MAT/CSE 371: PROBLEM SET 5
SOLUTIONS TO SELECTED PROBLEMS

INSTRUCTOR:JASON BEHRSTOCK

These solutions are provided courtesy of Raymond Cassella.
2.4.3a Define

A={a|v(e) =T & =q afs]};
we show inductively that A contains all formulas.
It clearly contains all prime formulas, by definition of v.

Now suppose o € A. Then we have

3a)=T & we)=F & faal] & Fa-als,
so ~a € A, and if 8 € A, then
vla—pB) & vpB)=Torv(la)=F
& FaBls]or Fuals]
& Fu(a—p) [s];
so (a = pB) € A.
2.4.3b Suppose I' tautologically implies ¢; we must to show I' = ¢.

Let 2 be a structure, and s : V' — ||, such that for all « € T,
o a [s]; we must show =y ¢ [s].

Defining v as above, for every a € I', we have
Eo « [s], and therefore 7(a) = T.
Since T tautologically implies ¢, we must have 7(p) =T
as well, and therefore =g ¢ [s], as desired.
2.4.5 Tt will follow from the below claim that we may take f(n) = 3n.

Claim: If (a1,...,ay) is a deduction from T,
then there is a deduction (81,..., 8n),
with N < 3n, such that {Vza;} C {8;}.

Proof: Induction on 7.

Base case n = 0 is trivial.

Suppose the claim is true for n, and let
(a1,-..,0n,9) be a deduction from I'.

Then (aq,...,a,) is also a deduction,
so take the deduction (81, ...,8n) given by the induction hypothesis.



Now, there are three cases.

Case 1: p € A.

Then ¢ is a generalization of some logical axiom,

so Vzp € A is as well.

We may therefore let Sy11 = Vxp, and

(B1y---sBN+1), with length N +1<3n+1< 3(n+1),
satisfies the claim.

Case 2: p .

Let ﬂN+1 =@ € T.

By assumption = does not occur free in T,

so that Sy12 = (p = V) € A is in axiom group 4.
By modus ponens, we may take Byi3 = Vzo.

Then (B, ..., Bn+3) satisfies the claim,

with N +3 < 3(n+1).

Case 3: There are some 4,5 < n such that a; = a; — .

Then there are some k,I < N such that 8y = Vzao;,

B = V(o = ¢).

Take By+1 = (Vz(oy — @) = (Vza; — Vzp)) € A by axiom group 3.
Then Byy2 = Vzay; — Yo,

by modus ponens on 8; and By o.

Now take Sn+3 = Vg, by modus ponens on i and Sy 2.

Thus (f1,...,0n+1) satisfies the claim, with N +3 < 3(n + 1).

2.4.7a To show that - 3z(Pz — VzPx),
it suffices, by reductio ad absurdum, to show that
' = {Vz—(Pz — VzPx)} is inconsistent.
We show that I' F Vz Pz and ' - —=Vz Px.

I' - =(Pz — VzPz) by axiom group 2 and modus ponens.
Since =(Pz — VzPz) tautologically implies Pz,
by rule T we have I' - Pz,
and by generalization we have I' - Vz Pzx.
—(Pz — VzPz) also tautologically implies -Vz Pz,
so applying rule T again we obtain I' - =Vz Px.

2470 T ={Qz,Vy(Qy — VzPz)}.
By algebraic variance, Vy(Qy — VzPz) - Vz(Qr — VzPz).
By axiom group 2 and modus ponens, I' - (Qz — VzPz).
By modus ponens again, I' - VzPz.

Then by algebraic variance and modus ponens, I' - Vz Pz.
2.4.11 By generalization, it is sufficient to show F (z=y = y=2 — xz=2).

By deduction, it is sufficient to show (z=y) F (y=2z — z=2).



For this we use the following deduction:

ap T=y el
ay z=y— (z=z > y=1) Ax6
a3 T=T S Y==z MP1,2
oy T=T Ax5
as Y= MP3,4
ag Y=z — (y=2 = r=2) Ax6

ar Y=z > r==2 MP5, 6



