
x16. Dep endence on Parameters.

Let F be a lift of a degreeone circle map. How does the translation interval TI (F )
changeas we vary the map F ? As a ¯rst step, we should check continuity; but in order to
make senseof this, we must choosean appropriate topology.

x16A. The Space of Circle Maps. For maps on any compact space,the following
topology is often useful.

De¯nition. For any compactspace X and any metric space Y , let C0(X ; Y) be the
spaceconsistingof all continuous maps from X to Y , with the topology determined by
the metric

d(F ; G) = max
x2X

d(F (x) ; G(x)) : (16: 1)

This is calledthe topologyof uniform convergence, or the C0-topology. We canusethis same
formula to de¯ne a metric, and hencea topology, on the space C0

1(R ; R) consistingof lifts
of degreeonecircle maps,or in other words on the spaceof mapsfrom R to itself satisfying
F (x + 1) = F (x) + 1 . (For any F ; G 2 C0

1(R ; R) , note that the di®erenceF (x) ¡ G(x)
is a periodic function, and henceattains a ¯nite maximum.)

Lemma 16.1. If X , Y and Z are compact metric, then the correspondence
(F; G) 7! G ±F de¯nes a continuous mapping

C0(X ; Y) £ C0(Y; Z ) ! C0(X ; Z ) :

Similarly, if C0
1(R; R) is the space of lifts of degree one circle maps, then the

composition mapping

C0
1(R ; R) £ C0

1(R ; R) ! C0
1(R ; R) :

is continuous.
Pro of. This is easily checked, making useof the fact that every element of C0(Y; Z )

(or of C0
1(R ; R) ) is actually uniformly continuous. ¤

We can now prove the following.

Lemma 16.2. Both endpoints tn ¡ (F ) and tn + (F ) of the translation interval
depend continuously on F , as F varies throughthe space of lifts of degree one
circle mapswith the C0-topology.

In particular, if we consider only monotone degreeone circle maps f , so that the
rotation number rn (f ) 2 R=Z is well de¯ned, then it follows easily that rn (f ) depends
continuously on f .

Pro of of 16.2. For any large integer q , choosethe smallest p so that

tn + (F ) < p=q:

According to Theorem14.6, this is equivalent to the statement that

F ±q(x) < x + p

for all x . Now if G is su±ciently close to F in the C0-topology, then G±q will be
uniformly close to F ±q by 16.1, so that G±q(x) < x + p for all x also, which implies
that tn + (G) < p=q. Now let p0 = p ¡ 2 , so that tn + (F ) > p0=q. Then the inequality
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16. DEPENDENCE ON PARAMETERS

F ±q(x0) > x0 + p0 must hold for some x0 . Hencethe samemust be true for any G
which is su±ciently closeto F . It follows that p0=q · tn + (G) < p=q, and hencethat
jtn + (G) ¡ tn + (F )j < 2=q. Since q can be arbitrarily large, this proves the continuity of
tn + . The argument for tn ¡ is completely analogous. ¤

Here is an application of continuity.

Lemma 16.3. Let F be a lift of a degree one circle map with non-degenerate
translation interval TI (F ) . Then for every constant c 2 TI (F ) there exists
an orbit F : x0 7! x1 7! ¢¢¢ so that the translation number tn (F ; x0) is well
de¯ned and equal to c .

Pro of (following [Alseda et al.]). First consider the leftmost point tn ¡ (F ) of the
translation interval. De¯ne a modi¯ed map F0(x) by the formula

F0(x) = minf F (y) ; y ¸ xg · F (x) :

Then it is easyto check that F0 is well de¯ned and monotone,with F0(x + 1) = F0(x) + 1 .
Thus the translation number tn (F0) is well de¯ned. Note also that F0 is locally constant
throughout the open set where F0(x) < F (x) . It follows that there is at least one point
x0 2 R whoseorbit under F coincideswith its orbit under F0 . Otherwise, for each
x 2 R there exists an n > 0 so that F ±n

0 (x) takes a constant value throughout some
neighborhood of x . Covering R=Z by ¯nitely many such neighborhoods, we seethat F ±n

0
must beconstant for n su±ciently large. But this is impossiblesince F0(x+ 1) = F0(x)+ 1 .
It now follows easily that

tn (F ; x0) = tn (F0)

is equal to the leftmost point tn ¡ (F ) of the translation interval TI (F ) .

F0

Ft

F¥

Figure53. Themonotonefunctions F0 · Ft · F1 associatedwith a non-monotone
function F .

Similarly, de¯ne
F1 (x) = maxf F (y) ; y · xg ¸ F (x) :
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16B. THE STANDARD FAMIL Y

Then a completely analogousargument constructsa point x0 so that

tn (F ; x0) = tn (F1 ) = tn + (F ) :

In order to construct points with translation number in the interior of the interval TI (F ) ,
we construct a one-parameterfamily of maps Ft : R ! R for t ¸ 0 by the formula

Ft = ( min(F ; F0 + t))1 :

The following facts are easyto check:
(i) In the special case t = 0 , this new de¯nition of F0 coincideswith the old.
(ii) Ft = F1 for t su±ciently large.
(iii) Ft is continuousand monotone,and dependscontinuously on the parameter t .

Furthermore, each Ft is locally constant throughout the open set where Ft (x) 6= F (x) . In
fact, Ft is clearly locally constant in the regionwhere Ft (x) > min (F (x) ; F0(x)+ t) . But if
Ft (x) = min (F (x) ; F0(x) + t) 6= F (x) , then Ft (x) = F0(x) + t < F (x) , and again it follows
easily that Ft is locally constant. Using thesefacts together with 16.2, the conclusionnow
follows easily. ¤

As oneapplication of this argument, we obtain a monotonicity statement. Again let F
and G be lifts of degreeonecircle maps.

Lemma 16.4. If F (x) · G(x) for all x , then tn ¡ (F ) · tn ¡ (G) and
tn + (F ) · tn + (G) .

Pro of. If F and G are monotone, this is clear, since F · G implies that
F ±q · G±q , hence tn (F ) · tn (G) . In the non-monotonecase,we need an extra step,
using the construction above:

F · G ) F0 · G0 ) tn (F0) = tn ¡ (F ) · tn (G0) = tn ¡ (G) : ¤

x16B. The Standard Family . To illustrate the way that translation numbers change
as we vary the map, considerthe \ standard family" of circle maps

f (») = f c;· (») = » + c +
·
2¼

sin(2¼») ; (16: 2)

depending on two parameters c 2 R=Z and · 2 R . We can distinguish three cases:
If j· j < 1 , then it is easy to check that f 0(») > 0 everywhere, so that f is a circle
di®eomorphism.In the critical case · = § 1 , the map f is still a circle homeomorphism,
but the derivative f 0(») has a zero, so that f ¡ 1 is not di®erentiable. Finally, for
j· j > 1 the map f is no longer monotone.

Thus the rotation number rn (f c;· ) is well de¯ned whenever j· j · 1 . The graph of
rn (f c;1) as a function of c is shown in Figure 55. Here we have chosenthe critical case
· = 1 , sinceit is the most extreme. However, we would obtain a qualitativ ely similar graph
for any ¯xed · satisfying 0 < j· j · 1 . The essential featuresof this function c 7! rn (f c;· )
are the following: It is monotoneand continuous(see16.2and 16.4). Furthermore, for each
rational value rn (f c;· ) = p=q there is an entire interval of corresponding c-values,so that
the graph exhibits a \plateau" at height p=q. (Compare 16.6 and 16.7.) Of course,in the
limiting case · = 0 the map f is just a rotation by c , so theseplateausshrink to points.

We can get a better picture by plotting the locusconsistingof all pairs (c; · ) for which
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16. DEPENDENCE ON PARAMETERS

Figure54. Graphsof the standard circlemap f for · = :5 , · = 1 , and · = 1:5
respectively. Here c = :25 for all threegraphs.
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Figure55. Graphof rn (f ) as a function of the parameter c in the critical case
· = 1 , with f (») = » + c + 1

2¼sin(2¼») .

f c;· possessesan orbit of rotation number p=q. Thesewedgeshaped regions,which taper
down to points as we approach the line · = 0 , are sometimesknown as Arnold tongues.
(CompareFigure 56. More precisely, working in the universalcoveringspace,the p=q-tongue
can be de¯ned as the set of all (c;· ) 2 R £ R such that p=q belongsto the translation
interval TI (Fc;· ) , where Fc;· (x) = x + c + · sin(2¼x)=2¼.)

It follows from Theorem 14.10 that these tonguesare mutually disjoint as long as we
restrict attention to the region j· j · 1 for which our mapsare monotone. This is roughly
the bottom 45% of Figure 56. However in the top part, where j· j > 1 , the maps are no
longermonotone,and in fact the rotation number of f is often not uniquely de¯ned, hence
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16B. THE STANDARD FAMIL Y

Figure 56. The rectangle :15 · c · :7 and 0 · · · 2:2 in the
(c; · ) -plane,showing regionswith an attracting periodic orbit of rotation number
p=q.

thesetonguesmay well crosseach other. As an example,considerthe map

F (x) = x + 1
2 + 1

2 sin(2¼x) :

This has f 0; 1=2g asa period two orbit (modulo Z ), with translation number 1=2 . How-
ever, it also has x = 3=4 as a ¯xed point, with translation number zero, and x = 1=4 as
¯xed point (modulo Z ) with translation number +1 . It follows from 14.6 that the corre-
sponding circle map, with c = 1=2 and · = ¼, belongssimultaneously to every Arnold
tongue! (Compare the discussionof a linearly conjugateexamplefollowing Figure 45.)

In fact the various tonguesactually crosseach other, for appropriate choiceof c , when-
ever · > 1 .

Lemma 16.5. For any · > 1 , there exists a constant c so that the map
Fc;· hasnon-degenerate translation interval, and hence belongsto in¯nitely many
distinct Arnold tongues.

Pro of. Sincethe upper translation number tn + (Fc;· ) dependscontinuously on c , we
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16. DEPENDENCE ON PARAMETERS

can choose c so that it is irrational. It then follows from 15.4 that the translation interval
TI (Fc;· ) is non-degenerate,and hencecontains in¯nitely many rational numbers. ¤

Oneway of understandingthis statement intuitiv ely is to considerthe sumof the widths
of all of thesetongues,

w(· ) =
X

p=q2Q=Z

`f c ; p=q2 TI (Fc;· ) g ; (16: 3)

asa function of the height · . Here ` standsfor lengthor one-dimensionalLebesguemeasure.
According to a Theorem of [Swiatek, 1988],as · increasesfrom 0 to 1 , this total width
increasesfrom 0 to w(1) = 1 . As · increasespast 1 , the width of each Arnold tongue
continues to increase,and there is no longer any room for the tonguesto remain disjoint.
In fact this sum (16 : 3) jumps discontinuously2 from 1 to 1 as · increasespast +1 .
For it follows from 14.6 that as soon as a map f belongsto two di®erent Arnold tongues,
it must automatically belongto in¯nitely many.

In the region · > 1 the dynamicscanbequite complicated. For example,as · increases
with c ¼ 1=2 the period two orbit with rotation number 1=2 \bifurcates" to a period 4
orbit, then to a period 8 orbit, and soon until we reach regionsof \chaotic" behavior. (For
further discussionsee[Chavoya-Aceveset al.] as well as [Milnor, 1992].)

x16C. Stabilit y. Let us return to the study of familiesof monotonecircle maps,and ask
whether we can changethe rotation number by a small perturbation of f . In the rational
case tn (F ) = p=q, we know by 14.6that the function F ±q(x) ¡ x ¡ p must have at leastone
zero. We can distinguish four casesaccordingas this function is identically zero, takesonly
non-negative values,only non-positive values,or takesboth positive and negative values.

Lemma 16.6. Supposethat tn (F ) = p=q. If F ±q(x) ¸ x + p for all x , then
wecan increasethe translation number by an arbitrarily small perturbation, while
if F ±q(x) · x + p for all x , then we can decrease the translation number by
an arbitrarily small perturbation. However,if F ±q(x) ¡ x ¡ p takesboth positive
and negative values,then tn (G) = tn (F ) for all G which are su±ciently close
to F in the C0-topology .

This local constancyof the translation number in the last caseprovides an explanation
for the \plateaus", or regionsof constant rotation number, in Figure 55.

Pro of of 16.6. First suppose that F ±q(x) ¸ x + p for all x . For any small real
number ´ we can considerthe perturbed map G(x) = F (x) + ´ . If ´ > 0 , then since
F is monotonean easyinduction shows that G±n(x) ¸ F ±n(x) + ´ for all n ¸ 0 . Hence
G±q(x) > x + p for all x , and it follows that tn (G) > tn (F ) = p=q. Further details of the
proof are straightforward, and will be left to the reader. ¤

Remark 16.7. In the exceptional casewhen F ±q(x) is identically equal to x + p ,
it follows that we can perturb so as to either increaseor decreasethe translation number.
However, this casecan never occur for a map F (x) = x + c+ · sin(2¼x)=2¼ in the standard
family, with · 6= 0 . To seethis, note that such an F extendsto a holomorphic function
from C to C which is well de¯ned but not one-to-one,sinceit is easyto check that F has

2 Compare the in¯nite sum
P 1

1 · n=n(n + 1) , which behavessimilarly.
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16C. STABILITY

complexcritical points. (Compare the proof of 16.9below.) But if F ±q(x) were identically
equal to the linear function x 7! x + p , for x real, then it would follow by analytic
continuation that F ±q must be one-to-onethroughout the complex numbers C , which is
impossible.

For irrational rotation number we will show that rn (f ) can always be changedby an
arbitrarily small perturbation of f . Again let f be monotoneof degreeonewith lift F .

Lemma 16.8. If tn (F ) is irr ational, then tn (F + ´ ) 6= tn (F ) for ´ 6= 0 .

Pro of. First consider an orbit »0
0 7! »0

1 7! ¢¢¢ under the irrational rotation
» 7! » + rn (f ) . Choose somearbitrarily large integer m . According to Lemma 14.14
we can choose q > 0 so that »0

q lies between »0
0 and »0

0 + 1=m . It follows that the m + 1
points »0

0 ; »0
q ; »0

2q ; : : : ; »0
mq lie in positive cyclic order. Now let f : »0 7! »1 7! ¢¢¢ be

someorbit under f . Using 14.11,it follows that the points »0 ; »q ; »2q ; : : : ; »mq alsolie in
positive cyclic order. Sincethe distancefrom »0 to »mq in the positive direction around the
circle is lessthan 1 , it follows that we can choose k < m so that the distance ´ between
» = »kq and f ±q(») = »(k+1) q in the positive direction satis¯es 0 < ´ < 1=m . Choose
x 2 R lying over this point »kq , and de¯ne p 2 Z by the equation F ±q(x) = x + p + ´ ,
Setting G = F ¡ ´ , it follows that G±q(x) · F ±q(x) ¡ ´ · x + p , hence

tn (G) = tn (F ¡ ´ ) · p=q < tn (F ) :

The proof that tn (F + ´ ) > tn (F ) is similar. ¤

Recall from x5 that a periodic point f ±q(»0) = »0 is called attracting if it has a neigh-
borhood whosesuccessive imagesunder f ±q shrink down to »0 , and repelling if it has a
neighborhood so that no orbit starting at a point » 6= »0 can remain in the neighborhood
forever. In the one-dimensionalcase,there is just oneother possibility for an isolated ¯xed
point of a monotonemap: The point may be attracting from onesidebut repelling from the
other. (A typical exampleof a one-sidedattracting orbit for a circle map is provided by the
¯xed point » = 0 for the map » 7! » + sin2(¼»)=10, which is attracting from the left but
repelling on the right.)

If f is di®erentiable, it is useful to considerthe derivative

¸ = df ±q(»)=d»

at a periodic point f ±q(»0) = »0 . By de¯nition, this derivative is called the multiplier of the
periodic orbit. Evidently an attracting orbit must have multiplier satisfying j¸ j · 1 , and
a repelling orbit must have multiplier satisfying j¸ j ¸ 1 , while a one-sidedattracting orbit
must have multiplier preciselyequal to +1 .

If f is monotone,then this multiplier must satisfy ¸ ¸ 0 . Note that the isolatedperiod
q point »0 can then be classi¯ed as either attracting, or repelling, or one-sidedattracting
accordingas the the graph of f ±q crossesfrom above the diagonal to below the diagonalat
»0 , or from below to above, or fails to cross,remaining on onesideof the diagonal.

We conclude this section with a more detailed study of the standard family of circle
maps

f (») = f c;· (») = » + c + · sin(2¼»)=2¼:

If · 6= 0 , then since f is real analytic, it follows from 16.7 that any ¯xed point of f ±q
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16. DEPENDENCE ON PARAMETERS

Figure57. Graphof amap f with three¯xed pointswhicharerespectivelyattracting,
repelling,andone-sidedattracting. The straight line is the graphof the identity map.

must be isolated. First considerthe monotonecase.

Theorem 16.9. If 0 < j· j · 1 , and if this map f has rational rotation
number p=q, then either f has exactly two periodic orbits, one attracting and
one repelling, or elseit has just one periodic orbit which is one-sided attracting.

Pro of. Note that the number of attracting period q orbits is equal to the number
of times that the di®erenceF ±q(x) ¡ x ¡ p changessign from + to ¡ as x increases
(modulo Z ). Evidently this is the sameas the number of repelling period q orbits, where
this di®erencechangessign from ¡ to + . Sincethere is at least one period q orbit by
14.6, it follows that there is at least one which is either attracting or one-sidedattracting,
and hencehas multiplier ¸ 2 [0; 1] . Thus, to completethe proof, we needonly show that
there is at most oneorbit with ¸ 2 [0; 1] .

The proof will make essential useof complex methods. First note that the circle map
f = f c;· extendsnaturally to an in¯nite-to-one holomorphic map

f (z) = z + c +
·
2¼

sin(2¼z)

from the cylinder C=Z to itself. (Compare Remark 16.7 above.) We will only outline
the theory of this map, which is described in more detail in [Keen] or [Kotus]. Using the
substitution w = e2¼iz 2 C r f 0g , we can write the derivative of f as

f 0(z) = 1 + · cos(2¼z) = 1 + · (w + w¡ 1)=2 :

Thus the equation f 0(z) = 0 , reducesto a quadratic equation w2 + 2w=· + 1 = 0 provided
that · 6= 0 , with just one solution if · = § 1 and with exactly two solutions otherwise.
Note alsothat jf 0(z)j tendsto in¯nit y asthe imaginary part of z tendsto §1 , or in other
words as jwj or 1=jwj tends to in¯nit y. In particular, jf 0j is bounded away from zero,
outsidea neighborhood of the two critical points. It follows easily that f has the following
path lifting property: If p : [0; 1] ! C=Z is any smooth path avoiding the two critical values,
then for any lift f (z0) = p(0) of its initial point there existsa uniquepath p̂ : [0; 1] ! C=Z
which satis¯es f ± p̂ = p with p̂(0) = z0 . With just a little more work, one then seesthat
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16C. STABILITY

the map f : C=Z ! C=Z is a branched covering, with exactly two branch points in general
(but with only onebranch point if · = § 1 , and no branch points if · = 0 ).

By an immediate extensionof the classicaltheory of Fatou and Julia, any attracting or
parabolic periodic orbit in C=Z can be located as the ! -limit set associated with one or
moreof thesecritical points. (By de¯nition, a period q orbit of a holomorphicmap is called
parabolic if and only if the derivative ¸ of f ±q at each orbit point is a root of unity. For a
real periodic orbit, the only roots of unity which can occur are § 1 .)

Still assumingthat c and · are real, we distinguish three casesas follows. If j· j > 1
then the critical points in C=Z are real and distinct, and there may well exist two distinct
attracting periodic orbits. However, if · = § 1 there is only one critical point, and if
0 < j· j < 1 then there are two complex conjugatecritical points. In theselast two cases,
it follows that there can be at most onereal periodic orbit which is attracting or parabolic,
and hencehasmultiplier ¸ 2 [0; 1] . ¤

Thus, we have alsoproved a result in the non-monotonecase:

Lemma 16.10. For j· j > 1 , at most two periodic orbits for the circle map
f = f c;· can have multiplier satisfying j¸ j · 1 . Such an orbit with j¸ j · 1
can alwaysbe realized as the ! -limit set associated with one (or both) of the two
critical points.

By 16.5,we know that there may well be in¯nitely many periodic orbits, with periods q
tending to in¯nit y. According to 16.10,all but at most two of theseorbits must be strictly
repelling, with j¸ j > 1 .

Using the conceptof naturalmeasure, asdeveloped in x3B, wecanprovea rather di®erent
continuity result.

Theorem 16.11. For j· j · 1 , the map f = f c;· possessesa unique natural
measure ¹ f . Furthermore, this measure dependscontinuouslyon the parameters
c; · in the following sense. For any continuous test function
Á : R=Z ! R , the correspondence

(c; · ) 7!
Z

Á d¹ f (16: 4)

de¯nes a continuous mappingfrom (R=Z) £ [¡ 1; 1] to R .

(In more technical language,the measurevariescontinuously provided that we give the
spaceof all probability measuresthe \ weak¤ topology", as in x10.) The proof will be divided
into three cases,according as f has an attracting periodic orbit, a one-sidedattracting
periodic orbit, or has irrational rotation number.

Pro of of existence and uniqueness. If f has one attracting orbit O and one
repelling orbit O0 (compare16.9), then it is easyto seethat every orbit »0 7! »1 7! ¢¢¢
outside of O0 must converge towards O . Hencethere is a unique natural measure ¹ f ,
which is just the averageof the Dirac measuresconcentrated at the various points of O . If
f hasa one-sidedattracting orbit O , then every orbit must convergetowards O , soagain
there is a unique natural measure,concentrated at the points of O . Finally, if the rotation
number is irrational, then by 14.16there existsa unique invariant probability measure ¹ f ,
which is necessarilya natural measure.
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16. DEPENDENCE ON PARAMETERS

Remark. In this last case,the measure ¹ f is closelyrelated to the Denjoy conjugating
homeomorphism, g = gf , as described in 14.13and 15.1. For example, the push-forward
g¤(¹ f ) is equal to the Lebesguemeasureon R=Z . If g is C1-smooth, then we can write
this natural measureas

¹ f (S) =
Z

S
dg(») =

Z

S
g0(») d» :

The proof that the map (16 : 4) is continuousat (c;· ) will again be divided into three
cases.

Case A. If the map f = f c;· has an attracting periodic orbit, then this orbit deforms
continuously under perturbation of f , hencethe associated natural measurealso deforms
continuously.

Case B. If f has only a one sided attracting orbit O , of period q ¸ 1 so that the
graph of f ±q is tangent to the diagonal along this orbit, then as shown in 16.6 above, we
can perturb f so that this periodic orbit disappears. However, it is easyto seethat it will
still remain as a \ transient". More precisely, we have the following statement: Given any
neighborhood U of the orbit O and given any integer N > 0 , there existsa neighborhood
F of f with the following property. For any g 2 F , any g-orbit which enters the
neighborhood U will remain within U for at least N iterations. On the other hand, there
clearly exists an integer nU which depends only on U , so that, for g closeto f , any
orbit which starts outside of U must enter U within at most nU iterations. Now as g
convergesto f , we have N ! 1 , so the proportion of time that any orbit spendswithin
U will be at least N=(N + nU ) , which convergesto +1 . Therefore,the associated natural
measurecan accumulate only on measuressupported within the ¯nite set O . In fact it
is not di±cult to check that the q points of O must be weighted equally in the limit, as
required. (Here rn (g) may well be either rational or irrational.)

Case C. If c = rn (f ) is irrational, considerthe corresponding rotation ´ 7! ´ + c .
Given ² > 0 , choose q sothat the distancearound the circle from ´ to ´ + qc is lessthan
² . Setting c0 ´ qc , choose m > 1=² so that the points 0; c0; 2c0; : : : ; mc0 lie in either
positive or negative cyclic order, and cut the circle into m equal intervals plus oneshorter
interval. Then corresponding points »0 ; »q ; »2q ; : : : ; »mq for an orbit f : »0 7! »1 7! ¢¢¢
will also lie in positive or negative cyclic order, and will cut the circle into m intervals
I 0 ; I 1 ; : : : ; I q¡ 1 with disjoint interiors, where I n = f ±n(I 0) , together with one further
interval which is properly contained in f ±q(I 0) . It follows that

1=(m + 1) < ¹ f (I 0) = ¢¢¢ = ¹ f (I q¡ 1) < 1=m ;

where ¹ f denotesthe natural measurefor f . Now choose g so closeto f that the ¯rst
(m + 1) q points of the orbit g : »0 = »̂0 7! »̂1 7! ¢¢¢ will have the samecyclic order as the
»i . It follows that the circle can be cut up into m intervals

g : bI 0 7! ¢¢¢7! bI q¡ 1

together with onecomplementary interval, where

1=(m + 1) < ¹ g(bI 0) = ¢¢¢ = ¹ g(bI q¡ 1) < 1=m :

(Again rn (g) may well be either rational or irrational.) Furthermore, as g convergesto
f , each bI j will convergeto I j . For any ¯xed test function Á : R=Z ! R , it now follows
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16D. HERMAN RINGS

easilythat
R

Á d¹ g convergesto
R

Á d¹ f as g ! f , asrequired. This completesthe proof
of 16.11. ¤

x16D. Analytic Conjugacy and Herman Rings. To concludethis section, let us
supposethat the rotation number is irrational, and discusssmoothnessof the conjugating
homeomorphism g , or equivalently of the natural measure ¹ f . By de¯nition, a measure
on R=Z is singular with respect to Lebesguemeasureif it assignsfull measureto someset
having Lebesguemeasurezero. (Compare9.4.) For example,if rn (f ) is rational, then the
measure ¹ f is concentrated in the ¯nite set O , and henceis certainly singular.

Lemma 16.12. For each · 6= 0 in [¡ 1; 1] , there exist uncountably many
valuesof c so that the map f = f c;· hasirr ational rotation number, and yet so
that the measure ¹ f on R=Z is singular with respect to Lebesguemeasure.

(It follows that the conjugating homeomorphism g has derivative g0(») which is well
de¯ned and equal to zero for Lebesguealmost every » . All of the jumps in the value of g
occur on a subsetof Lebesguemeasurezero.)

Pro of of 16.12. In fact we will show that this behavior occurs for a genericchoice of
the rotation number rn (f ) . (Comparex4C.) To simplify the discussion,we will work with
some¯xed valueof · . First note that, for each p=q2 Q=Z and for each n ¸ 1 there exists
a neighborhood Nn(p=q) of p=q in R=Z with the following property. For any f = f c;· ,
if rn (f ) 2 Nn(p=q) then the natural measure ¹ f assignsmeasure at least 1 ¡ 1=n to a
union of q intervals having total length 1=n . In fact this statement is certainly true when
the rotation number is equal to p=q. It follows from 16.11that it is also true for a map
which is C0-closeto a map with rotation number p=q. But clearly any map with rotation
number su±ciently closeto p=q must be C0-closeto a map with rotation number p=q.

Now let Un be the union over all p=q of the neighborhoods Nn(p=q) . Then a generic
rotation number will belong to the intersection

T
n Un . If rn (f ) belongsto this intersec-

tion, then for every n there exists a union V(n) of intervals with total Lebesguelength
`(V(n)) = 1=n but with ¹ f (V(n)) ¸ 1 ¡ 1=n . Then V(n) [ V(n2) [ V(n3) [ ¢¢¢ has
Lebesguemeasure · 1=(n ¡ 1) , but hasfull measureunder ¹ f . Taking the intersectionas
n ! 1 , we obtain a set of Lebesguemeasurezerohaving full measureunder ¹ f . ¤

However, for most choicesof rotation number, the behavior is rather di®erent:

Theorem of Herman (1979). For Lebesguealmost every ´ 2 R=Z any real
analytic circle di®eomorphismwith rotation number ´ must actually be real an-
alytically conjugateto a rotation.

I will not attempt to give a proof.

Many variants or sharper versionsof this statement are available. (Compare [Yoccoz,
1984, 1995], [Perez-Marco],and seethe discussionin [de Melo, van Strien].) The basic
principle is that rotation numberswhich arevery di±cult to approximate by rational numbers
correspond to smooth conjugating homeomorphisms.For exampleRoth in 1955,sharpening
a much earlier result by Liouville, showed that for every irrational algebraicnumber ´ and
for every real number k > 2 the products

qk

¯
¯
¯
¯
¯
´ ¡

p
q

¯
¯
¯
¯
¯

16-11



16. DEPENDENCE ON PARAMETERS

Figure 58. The Julia set (locus of sensitivedependence,shown in black) for the
standard map

f (z) = z + c + 0:5sin(2¼z)=2¼

in the cylinder C=Z , wherethe constant c = 0:69985¢¢¢ hasbeenchosenso that
the rotation number is

p
2=2 . The regiondepictedis [0; 2] £ [¡ 1=2; 1] ; thus

the left and right halvesof this ¯gure are to be identi¯ed by a unit translation.
The critical points n + 0:5 § (0:2096¢¢¢) i havebeenmarked with black dots.
Herethe circle R=Z forms an f -invariant subsetof a Hermanring alongthe lower
middle level of this ¯gure. The complementof the Julia set (region of Liapunov
stability, shown in white) consistsof this Hermanring H , togetherwith countably
many iterated preimages,eachbiholomorphic to the universalcoveringof H and
extendingin¯nitely far up or down in the cylinder.

are boundedaway from zero. The conclusionof Herman's Theorem holds for any such ´ .
By way of contrast, the rotation numbersconstructedin 16.12can be expressedas limits of
very rapidly converging sequencesof rational numbers.

As in the proof of 16.9, it is of interest to extend the standard circle map f = f c;·
to a map from the complex cylinder C=Z to itself. The statement that the conjugating
homeomorphism g is real analytic meansthat this homeomorphismextends as a biholo-
morphic map over someneighborhood of the circle R=Z in C=Z . Thus we can ¯nd an
entire annulus neighborhood where f is conjugate to a rotation. By de¯nition, such a
neighborhood is calleda Hermanring. (CompareFigure 58.) In particular, it follows that f
hasno periodic points in an entire neighborhood of R=Z . On the other hand, in casessuch
as that described in 16.12where there is no Herman ring, it follows from standard results
in holomorphic dynamics that there are periodic points arbitrarily closeto every point of
R=Z . (Seefor example[Milnor 1999,x16 and x14].)
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