Quiz III
June 30

1. Solve the following differential equation with the initial conditions:

y® +y' =2—sinz,  y(0) =1,y(0) =1,5"(0) = —2.

Solution:
We first need to find the general solution for the homogenous equation, y.. The characteristic
equation is:

P+r=0=r@r*+1)=0

= Y. =01 + CCco8T + c3Sinx

Using the method of undetermined coefficients, since 0 and 1 are both roots of the characteristic
equation, a possible particular solution will be:

yp = Az + Bxcosz 4+ Cxsinz

After applying the differential equation for this particular solution we get A = 2, B = 0 and
C = % Therefore the general solution for the equation will be:

1
Yy=c1+cpcosxT +c3sinx + 2x + ixsinx

But
yO)=a+e=1 yO0)=c+2=1, y'(0)=—-c+1=-2

:>01:—2,62:3,63:—1

1
=y= —2+3cos:r—sinx+2x+§xsinx.

2. Use the method of variation of parameters to find a particular solution of the given differential
equation.
y" + 1y = csc’x.

Solution:
Y'+y=0=y =cosz, y, =sinzx
= Yp = U1 COST + U SIN T
And the equations for v} and u, are:

vy + uhys = 0 = ujcosz + upsinz =0

ulyl +ubyh = f(z) = —ulsinz + upcosz = csc’ z



L coszcsc? x coS T
Us = =
2 . .
cos?x +sin’x  sin’x

CoS T
:>u2=/ 5—dT

sin“

Using a substitution v = sin x, we have:

d_v 1

Uy = S = —— = —CSCT
v v

On the other hand, using one of the equations we have:

, sin x sin x
uy =cscx = uy = [ cscxdr = | ——dzr = —
sin“ x 1 —cos?z

This time using the substitution v = cos z, we have:

/ —dv 1 /( 1 N 1 Jdv = In 1—w lnl—cosas
Ul = = —— = _ = -
! 1—v2 2/ '1—v  14v Vito | sin z|

1—cosz . 1—cosz
= yp=coszln ——— —sinzcscx =cosxln —— —
| sin z| | sin z|

3. Determine the period and frequency of the simple harmonic motion of a body of mass 0.75 kg
on the end of a spring with spring constant 48 N/m.

Solution:
The differential equation in general is mx"” + cz’ + kx = f(t). Here m = 0.75, ¢ = 0, k = 48
and f(t) = 0. Therefore:

0.752" + 482 =0 = 2" + 642 = 0

The general solution of this equation is:
x = Acos8t + Bsin8t

for constants A and B. These function have the period 7' = 27/8 = 7 /4 and the frequency is
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