
The Poincar ¶e Conjecture One Hundred Years Later

The topology of 2-dimensionalmanifolds or surfaceswas well understood in the 19-th
century. In fact there is a simple list of all possiblesmooth compact orientable surfaces.
Any such surfacehasa well de¯ned genus g ¸ 0 , which can be described intuitiv ely as the
number of holes;and two such surfacescan be put into a smooth one-to-onecorrespondence
with each other if and only if they have the samegenus.1

Figure1. Sketchesof smooth surfacesof genus0, 1, and2.

The corresponding questionin higher dimensionsis much moredi±cult. Henri Poincar¶e was
perhapsthe ¯rst to try to make a similar study of 3-dimensionalmanifolds. The most basic
exampleof such a manifold is the 3-dimensionalunit sphere, that is, the locus of all points
(x ; y ; z ; w) in 4-dimensionalEuclidean spacewhich have distance exactly one from the
origin:

x 2 + y 2 + z 2 + w 2 = 1 :

He noted that a distinguishing featureof the 2-dimensionalsphereis that every simpleclosed
curve in the spherecan be deformedcontinuously to a point without leaving the sphere.In
1904,he asked a corresponding question in dimensionthree. In more modern language,it
can be phrasedas follows:2

If a compact 3-dimensional manifold M 3 has the property that every simple
closed curve within the manifold can be deformed continuously to a point, does it
follow that M 3 is homeomorphic to the sphere S3 ?

Hecommented, with considerableforesight, \ Mais cettequestionnousentrâ³nerait trop loin".
Sincethen, the hypothesisthat every simply-connectedclosed3-manifold is homeomorphic
to the 3-spherehas beenknown as the Poincar¶e Conjecture.It has inspired topologistsever
since, and attempts to prove it have led to many advancesin our understanding of the
topology of manifolds.

Early Missteps.

From the ¯rst, the apparently simple nature of this statement has led mathematicians
to overreach. Four yearsearlier in 1900,Poincar¶e himself had beenthe ¯rst to err, stating a
falsetheoremwhich can be phrasedas follows.3

Every compact polyhedral manifold with the homology of an n-dimensionalsphere
is actually homeomorphic to the n-dimensionalsphere.

1 For de¯nitions and other background material, seefor example Massey , or Munkres 1975, as well as
Thurston 1997. (Names in small capsrefer to the list of referencesat the end.)

2; 3 SeePoincar ¶e, pages498 and 370. To Poincar¶e, manifolds were always smooth or polyhedral, so that
his term \homeomorphism" referred to a smooth or piecewiselinear homeomorphism.
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But his 1904paper provided a beautiful counterexampleto this claim, basedon the concept
of fundamentalgroup, which hehad introducedearlier. (SeePoincar ¶e, pp. 189-192and 193-
288.) This examplecan be described geometricallyas follows. Considerall possibleregular
icosahedra,inscribed in the 2-dimensionalunit sphere. In order to specify one particular
icosahedronin this family, we must provide three parameters.For example,two parameters
are neededto specify a singlevertex on the sphere,and then another parameter to specify
the direction to a neighboring vertex. Thus each such icosahedron can be considered as a
single \point" in the 3-dimensionalmanifold M 3 consisting of all such icosahedra.4 This
manifold meets Poincar¶e's preliminary criterion: By the methods of homology theory, it
cannot be distinguished from the 3-dimensionalsphere. However, he could prove that it is
not a sphereby constructing a simple closedcurve which cannot be deformed to a point
within M 3 . The construction is not di±cult: Choosesomerepresentativ e icosahedronand
considerits imagesunder rotation about one vertex through angles 0 · µ · 2¼=5 . This
de¯nes a simple closedcurve in M 3 which cannot be deformedto a point.

T0 T1
^

Figure2. The Whiteheadlink.

The next important false theorem was by Henry Whitehead in 1934. As part of a
purported proof of the Poincar¶e Conjecture, he claimed the sharper statement that every
open 3-dimensionalmanifold which is contractible (that is, which can be continuously de-
formedto a point) is homeomorphicto Euclideanspace.Following in Poincar¶e'sfootsteps,he
then substantially increasedour understandingof the topology of manifoldsby discovering a
counterexampleto his own theorem. His counterexamplecan be brie°y described asfollows.
Start with two disjoint solid tori T0 and bT1 in the 3-spherewhich areembeddedasshown in
Figure 2, so that each oneindividually is unknotted, but so that the two are linked together
with linking number zero. Since bT1 is unknotted, its complement T1 = S3 r interior( bT1)
is another unknotted solid torus which contains T0 . Choosea homeomorphism h of the
3-spherewhich maps T0 onto this larger solid torus T1 . Then we can inductively construct
an increasingsequenceof unknotted solid tori

T0 ½ T1 ½ T2 ½ ¢¢¢

in S3 by setting Tj +1 = h(Tj ) . The union M 3 =
S

Tj of this increasingsequenceis the
required Whitehead counterexample,a contractible manifold which is not homeomorphicto
Euclideanspace.To seethat ¼1(M 3) = 0 , note that every closedloop in T0 can be shrunk
to a point (after perhapscrossingthrough itself) within the larger solid torus T1 . But every

4 In more technical language,this M 3 can be de¯ned as the cosetspace SO(3)=I60 where SO(3) is the
group of all rotations of Euclidean 3-spaceand where I60 is the subgroup consisting of the 60 rotations
which carry a standard icosahedronto itself. The fundamental group ¼1(M 3) , consisting of all homotopy
classesof loops from a point to itself within M 3 , is a perfect group of order 120.
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closedloop in M 3 must be contained in some Tj , and hencecan be shrunk to a point
within Tj +1 ½ M 3 . On the other hand, M 3 is not homeomorphicto Euclidean 3-space
since,if K ½ M 3 is any compactsubsetwhich is largeenoughto contain T0 , onecanprove
that the di®erenceset M 3 r K is not simply connected.

Sincethis time, many falseproofs of the Poincar¶e Conjecturehave beenproposed,some
of them relying on errors which are rather subtle and di±cult to detect. For a delightful
presentation of someof the pitfalls of 3-dimensionaltopology, seeBing .

Higher Dimensions.

The late 1950'sand early 1960'ssaw an avalanche of progresswith the discovery that
higher dimensionalmanifoldsare actually easierto work with than 3-dimensionalones.One
reasonfor this is the following: The fundamental group plays an important role in all di-
mensionseven when it is trivial, and relations betweengeneratorsof the fundamental group
correspond to 2-dimensionaldisks,mapped into the manifold. In dimension5 or more, such
diskscan be put into generalposition sothat they are disjoint from each other, with no self-
intersections,but in dimension3 or 4 it may not be possibleto avoid intersections,leading
to seriousdi±culties.

StephenSmale announceda proof of the Poincar¶e Conjecture in high dimensionsin
1960. He wasquickly followed by John St allings , who useda completelydi®erent method,
and by Andrew Walla ce , who had beenworking alonglinesquite similar to thoseof Smale.

Let me ¯rst describe the Stallings result, which has a weaker hypothesis and easier
proof, but also a weaker conclusion. He assumedthat the dimensionis seven or more, but
Christopher Zeeman later extendedhis argument to dimensions¯v e and six.

Stallings-Zeeman Theorem. If M n is a ¯nite simplicial complexof dimen-
sion n ¸ 5 which has the homotopy type5 of the sphere Sn and is locally
piecewiselinearly homeomorphic to the Euclidean space Rn , then M n is home-
omorphic to Sn under a homeomorphism which is piecewiselinear except at a
singlepoint. In other words, the complement M n r (point) is piecewiselinearly
homeomorphic to Rn .

The method of proof consistsof pushing all of the di±culties o®towards a singlepoint;
hencethere can be no control near that point.

The Smaleproof, and the closelyrelated proof given shortly afterwards by Wallace,de-
pendedrather on di®erentiable methods, building a manifold up inductively, starting with
an n-dimensionalball, by successively adding handles. Here a k-handlecan be added to
a manifold M n with boundary by ¯rst attaching a k-dimensionalcell, using an attaching
homeomorphismfrom the (k ¡ 1)-dimensionalboundary sphereinto the boundary of M n ,
and then thickening and smoothing cornersso as to obtain a larger manifold with bound-
ary. The proof is carried out by rearranging and cancelingsuch handles. (Compare the
presentation in Milnor, Siebenmann and Sondo w .)

5 In order to check that a manifold M n has the samehomotopy type as the sphere Sn , we must check
not only that it is simply-connected, ¼1(M n ) = 0 , but also that it has the samehomology as the sphere.
The exampleof the product S2 £ S2 shows that it is not enoughto assumethat ¼1(M n ) = 0 when n > 3 .
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Figure3. A 3-dimensionalball with a 1-handleattached.

Smale Theorem. If M n is a di®erentiable homotopy sphere of dimension
n ¸ 5 , then M n is homeomorphic to Sn . In fact M n is di®eomorphic to a
manifold obtained by gluing together the boundariesof two closed n-balls under
a suitabledi®eomorphism.

This was also proved by Wallace, at least for n ¸ 6 . (It should be noted that the
5-dimensionalcaseis particularly di±cult.)

The much more di±cult 4-dimensionalcasehad to wait twenty years, for the work of
Michael Freedman . Here the di®erentiable methods usedby Smaleand Wallace and the
piecewiselinear methods usedby Stallings and Zeemando not work at all. Freedmanused
wildly non-di®erentiable methods, not only to prove the 4-dimensionalPoincar¶e Conjecture
for topological manifolds, but also to give a complete classi¯cation of all closedsimply-
connectedtopological4-manifolds. The integral cohomologygroup H 2 of such a manifold is
freeabelian. Freedmanneededjust two invariants: The cup product ¯ : H 2­ H 2 ! H 4 »= Z
is a symmetric bilinear form with determinant § 1 , while the Kirby-Siebenmanninvariant ·
is an integermod 2 which vanishesif and only if the product manifold M 4 £ R canbe given
a di®erentiable structure.

Freedman Theorem. Two closed simply-connected 4-manifolds are homeo-
morphic if and only if they havethe samebilinear form ¯ and the sameKirby-
Siebenmanninvariant · . Any ¯ can be realized by sucha manifold. If ¯ (x ­ x)
is odd for some x 2 H 2 , then either value of · can be realized also. However,
if ¯ (x ­ x) is alwayseven,then · is determined by ¯ , being congruent to one
eighth of the signature of ¯ .

In particular, if M 4 is a homotopy sphere, then H 2 = 0 and · = 0 , so M 4 is
homeomorphicto S4 . It shouldbe noted that the piecewiselinear or di®erentiable theories
in dimension4 are much more di±cult. It is not known whether every smooth homotopy
4-sphereis di®eomorphicto S4 ; it is not known which 4-manifolds with · = 0 actually
possessdi®erentiable structures;and it is not known whenthis structure is essentially unique.
The major results on thesequestionsare due to Simon Donaldson . As one indication of
the complications,Freedmanshowed, usingDonaldson'swork, that R4 admits uncountably
many inequivalent di®erentiable structures. (CompareGompf .)

In dimension three, the discrepanciesbetween topological, piecewiselinear, and di®er-
entiable theoriesdisappear (seeHirsch , Munkres 1960,and Moise ). However, di±culties
with the fundamental group becomesevere.

The Th urston Geometrization Conjecture.

In the 2-dimensionalcase,each smooth compactsurfacecanbegivena beautiful geomet-
rical structure, asa round spherein the genus zerocase,asa °at torus in the genus onecase,
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and asa surfaceof constant negativecurvature whenthe genus is two or more. A far reaching
conjectureby William Thurston in 1983claimsthat somethingsimilar is true in dimension
three. This conjectureassertsthat every compactorientable 3-dimensionalmanifold can be
cut up along 2-spheresand tori so as to decomposeinto essentially unique pieces,each of
which hasa simplegeometricalstructure. There are eight possible3-dimensionalgeometries
in Thurston's program. Six of theseare now well understood,6 and there has beena great
deal of progresswith the geometry of constant negative curvature.7 However, the eighth
geometry, corresponding to constant positive curvature, remainslargely untouched. For this
geometry, we have the following extensionof the Poincar¶e Conjecture.

Th urston Elliptization Conjecture. Every closed 3-manifold with ¯nite fun-
damentalgroup has a metric of constant positive curvature, and hence is home-
omorphic to a quotient S3=¡ , where ¡ ½ SO(4) is a ¯nite group of rotations
which acts freely on S3 .

The Poincar¶e Conjecture corresponds to the special casewherethe group ¡ »= ¼1(M 3)
is trivial. The possiblesubgroups ¡ ½ SO(4) were classi¯ed long ago by Hopf (compare
Milnor [1957]),but this conjectureremainswide open.

Approac hes through Di®eren tial Geometry and Di®eren tial Equations 8

In recent yearsthere havebeenseveral attacks on the geometrizationproblem(and hence
on the Poincar¶e Conjecture) basedon a study of the geometry of the in¯nite dimensional
spaceconsistingof all Riemannianmetrics on a given smooth 3-dimensionalmanifold.

By de¯nition, the length of a path ° on a Riemannianmanifold is computed, in terms
of the metric tensor gij , asthe integral

R
° ds =

R
°

q P
gij dxi dxj . From the ¯rst and second

derivativesof this metric tensor, one can compute the Ricci curvaturetensor R ij , and the
scalar curvature R . (As an example, for the °at Euclidean spaceone gets Rij = R = 0 ,
while for a round 3-dimensionalsphereof radius r , onegetsRicci curvature R ij = 2gij =r2

and scalarcurvature R = 6=r2 .)
One approach by Michael Anderson, basedon ideasof Hidehiko Yamabe, studies the

total scalar curvature
RRR

M 3 R dV asa functional on the spaceof all smooth unit volumeRie-
mannianmetrics. The critical points of this functional are the metrics of constant curvature.
(SeeAnderson [1999-2003].)

A di®erent approach, initiated by Richard Hamil ton studiesthe Ricci °ow, that is, the
solutions to the di®erential equation

dgij

dt
= ¡ 2Rij :

In other words, the metric is required to change with time so that distancesdecreasein
directions of positive curvature. This is essentially a parabolic di®erential equation, and
behaves much like the heat equation which is studied by physicists: If we heat one end of
a cold rod, then the heat will gradually °ow throughout the rod until it attains an even

6 Seefor exampleGordon and Heil , Auslander and Johnson , Scott , Tukia , Gabai 1992,and Casson

and Jungreis .
7 SeeSulliv an , Mor gan , Thurston 1986,McMullen , and Ot al . The pioneeringpapersby Haken and

Waldha usen provided the basis for much of this work.
8 Added in 2004
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temperature. Similarly, a naive hope for 3-manifoldswith ¯nite fundamental group might
have beenthat, under the Ricci °ow, positive curvature would tend to spreadout until, in
the limit (after rescalingto constant size), the manifold would attain constant curvature. If
we start with a 3-manifold of positive Ricci curvature, Hamilton was able to carry out this
program and construct a metric of constant curvature, thus solving a very special caseof
the Elliptization Conjecture. However, in the generalcasethere are very seriousdi±culties,
sincethis °ow may tend towards singularities.9

I want to thank the many mathematicianswho helped me with this report.

John Milnor, Stony Brook University
May 2000,revisedJune 2004
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