an essen-
tially unique di®ereniable structure (seeMunkres or Hirsch , togetherwith Smale 1959).
This is very di®eren from the situation in higher dimensions,whereit is essetial to be
clear asto whether oneis dealing with di®erertiable manifolds, piecewise-lineamanifolds,
or topological manifolds.?

Manifolds of Constant Curv ature.

The rst interesting family of 3-manifoldsto be classi ed were the °at Riemannian
manifolds|those which arelocally isometricto Euclideanspace.David Hilbert, in the 18-th
of his famousproblems,asked whether there wereonly nitely many discretegroupsof rigid
motions of Euclidean n-spacewith compact fundamertal domain. Ludwig Bieberba ch
(1886-1982)roved this statemert in 1910,and in fact gave a completeclassi cation of such
groups. This had an immediate application to °at Riemannianmanifolds. Hereis a modern
versionof his result.

Theorem (after Bieb erbach). A compact °at Riemannian manifold M" is
characterized, up to atne di®@morphism, by its fundamental group. A given
group j occursif andonly if it is nitely genented, torsionfree, and contains an
akelian sulgroup of nite index. Any such j contains a unique maximalatelian
sulgroup of nite index.

It follows easily that this maximal abelian subgroup N is normal, and that the quotient

group © = j=N acts faithfully on N by conjugation. Furthermore, N 2 Z" where
n is the dimension. Thus the nite group © enbedsnaturally into the group GL(n;Z)

of automorphismsof N . In particular, it follows that any such manifold M" can be
descriked as a quotient manifold T"=©, where T" is a °at torus, where © is a nite

group of isometrieswhich acts freely on T" , and where the fundamertal group % (T")

can be identi ed with the maximal abelian subgroup N %2 % (M") . In the 3-dimensional
orientable case there are just six sud manifolds. The group © %2 SL(3;Z) is either cyclic of
order1l, 2, 3, 4, or 6, or isisomorphicto Z=2© Z=2. (For further information seeCharlap |,
aswell asZassenhaus, Milnor  1976a, or Thurston 1997.)

Compact 3-manifolds of constart positive curvature were classi ed in 1925, by Heinz
Hopf (1894-1971).(Compare Seifer t 1933, Milnor 1957.) Theseincluded, for example,
the Poinca icosahedralmanifold which was mertioned earlier. Twenty- v e years later,
Georgesde Rham (1903-1990)shaved that Hopf's classi cation, up to isometry, actually
coincideswith the classi cation up to di®eomorphism.

4 The statemert that a piecewise-lineamanifold hasan essetially unique di®eretiable structure remains
true in dimensionsup to six. (Compare Cerf .) However, Kirby and Siebenmann showed that a topological
manifold of dimension four or more may well have seweral incompatible piecewise-linearstructures. The
four dimensional caseis particularly perilous: Freedman, making useof work of Donaldson, shaved that the
topological manifold R* admits uncourtably many inequivalert di®ereriiable or piecewise-linearstructures.
(SeeGompf .)



The lensspaceswith nite cyclic fundamertal group, constitute a subfamily of particular
interest. Thesewereclassi edup to piecewise-lineahomeomorphismin 1935by Reidemeis-
ter, Franz, and de Rham, using an invariant which they called torsion (SeeMilnor 1966
aswell asMilnor and Burlet 1970 for expositions of theseideas.) The topologicalinvari-
anceof torsion for an arbitrary simplicial complexwas proved much later by Chapman. One
surprising byproduct of this classi cation wasHorst Schuber t's 1956 classi cation of knots
with \t wo bridges", that is knots which canbe placedin R® sothat the heigh function has
just two maxima and two minima. He showved that sud a knot is uniquely determined by
its assaiated 2-fold branched covering, which is a lens space.

Although 3-manifoldsof constart negative curvature actually exist in great variety, few
exampleswere known until Thurston's work in the late 1970's. One interesting example
was discovered already in 1912 by H. Gieseking . Starting with a regular 3-simplex of
in nite edgelength in hyperbolic 3-space,he identi ed the facesin pairs to obtain a non-
orientable complete hyperbolic manifold of nite volume. Seifer t and Weber descriked
a compact examplein 1933: Starting with a regular dodecahedronof carefully chosensize
in hyperbolic space,they identi ed opposite facesby a translation followed by a rotation
through 3/10-th of a full turn to obtain a compact orientable hyperbolic manifold. (An
analogousconstruction using 1/10-th of a full turn yields Poinca§'s 3-manifold, with the
3-sphereas 120-fold covering space.)

One important property of manifolds of negative curvature was obtained by Alexandre
Preissmann (1916-1990). (Preissmann,a studert of Heinz Hopf, later changed elds and
becamean expert on the hydrodynamicsof river °ow.)

Theorem of Preissmann (1942). If M" is a closal Riemannian manifold of
strictly negative curvature, then any non-trivial akelian sulgroup of Y4(M") is
free cyclic.

The theory received a dramatic impetusin 1975,when Robert Riley (1935-2000)made
a study of represetations of a knot group ¥4(S3r K) into PSLy(C) . Note that PSL,(C)
can be thought of either as the group of orientation preservingisometries of hyperbolic
3-space,or asthe group of conformal automorphismsof its sphere-at-in nity. Using such
represemations, Riley wasableto producea number of examplesof knots whosecomplemen
can be given the structure of a completehyperbolic manifold of nite volume.

Inspired by theseexamples,Thurston deweloped a rich theory of hyperbolic manifolds.
Seethe discussionin the following section;together with Kapo vich 2001 or Milnor  1982.

The Thurston Geometrization Conjecture.

The de nitiv e conjectural picture of 3-dimensionalmanifolds was provided by William
Thurston in 1982. It assertsthat:

The interior of any compact 3-manifold can be split in an essentialy unique
way by disjoint emhkeddel 2-sphees and tori into pieces which have a geometric
structure. Here a \ geometricstructure' can be de ned most easily® asa complete

5 More formally, the canonical model for such a geometric structure is one of the eight possible pairs
(X;G) where X is a simply-connected 3-manifold, and G is a transitiv e group of di®eomorphismssuc
that G admits a left and right invariant volume form, suc that the subgroup xing any point of X s
compact, and suc that G is maximal as a group of di®eomorphismswith this last property.
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Riemannian metric whichis locally isometric to one of the eight madel structures
listed below.

For simplicity, | will dealonly with closed3-manifolds. Then wecan rst expresshe manifold
asa connectedsum of manifolds which are prime (that is, not further decompsableas non-
trivial connectedsums). It is claimedthat ead prime manifold either can be given sucd a
geometricstructure, or elsecan be separatedby incompressibletori into open pieces,eat of
which can be given sud a structure. The eight allowed geometricstructures are represeied
by the following examples:

2 the sphere S3, with constart curvature +1 ,

2 the Euclideanspace R3, with constart curvature 0,

2 the hyperbolic space H3, with constart curvature j 1,

2 the product S?£ S?t,

2 the product H? £ St of hyperbolic plane and circle,

2 aleft invariant® Riemannianmetric on the special linear group SL(2;R) ,

2 a left invariant Riemannian metric on the solvable Poinca®-Laentz group
E(1;1), which consistsof rigid motions of a 1+1 dimensional spacetime pro-
vided with the °at metric dt?j dx?,

2 aleft invariant metric on the nilpotent Heisenlrg group consistingof 3£ 3

matrices of the form 2 3
1 o o

80 1 of
00 1

In ead case,the universal covering of the indicated manifold provides a canonical model
for the correspnding geometry Examples of the rst three geometries,were discussed
in the section on constart curavture. A closed orientable manifold locally isometric to
S? £ St is necessarilydi®eomorphic(but not necessarilyisometric) to the manifold S? £
St itself; but any product of a surfaceof gerus two or more with a circle represeis the
H2 £ S geometry The unit tangert bundle of a surfaceof gerus two or more represets
the SL(2;R) geometry A torus bundle over the circle represets the Poincarm-Loreriz
solvegeometryprovided that its monodromy is represeted by a transformation of the torus

with a matrix sud as i i which has an eigervalue greater than one. Finally, any

nontrivial circle bundle over atorus represems the nilgeometry. Six of theseeigh geometries,
all but the hyperbolic and solvegeometrycasesgcorrespnd to manifolds with a Seifert b er
spacestructure.

Two special casesare of particular interest. The conjecturewould imply that:
A closal 3-manifold has nite fundamentalgroup if and only if it hasa metric

of constant positive curvature. In particular, any M2 with trivial fundamental
group must be homemorphicto S3.

6 SeeMilnor  1976b x4 for the list of left invariant metrics in dimension 3.
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This is a very sharp versionof the Poincar§ Conjecture. Another consequencavould be the
following:

A closa manifold M2 is hygertolic if and only if it is prime, with an innite
fundamentalgroup which containsno Z© Z .

In the special caseof a manifold which is suzciently large, Thurston himself proved this
statemen, and in fact proved the full geometrizationconjecture. (SeeMor gan, Thurston

1986, and McMullen  1992.) Another important result by Thurstonis that a surfacebundle
over the circle is hyperbolic if and only if (1) its monodromy is pseudo-Anose up to isotopy,
and (2) its b er hasnegative Euler characteristic. SeeSulliv an, McMullen 1996, or Ot al .

The sphericaland hyperbolic casesof the Thurston Geometrization Conjecture are ex-
tremely dizcult. Howewer, the remaining six geometriesare well understood. Many authors
have contributed to this understanding (seefor example Gordon and Heil , Auslander
and Johnson , Scott , Tukia , Gabai, and Casson and Jungreis ). SeeThurston 1997
and Scott  1983b for excellett expositions.

The Ricci Flow.

A quite di®erernn method was introduced by Richard Hamil ton 1982. Cansidera Rie-
mannian manifold with local coordinates u?; :::; u" , and with metric ds? = " gj du' du .
The asseiated Ricci°ow is a one parameterfamily of Riemannianmetrics gj = g (t) sat-
isfying the di®eretial equation

@i =@ = i 2Rjj ;
where Rjj = Rjj (fgn0) is the asseiated Ricci tensor. This particular di®ererial equation
was chosenby Hamilton for much the samereasonthat Einstein introducedthe Ricci tensor
into his theory of gravitation 7 |he neededa symmetric 2-indextensorwhich arisesnaturally
from the metric tensor and its derivatives @j;; =@" and @gj =@"@-X . The Ricci tensor
is essenially the only possibility. The factor of 2 in this equation is more or lessarbitrary,

but the negative sign is essehial. The reasonfor this is that the Ricci °ow equationis a
kind of non-linear generalizationof the heat equation

@=-@ = ¢A
of mathematical physics. For example,as g varies under the Ricci “ow, the asseiated
scala curvature R = = ¢ R;; variesaccordingto a non-linear version

@R=@ = ¢R + ZX R Rjj
of the heat equation. Like the heat equation, the Ricci °ow equation is well behared in
forward time and acts asa kind of smoothing operator, but is usually impossibleto solve in
badkward time. If someparts of a solid object are hot and others are cold then, under the
heat equation, heat will °ow from hot to cold sothat the object gradually attains a uniform
temperature. To someextert the Ricci “ow behavessimilarly, sothat the curvature \tries"
to becomemore uniform; but there are many complicationswhich have no easyresolution.

To give a very simple exampleof the Ricci °ow, considera round sphereof radius r in
Euclidean (n + 1)-space.Then the metric tensor takesthe form

gj = rzgij

7 For relations betweenthe geometrization problem and generalrelativit y, seeAnderson .
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where g is the metric for a unit sphere,while the Ricci tensor
Rij = (ni 1)g;
is independert of r . The Ricci °ow equation reducesto
dr’=dt = j 2(nj 1)  with soluton  r?(t) = r?0); 2(nj 1)t:

Thus the spherecollapsesto a point in nite time. More generally Hamilton was able to
prove the following.

Theorem of Hamilton. Supmsethat we start with a compact 3-dimensional
manifold whoseRicci tensoris everywhee positive de nite. Then, asthe manifold
shrinks to a point under the Ricci °ow, it becomesrounder and rounder. If we
res@le the metric sothat the volumeremainsconstant, then it convegestowards
a manifold of constant positive curvature.

Hamilton tried to apply this technique to more general3-manifolds,analyzing the singular-
ities which may arise, but was able to prove the geometrizationconjectureonly under very
strong supplemenary hypotheses.(For a survey of sud results, seeCao and Chow.)

In aremarkable pair of preprints, Grigory Perelman hasannounceda resolutionof these
dixculties, and promiseda proof of the full Thurston conjecturebasedon Hamilton's ideas;
with further details to be provided in a third preprint. One way in which singularities may
arise during the Ricci °ow is that a 2-spherein M 3 may collapseto a point in “nite time.
Perelmanshaws that sud collapsescan be eliminated by performing a kind of \surgery" on
the manifold, analogousto Kneser'sconstruction as described earlier. After a nite number
of sud surgeries,he assertsthat eatcy componert either:

(1) corvergestowards a manifold of constant positive curvature which shrinks to
a point in nite time, or possibly

(2) corvergestowardsan S?£ S! which shrinks to a circle in "nite time, or

(3) admits a Thurston \thic k-thin" decomppsition, where the thick parts cor-
respond to hyperbolic manifolds and the thin parts correspnd to the other
Thurston geometries.

I will not attempt to commen on the details of Perelman’'sargumerts, which are ingenious
and highly technical. Howe\er, it is clear that he has introduced new methods which are
both powerful and beautiful, and made a substartial cortribution to our understanding.
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