MAT 303, Summer 2003

Final exam, July 10

Calculators not permitted. Primes and derivatives are respect to z for the first problem and
respect to t in all other problems.

1. Find general solution of the following differential equations:

(a) 22?2 +3y? — 2%y’ =0

Solution:

One can see that this is a separable equation:
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(b) zy' = 6y + xty?/3

Solution:

6
2y — 6y = 'ty = o — Ey — 23y2/3

This is a Bernoulli equation. We substitute u = y'=2/3 = y'/3

u=y"? = y=u®=y =3
6 2 x3
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This is a linear equation and we have p(z) = e~/ 2l — g=Ine® — =2 After multi-
plying the sides by p(x)
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(c)

(D—1)2(D*+4D +5)y =0

Solution:

The characteristic equation is (r —1)?(r?+4r +5) = 0. Therefore the roots are r = 1
with multiplicity two and » = —2 4 ¢ with multiplicity one. Thus

z) = c1€° + core®” + cze” P cosx + ce” P sin .
3
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Solution:
The characteristic equation is

rP—r?—r4+1=0=(r—1)>%r+1)=0

= Y. = c1€° + coxe” +cze ”

is the solution to the homogenous equation. To find a particular solution for the
nonhomogeneous equation we use the method of undetermined coefficients with y, =
Az?e® + B. After substituting this into the equation one can see that A = 1/2 and
B = 3 and we have y, = %xQew + 3. Finally the general solution of the equation is

1
Y="Yc+Yp=cr€’ + coxe” + cze” " + 59526“” + 3.
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2. What is the inverse Laplace transform of F(s) = R
S pu—

Solution: If G(s) = ﬁ and H(s) = 5, we have

M) = £ HHE) = &
but
g(t) = £{G(s)} = £ {H(s — 2)} = *h(t) = ¢
Finally
F(t) = £HP()} = £ e #G(s)} = us(g(t — 3)

= ft)=LHF(s)} = us(t)thfG(t_i



3. Solve the following initial value problem using Laplace transforms:
y' +2y +y=etsint, y(0)=1y'(0)=0.

Solution:

After taking Laplace transform of both sides of the equation we have

s2Y (s) — sy(0) — ¢'(0) + 2sY(s) — 2y(0) + Y (s) = L{e 'sint}

when L{y(t)} = Y(s). Also we can see that L{e 'sint} = (S+11)2+1 = —75;75+ This with
the fact that y(0) = ¢'(0) = 0 give
(s +25+1)Y(s) = _
5242542
1 B 1

> Yls)= (2 +25+2)(s2+25+1) (52425 +2)(s+1)?

Using partial fractions we have

1 1 1
(2425 +2)(s+1)2  (s+1)2 2+2s5+2
But
E_l
{(s—i- 1)2}
and
E‘l{;} = E‘l{;} =e 'sint
s?2+ 2542 (s+1)2+1

=yt) =LY (s)} =e 't — e "sint.



4. A 5 kg body is attached to a vertically suspended spring with spring constant £ =
500 N/m. We assume there is no friction or resistance for the system. If the body is
pulled down 1 m below the springs original length and then released from rest at time
t=0,

(a) find its position function z(¢). (¢ = 9.8 m/s?)
(b) What is the period and frequency for this motion?

Solution:

The forces on the object are the gravitational force and the force from the spring. If
we assume that upward is the positive direction and z(t) shows change of length of the
spring, then the total force at time ¢ will be F' = —mg — kx(t). Therefore

k
mz" = —-mg—kzx = 2"+ —z=—g
m

= 2" + 100z = —9.8

This is a nonhomogeneous second-order linear equation. The general solution for the
homogenous equation is x. = ¢; cos 10t + co sin 10¢. Using the method of undetermined
coefficients z, = A and after substituting A = —0.098 and we have

z(t) = ¢1 cos 10t + ¢ sin 10¢ — 0.098
But z(0) = —1 and z'(0) = 0
= —0.098=—-1land c; =0

= z(t) = —0.902 cos 10¢ — 0.098
5

It is clear from above that 7= 22 = T and v =

1
T



5. Solve the system of differential equations

¥=3r—y+t
y' = bxr — 3y

where z(0) = y(0) = 0.

Solution:

We can write the system as
(D-3)z+y=t
5z 4+ (D+3)y=0

The operational determinant is (D — 3)(D + 3) +5 = D? — 4 and we have
(D* -4z =(D+3)t=3t+1
This is a nonhomogeneous equation and we have

2t

3
T, = c1e® + coe™? and Tp = _Zt - =

3 1
= t) = 2t -2t _ —t— —
z(t) = c1e” + coe i

On the other hand using the first equation we have

5)
y=231r—1' +t=ce® +5ee? — 7t

But 1
$(0)201+62_Z:03nd y(0) =c1+5c2 =0
= > d !
= — an =——
R T A T:
o(t) = S — Le 2 — 341

y(t) — 15_6621: _ %6—275 _ %t



