x16. Dep endence on Parameters.

Let F be a lift of a degreeone circle map. How doesthe translation interval TI (F)
changeaswe vary the map F ? As a rst step, we should ched cortinuity; but in order to
make senseof this, we must choosean appropriate topology:.

x16A. The Space of Circle Maps. For mapson any compact space,the following
topology is often useful.

De nition.  For any compactspace X and any metric spaceY , let C(X;Y) bethe
spaceconsisting of all cortinuous mapsfrom X to Y , with the topology determined by
the metric

d(F; G) = &r}a;(x d(F(x); G(x)) : (16: 1)

This is called the topologyof unifarm convergenceor the C°-topology. We can usethis same
formula to de ne a metric, and hencea topology, on the space C{(R; R) consistingof lifts
of degreeonecircle maps,or in other words on the spaceof mapsfrom R to itself satisfying
F(x+1)= F(x)+ 1. (Forany F; G2 C)(R;R), note that the di®erenceF (x) i G(x)
is a periodic function, and henceattains a nite maximum.)

Lemma 16.1. If X, Y and Z are compact metric, then the correspndene
(F;G) 7' G£F de nesa continuous mapping

coX;Y)E COy;z) ' CO%X;Z):
Similarly, if C{(R;R) is the space of lifts of degree one circle maps, then the
composition mapping

CAR;REC)R;R) ! CYR;R):
is continuous.

Pro of. This is easily cheded, making use of the fact that every elemen of CO(Y;Z)
(or of C9(R; R)) is actually uniformly cortinuous. =

We can now prove the following.

Lemma 16.2. Both endmwints tni (F) and tn* (F) of the translation interval
depend continuouslyon F , as F variesthroughthe space of lifts of degree one
circle mapswith the C°-topology.

In particular, if we consider only monotone degreeone circle maps f , so that the
rotation number rn(f) 2 R=Z is well de ned, then it follows easily that rn(f) depends
cortinuouslyon f .

Pro of of 16.2. For any large integer q, choosethe smallest p sothat
tn*(F) < p=q:
According to Theorem 14.6,this is equivalert to the statemert that
FH¥(x) < x+p

for all x. Now if G is suzciently closeto F in the C°-topology then G*I will be
uniformly closeto F*9 by 16.1,sothat G*(x) < x + p for all x also, which implies
that th*(G) < p=q. Now let p®= p;j 2, sothat tn*(F) > p%q. Then the inequality
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16. DEPENDENCE ON PARAMETERS

F*¥(xg) > xo+ p° must hold for some xg. Hencethe samemust be true for any G
which is su+ciently closeto F . It follows that p%q- tn*(G) < p=q, and hencethat
jtn*(G) i tn™(F)j < 2=g. Since q can be arbitrarily large, this provesthe cortinuity of
tn* . The argumert for tni is completelyanalogous. =

Hereis an application of cortinuity.

Lemma 16.3. Let F be a lift of a degree one circle map with non-degenente
translation interval TI (F) . Then for every constant ¢ 2 Tl (F) there exists
an orbit F : xg 7! x1 7! ¢¢¢ so that the translation numker tn (F ; xo) is wel
de ned and equalto c.

Pro of (following [Alseda et al.]). First considerthe leftmost point tni (F) of the
translation interval. De ne a modi ed map Fo(x) by the formula

Fo(xX) = minfF(y);y, xg - F(X):

Then it is easyto ched that Fg is well de ned and monotone,with Fo(x+ 1) = Fo(x)+ 1.
Thus the translation number tn (Fp) is well de ned. Note alsothat Fq is locally constart
throughout the open set where Fo(x) < F(x) . It follows that there is at least one point

Xo 2 R whoseorbit under F coincideswith its orbit under Fo. Otherwise, for eah
X 2 R there existsan n > 0 sothat F3i"(x) takesa constart value throughout some
neighborhood of x . Covering R=Z by Tnitely many sud neigtborhoods, we seethat Fg"

must be constart for n suzciently large. But this isimpossiblesince Fo(x+ 1) = Fo(x)+ 1.
It now follows easily that

tn (F ; xo) = tn(Fo)

is equalto the leftmost point tni (F) of the translation interval TI (F) .

Figure53. The monotondunctionsFg - F; - F1 asseiatedwith anon-monotone
function F .

Similarly, de ne

F1 (X) = maxtF(y); y- Xg F(x) :

5
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16B. THE STANDARD FAMILY

Then a completely analogousargumert constructsa point xg sothat
tn(F;Xp) = tn(F1) = tn™(F):

In order to construct points with translation number in the interior of the interval TI (F),
we construct a one-parameterfamily of maps F; : R! R for t, 0 by the formula

Ft = (min(F; Fo+ 1)), :
The following facts are easyto ched:

(i) In the specialcaset = 0, this newde nition of Fgp coincideswith the old.

(i) Fy=Fq for t suzxciently large.

(i) F¢ is cortinuousand monotone,and dependscortinuously on the parameter t .
Furthermore, ead F; is locally constart throughout the open setwhere Fi(x) 6 F(x) . In
fact, F; isclearlylocally constart in the regionwhere Fi(x) > min (F (x) ; Fo(x)+t) . But if
Fi(x) = min(F(X); Fo(x)+1t) 8 F(X), then F{(x) = Fo(X)+t < F(x), andagainit follows
easilythat F; islocally constart. Usingthesefacts together with 16.2,the conclusionnow
follows easily =

As oneapplication of this argumen, we obtain a monotonicity statemen. Again let F
and G belifts of degreeonecircle maps.

Lemma 16.4. If F(x) - G(x) for all x, then tni (F) - tni (G) and
tn*(F) - tn*(G).

Proof. If F and G are monotone, this is clear, since F - G implies that
F*¥ . G*, hencetn(F) - tn(G). In the non-monotonecase,we needan extra step,
using the construction above:

F- G ) Fo- Go ) tn(Fo)=tni(F) . tn(Go)=tni(G): o

x16B. The Standard Family . To illustrate the way that translation numbers change
aswe vary the map, considerthe \ standad family" of circle maps

f(» = fc.(» = »+ c+ 2—1/4S|n(21/») ; (16: 2)

depending on two parameters ¢ 2 R=Z and - 2 R. We can distinguish three cases:
If j-j < 1, then it is easyto ched that f{») > 0 ewerywhere,sothat f is a circle
di®eomorphism.In the critical case - = §1, the map f is still a circle homemorphism,
but the derivative f{») has a zero, so that fil is not di®eretiable. Finally, for
j-j> 1 the map f is nolongermonotone.

Thus the rotation number rn(f¢.) is well de ned whenewer j-j - 1. The graph of
rn (f¢1) asa function of c is showvn in Figure 55. Here we have chosenthe critical case
- = 1, sinceit is the most extreme. Howewer, we would obtain a qualitativ ely similar graph
forany xed - satisfying 0< j-j- 1. The essetial featuresof this function ¢ 7! rn (f¢..)
are the following: It is monotoneand corntinuous(seel6.2and 16.4). Furthermore, for eat
rational value rn (f¢..) = p=q there is an ertire interval of correspnding c-values,so that
the graph exhibits a \plateau" at height p=q. (Compare 16.6and 16.7.) Of course,in the
limiting case- = 0 the map f isjust arotation by c, sotheseplateausshrink to points.

We can get a better picture by plotting the locusconsistingof all pairs (c; -) for which
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16. DEPENDENCE ON PARAMETERS

Figure54. Graphsof the standad circlemap f for - =:5, - =1,and - = 1.5
resgectively Here c = :25 for all threegraphs.
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Figure55. Graphof rn(f) asa function of the parameter c in the critical case
- =1,with f(» = »+c+ 4,sin(2%) .

fc.. possessean orbit of rotation number p=q. Thesewedgeshaped regions,which taper
down to points as we approad the line - = 0, are sometimesknown as Arnold tongues
(CompareFigure 56. More precisely working in the universalcovering space the p=gtongue
can be de ned asthe setof all (c;-) 2 RE£ R sud that p=q belongsto the translation
interval Tl (F¢..), where F¢.. (X) = X+ ¢+ - sin(2¥x)=2%a.)

It follows from Theorem 14.10that thesetonguesare mutually disjoint aslong as we
restrict attention to the region j-j - 1 for which our mapsare monotone. This is roughly
the bottom 45% of Figure 56. Howewer in the top part, where j-j > 1, the mapsare no
longer monotone,and in fact the rotation number of f is often not uniquely de ned, hence
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16B. THE STANDARD FAMILY

period 1

period 2

Figure 56. The rectangle 15 - ¢ - 7 and 0 - - - 22 in the
(c; -)-plane,shaving regionswith an attracting periadic orbit of rotation number
pP=q.

thesetonguesmay well crossead other. As an example,considerthe map

F(X) = x+ 3+ 3sin(2¥%) :
This has f0; 1=2g asa period two orbit (modulo Z ), with translation number 1=2. How-
ewer, it alsohas x = 3=4 asa xed point, with translation number zero,and x = 1=4 as
"xed point (modulo Z) with translation number +1 . It follows from 14.6that the corre-
sponding circle map, with ¢ = 1=2 and - = Y%, belongssimultaneously to every Arnold
tongue! (Comparethe discussionof a linearly conjugate examplefollowing Figure 45.)

In fact the varioustonguesactually crossead other, for appropriate choiceof ¢, when-
ewer - > 1.

Lemma 16.5. For any - > 1, there exists a constant ¢ so that the map
Fc.. hasnon-degenente translationinterval, and hene belongsto in nitely many
distinct Arnold tongues.

Pro of. Sincethe upper translation number tn * (F¢..) dependscortinuouslyon c, we
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16. DEPENDENCE ON PARAMETERS

can choose ¢ sothat it is irrational. It then follows from 15.4that the translation interval
Tl (Fc..) is non-degenerateand hencecortains in nitely marny rational numbers. =

Oneway of understandingthis statemert intuitiv ely is to considerthe sum of the widths
of all of thesetongues,

wi) = Cfo: p=a2 TI(Fe)g: (16:3)
p=RQ=Z

asafunction ofthe height - . Here ° standsfor lengthor one-dimensional.ebesguemeasure
According to a Theorem of [Swiatek, 1988],as - increasesdrom 0 to 1, this total width
increasedrom 0 to w(l) = 1. As - increasegast 1, the width of eath Arnold tongue
cortinuesto increase,and there is no longer any room for the tonguesto remain disjoint.
In fact this sum (16 : 3) jumps discortinuously? from 1 to 1 as - increasespast +1 .
For it follows from 14.6that assocon asa map f belongsto two di®erem Arnold tongues,
it must automatically belongto in nitely many.

In the region - > 1 the dynamicscanbe quite complicated. For example,as - increases
with ¢ % 1=2 the period two orbit with rotation number 1=2 \bifurcates" to a period 4
orbit, then to a period 8 orbit, and soon until we readt regionsof \chaotic" behavior. (For
further discussionsee[Chavoya-Aceweset al.] aswell as[Milnor, 1992].)

x16C. Stabilit y. Let usreturn to the study of families of monotonecircle maps,and ask
whether we can changethe rotation number by a small perturbation of f . In the rational
casetn (F) = p=g, we know by 14.6that the function F*9(x)j xj p must have at leastone
zero. We can distinguish four casesaccordingas this function is idertically zero,takesonly
non-negatiwe values,only non-positive values,or takesboth positive and negative values.

Lemma 16.6. Supmsethat tn (F) = p=q. If F*¥(x), x+ p for all x, then
we can increasethe translation numkber by an arbitrarily small perturbation, while
if F¥¥(x) - x+ p for all x, then we can decrease the translation numker by
an arbitrarily smal perturbation. However,if F*(x)j xj p takeshoth positive
and negative values,then tn (G) = tn (F) for all G which are suzciently close
to F in the CO-topology .

This local constancyof the translation number in the last caseprovides an explanation
for the \plateaus", or regionsof constarnt rotation number, in Figure 55.

Pro of of 16.6. First supposethat F*(x) , x+ p for all x. For any small real
number = we can considerthe perturbed map G(x) = F(x)+ . If = > 0, then since
F is monotonean easyinduction shovs that G*(x) , F*(x)+ ~ forall n, 0. Hence
G*(x) > x+ p for all x, andit followsthat tn(G) > tn (F) = p=qg. Further details of the
proof are straightforward, and will be left to the reader. o

Remark 16.7. In the exceptional casewhen F*9(x) is idertically equalto x + p,
it follows that we can perturb so asto either increaseor decreasehe translation number.
Howe\er, this casecan newer occur for amap F(x) = x+ c+ - sin(2¥x)=2% in the standard
family, with - 6 0. To seethis, note that sudh an F extendsto a holomorphic function
from C to C which is well de ned but not one-to-one,sinceit is easyto chek that F has

P

2 Comparethe innite sum 1 -"=n(n+ 1), which behavessimilarly.
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16C. STABILITY

complexcritical points. (Comparethe proof of 16.9below.) But if F*I(x) wereidertically
equal to the linear function x 7! x + p, for x real, then it would follow by analytic
cortinuation that F* must be one-to-onethroughout the complex numbers C, which is
impossible.

For irrational rotation number we will showv that rn(f) can always be changedby an
arbitrarily small perturbation of f . Again let f be monotoneof degreeonewith lift F .

Lemma 16.8. If tn(F) isirrational, then tn(F + ") 6 tn(F) for “ 6 0.

Proof. First consider an orbit »y 7! »{ 7! ¢¢¢ under the irrational rotation

» 7! »+ m(f). Choosesomearbitrarily large integer m. According to Lemma 14.14
we can choose > 0 sothat »] liesbetween ») and »)+ 1=m. It followsthat the m+ 1
points »3; »8; »gq; T »%q lie in positive cyclic order. Now let f : »y 7! » 7! ¢¢¢ be
someorbit under f . Using 14.11,it followsthat the points »g; »; »q; :::; »mq alsoliein
positive cyclic order. Sincethe distancefrom » to »ng in the positive direction around the
circleis lessthan 1, it follows that we can choose k < m sothat the distance = between
» = wq and f*¥(») = Mk+1)q IN the positive direction satises 0 < ~ < 1=m. Choose
x 2 R lying over this point »q, andde'ne p2 Z by the equation F*(x) = x + p+ ~,
Setting G= F i ~, it followsthat G*(x) - F*(x)j ~ - x+ p, hence

tn(G) = tin(Fj ") - p=g< tn(F):
The proof that tn(F + ") > tn (F) is similar. =

Recall from x5 that a periodic point f *(>) = »y is called attracting if it has a neigh-
borhood whosesuccessig imagesunder f*4 shrink down to », and repelling if it hasa
neighborhood sothat no orbit starting at a point » 6 » canremain in the neighborhood
forever. In the one-dimensionakase,there is just one other possibility for an isolated xed
point of a monotonemap: The point may be attracting from onesidebut repelling from the
other. (A typical exampleof a one-sidedattracting orbit for a circle map is provided by the
xed point »= 0 for the map » 7! »+ sin?(¥»)=10, which is attracting from the left but
repelling on the right.)

If f is di®ererniable, it is usefulto considerthe derivative

, = d iq(»):d»
at a periodic point f *(>y) = » . By de nition, this derivative is called the multiplier of the
periodic orbit. Evidently an attracting orbit must have multiplier satisfying j,j - 1, and
a repelling orbit must have multiplier satisfying j,j, 1, while a one-sidedattracting orbit
must have multiplier preciselyequalto +1 .

If f ismonotone,then this multiplier must satisfy , , 0. Note that the isolatedperiod
g point »p can then be classi ed as either attracting, or repelling, or one-sidedattracting
accordingasthe the graph of f *@ crossedrom above the diagonalto below the diagonalat
»p , or from below to above, or fails to cross,remaining on one side of the diagonal.

We concludethis section with a more detailed study of the standard family of circle
maps

f(» = fc.(» = »+c+ - sin(2¥»)=2Ya:

If - 6 0, then since f is real analytic, it follows from 16.7 that any xed point of f*d
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16. DEPENDENCE ON PARAMETERS

Figure57. Graphofamap f with three xed pointswhichare resgectivelyattracting,
repelling,andone-sidedttracting. The straightlineis the graphof the identity map.

must be isolated. First considerthe monotonecase.

Theorem 16.9. If 0 < j-j - 1, andif this map f has rational rotation
numler p=q, then either f hasexactlytwo periodic orbits, one attracting and
onerepelling, or elseit hasjust one periodic orbit which is one-sidel attracting.

Pro of. Note that the number of attracting period q orbits is equal to the number
of times that the di®erenceF*(x) j xj p changessignfrom + to | as x increases
(modulo Z). Evidently this is the sameasthe number of repelling period g orbits, where
this di®erencechangessignfrom | to + . Sincethere is at least one period q orbit by
14.6,it follows that there is at least one which is either attracting or one-sidedattracting,
and hencehas multiplier , 2 [0;1]. Thus, to completethe proof, we needonly showv that
there is at most one orbit with | 2 [0;1].

The proof will make essetial use of complex methods. First note that the circle map
f = fe. extendsnaturally to an in nite-to-one holomorphic map

f(z) = z+c+ 2—1/43|n(21/z)

from the cylinder C=Z to itself. (Compare Remark 16.7 above.) We will only outline
the theory of this map, which is descriked in more detail in [Keen] or [Kotus]. Using the
substitution w = €*Z 2 Cr f0g, we canwrite the derivative of f as

fQ2) = 1+ - cof2vz) = 1+ - (w+ wi H)=2:

Thus the equation f {z) = 0, reducesto a quadratic equation w?+ 2w=- + 1= 0 provided
that - 6 O, with just onesolutionif - = 81 and with exactly two solutions otherwise.
Note alsothat jf {z)j tendsto innit y asthe imaginary part of z tendsto §1 , orin other
words as jwj or 15wj tendsto innity. In particular, jfY is boundedaway from zero,
outside a neighborhood of the two critical points. It follows easilythat f hasthe following
path lifting property: If p:[0;1]! C=Z isany smaoth path avoiding the two critical values,
then for any lift f (zg) = p(0) of its initial point there existsa unique path p:[0;1]! C=Z
which satises f £p= p with p(0) = zo. With just a little more work, onethen seesthat
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16C. STABILITY

themap f : C=Z! C=Z is abrandched covering, with exactly two branch points in general
(but with only onebranch point if - = 81, and no branch points if - = 0).

By an immediate extensionof the classicaltheory of Fatou and Julia, any attracting or
parabolic periodic orbit in C=Z can be located asthe ! -limit set assa&iated with one or
more of thesecritical points. (By de nition, a period g orbit of a holomorphicmap is called
parabolic if and only if the derivative , of f*9 at ead orbit point is a root of unity. For a
real periodic orbit, the only roots of unity which canoccurare 81.)

Still assumingthat ¢ and - arereal, we distinguish three casesasfollows. If j-j> 1
then the critical points in C=Z are real and distinct, and there may well exist two distinct
attracting periodic orbits. Howewer, if - = 81 there is only one critical point, and if
0 < j-j < 1 then there are two complex conjugate critical points. In theselast two cases,
it follows that there can be at most onereal periodic orbit which is attracting or parabolic,
and hencehas multiplier , 2 [0;1]. =

Thus, we have also proved a result in the non-monotonecase:

Lemma 16.10. For j-j > 1, at mosttwo periodic orbits for the circle map
f = f¢. can have multiplier satisfying j,j - 1. Suchan orbit with j,j - 1
can alwayskhe realized asthe ! -limit setassaiated with one (or both) of the two
critical points.

By 16.5,we know that there may well be in nitely many periodic orbits, with periods q
tending to in nit y. Accordingto 16.10,all but at most two of theseorbits must be strictly
repelling, with j,j> 1.

Using the conceptof naturalmeasureasdewelopedin x3B, we canprove a rather di®eren
cortinuity result.

Theorem 16.11. For j-j - 1,themap f = f.. possesses unique natural
measure !¢ . Furthermore, this measure degendscontinuously on the parameters
c;- in the following sense. For any coontinuous test function

A:R=Z! R, the correspndene
z

(c;-) 7' Ady (16: 4)
de nes a continuous mappingfrom (R=2) £ [j 1; 1] to R.

(In more technical language,the measurevaries cortinuously provided that we give the
spaceof all probability measureghe \ weak® topology', asin x10.) The proof will be divided
into three cases,accordingas f has an attracting periodic orbit, a one-sidedattracting
periodic orbit, or hasirrational rotation number.

Pro of of existence and uniqueness. If f has one attracting orbit O and one
repelling orbit O° (compare 16.9), then it is easyto seethat every orbit » 7! » 7! ¢¢¢
outside of O° must corvergetowards O . Hencethere is a unique natural measure ¢ ,
which is just the averageof the Dirac measuresoncetrated at the various points of O . If
f hasa one-sidedattracting orbit O , then every orbit must corvergetowards O , soagain
there is a unique natural measure,concertrated at the points of O . Finally, if the rotation
number is irrational, then by 14.16there existsa unique invariant probability measure?; ,
which is necessarilya natural measure.
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16. DEPENDENCE ON PARAMETERS

Remark. In this last case the measure! is closelyrelatedto the Denjoy conjugating
homeomorphism, g = ¢ , asdescriked in 14.13and 15.1. For example,the push-fornard
Gu(*1) is equalto the Lebesguemeasureon R=Z . If g is Cl-smmoth, then we can write
this natural measureas Z z

1:(S) = Sdgbﬁ = Sg%»)d»:

The proof that the map (16 : 4) is cortinuousat (c;-) will againbe divided into three
cases.

Case A. If the map f = f¢.. hasan attracting periodic orbit, then this orbit deforms
cortinuously under perturbation of f , hencethe asseiated natural measurealso deforms
cortinuously

Case B. If f hasonly a one sided attracting orbit O, of period g, 1 sothat the
graph of f*9 is tangert to the diagonal along this orbit, then as shawvn in 16.6 above, we
canperturb f sothat this periodic orbit disappears. However, it is easyto seethat it will
still remain as a \transient. More precisely we have the following statemert: Given any
neighborhood U of the orbit O and givenany integer N > 0, there existsa neighborhood
F of f with the following property. For any g 2 F , any g-orbit which enters the
neighborhood U will remainwithin U for at least N iterations. On the other hand, there
clearly exists an integer ny which dependsonly on U, sothat, for g closeto f , any
orbit which starts outside of U must erter U within at most ny iterations. Now as g
convergesto f , wehave N ! 1 , sothe proportion of time that any orbit spendswithin
U will beat least N=(N + ny) , which convergesto +1 . Therefore,the assaiated natural
measurecan accunulate only on measuressupported within the nite set O. In fact it
is not dizcult to ched that the g points of O must be weighted equally in the limit, as
required. (Here rn(g) may well be either rational or irrational.)

Case C. If c= rn(f) isirrational, considerthe correspnding rotation =~ 7! ~ + c.
Given 2 > 0, choose g sothat the distancearoundthe circlefrom = to “ + qgc is lessthan
2 Setting ® qc, choose m > 1=2 sothat the points 0; c%; 2¢%; ::: ; mcY lie in either
positive or negative cyclic order, and cut the circle into m equalintervals plus one shorter
interval. Then correspnding points »p; »; »2q; :::; »mq for anorbit f :» 7! » 7! ¢¢¢
will also lie in positive or negative cyclic order, and will cut the circle into m intervals
lo; 11;:::; g 1 with disjoint interiors, where Iy, = f*(lo), together with one further
interval which is properly cortained in f *A(lg) . It follows that

I=(m+ 1) < *¢(lg) = ®¢ = 2¢(lg1) < 1=m;
where 1; denotesthe natural measurefor f . Now choose g socloseto f that the rst

(m + 1)q points of the orbit g:» = % 7! > 7! ¢¢¢ will have the samecyclic order asthe
» . It followsthat the circle canbe cut up into m intervals

g: P 70 eee7! Py g
together with one complemenary interval, where
1=(m+ 1) < t4(Pp) = ¢0¢ = 14(Py 1) < 1=m:
(Again rn(g) may well be either rational or irrational.) Furthermore, as g corvergesto
f ,eah P will corvergeto 1j . For any xed test function A:R=Z! R, it now follows
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R . R .
easilythat Ad!gy corvergesto Ad!; asg! f ,asrequired. This completesthe proof
of 16.11. =

x16D. Analytic Conjugacy and Herman Rings. To concludethis section, let us
supposethat the rotation number is irrational, and discusssmoothnessof the conjugating
homeomorphism g, or equivalertly of the natural measure!; . By de nition, a measure
on R=Z is singula with respect to Lebesguemeasureif it assignsfull measureto someset
having Lebesguemeasurezero. (Compare9.4.) For example,if rn(f) is rational, then the
measure!; is concenrated in the nite set O, and henceis certainly singular.

Lemma 16.12. For each - 6 0 in [j 1; 1], there exist uncountably many
valuesof ¢ sothatthemap f = f.. hasirrational rotation numter, and yet so
that the measure 1 on R=Z is singular with respect to Lelesguemeasure.

(It follows that the conjugating homeomorphismg has derivative g4») which is well
de ned and equalto zerofor Lebesguealmost every ». All of the jumps in the value of g
occur on a subsetof Lebesguemeasurezero.)

Pro of of 16.12. In fact we will shav that this behavior occursfor a genericchoice of
the rotation number rn(f) . (Comparex4C.) To simplify the discussion,we will work with
some xed valueof - . First notethat, for eah p=q2 Q=Z andforeah n, 1 thereexists
a neighborhood Np(p=9 of p=qg in R=Z with the following property. For any f = f... ,
if m(f) 2 Ny(p=9 then the natural measure !; assignsmeasure at least 1j 1=n to a
union of @ intervals havingtotal length 1=n. In fact this statemert is certainly true when
the rotation number is equalto p=g. It follows from 16.11that it is alsotrue for a map
which is CO9-closeto a map with rotation number p=q. But clearly any map with rotation
number suxciently closeto p=q must be C°-closeto a map with rotation number p=q.

Now let U, be the union over all p=q of therneigrborhoods Nnh(p=9 . Then a generic
rotation number will belongto the intersection U, . If rn(f) belongsto this intersec-
tion, then for every n there existsa union V(n) of intervals with total Lebesguelength
“(V(n)) = 1=n but with t:(V(n)) , 1j 1=n. Then V(n)[ V(n®) [ V(n® [ ¢t¢ has
Lebesguemeasure- 1=(nj 1), but hasfull measureunder 1 . Taking the intersectionas
n! 1 ,weobtain a setof Lebesguemeasurezerohaving full measureunder 1 . =«

Howewer, for most choicesof rotation number, the behavior is rather di®erer:

Theorem of Herman (1979). For Lekesguealmostevery ©~ 2 R=Z any real
analytic circle di®@morphismwith rotation numker ©~ must actually be real an-
alytically conjugateto a rotation.

| will not attempt to give a proof.

Many variants or sharper versionsof this statemert are available. (Compare [Yoccoz,
1984, 1995], [Perez-Marco],and seethe discussionin [de Melo, van Strien].) The basic
principle is that rotation numberswhich arevery dixcult to appraximate by rational numbers
correspnd to smaoth conjugating homeomorphisms.For exampleRoth in 1955,sharpening
a much earlier result by Liouville, shoved that for every irrational algebraicnumber = and
for every real number k > 2 the products
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16. DEPENDENCE ON PARAMETERS

Figure58. The Julia set (locus of sensitivedependence shavn in black) for the
standad map
f(z) = z+ c+ 0:5sin(2¥z)=2Y4

in the cylinder C=Z , WIEr_ethe constant ¢ = 0:69985¢¢¢ hasbeenchosenso that
the rotation numbker is = 2=2. The regiondepictedis [0; 2] £ [j 1=2; 1]; thus
the left and right halvesof this gure are to be identi ed by a unit translation.
The critical points n + 0:58 (0:2096¢¢ i havebeenmarked with black dots.
Herethe circle R=Z formsan f -invaiant subsetof a Hermanring alongthe lower
middle level of this gure. The complementof the Julia set (region of Liapunov
stability, shavn in white) consistsof this Hermanring H , togetherwith countably
many iterated preimageseachbiholomaphic to the universalcoveringof H and
extendingin nitely far up or down in the cylinder.

are bounded away from zero. The conclusionof Herman's Theorem holds for any sud ~ .
By way of cortrast, the rotation numbersconstructedin 16.12can be expressedas limits of
very rapidly converging sequencesf rational numbers.

As in the proof of 16.9, it is of interest to extend the standard circle map f = f¢.
to a map from the complex cylinder C=Z to itself. The statemert that the conjugating
homeomorphism g is real analytic meansthat this homeomorphismextends as a biholo-
morphic map over someneighborhood of the circle R=Z in C=Z. Thus we can nd an
ertire annulus neighborhood where f is conjugate to a rotation. By de nition, sudc a
neighborhood is calleda Hermanring. (CompareFigure 58.) In particular, it followsthat f
hasno periodic points in an ertire neighborhood of R=Z . On the other hand, in casessud
asthat descriked in 16.12where there is no Hermanring, it follows from standard results
in holomorphic dynamicsthat there are periodic points arbitrarily closeto ewvery point of
R=Z . (Seefor example[Milnor 1999,x16 and x14].)
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