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Abstract. We construct a simple topological invariant of certain 3-manifolds,

including quotients of S3 by finite groups, based on the fact that the tangent
bundle of an orientable 3-manifold is trivialisable. This invariant is strong

enough to yield the classification of lens spaces of odd, prime order. We also

use properties of this invariant to show that there is an oriented 3-manifold
with no universally tight contact structure. We generalise and sharpen this

invariant to an invariant of a finite covering of a 3-manifold.

It is well known that the tangent bundle of an orientable 3-manifold is trivialis-
able. This is in particular true for manifolds of the form M = S3/G, where G is a
finite group acting without fixed points on S3. These are the so-called topological
spherical space forms.

Using the fact that TM is trivialisable, we can define an invariant F(M) of M
with a fixed orientation, which we call the equivariant framing of M . Namely, the
homotopy classes of trivialisations of the tangent bundle of S3 are a torseur of Z (i.e.,
a set on which Z acts freely and transitively), which can moreover be canonically
identified with Z by using the Lie group structure of S3 as the unit quaternions
and identifying a left-invariant framing with 0 ∈ Z. Now, find a trivialisation
τ of TM and pull it back to one of TS3. Under the above identification, this
gives an element F(M, τ) ∈ Z. This certainly depends on τ , but we shall see that
its reduction modulo |G|, when H1(M, Z2) = 0 (in particular when |G| is odd),
and modulo |G| /2 otherwise, is well-defined. Observe that this is the same as
the collection of homotopy classes of equivariant trivialisations with respect to the
action of G on S3.

The above definition does not depend on the identification of S3 with the uni-
versal cover of M , since two such identifications differ by an orientation preserving
self-homeomorphism of S3, which must be isotopic to the identity.

Notice that this definition makes essential use of the fact that we have a quotient
of S3, rather than a homology (or even homotopy) sphere. In the more general
situation, where we have a quotient of a homology sphere by a finite cyclic group,
we can use canonical 2-framings, as introduced by Atiyah in [1]. This in fact gives
an invariant corresponding to any finite cover of any manifold.

More interestingly, we can obtain an integer-valued invariant. To do this we
compare the pullback of the canonical 2-framing of M with that of a finite cover of
M . We shall define this in section 4.

The invariant F(L(p, q)) can readily be computed for odd p. As it turns out, it
suffices to classify lens spaces with p prime.

Date: January 6, 2005.

1991 Mathematics Subject Classification. Primary: 57M60; 57M27.

1



2 SIDDHARTHA GADGIL

Thus, F(·) is an invariant sensitive enough to distinguish between homotopy
equivalent manifolds. It is arguably one of the simplest such invariants.

Furthermore, there is a transparent relation between F(·) and the exceptional
isomorphism SO(4) = (SU(2) × SU(2))/±1. This means F(·) is likely to be use-
ful in studying free finite group actions on S3 - the most elegant classification of
orthogonal actions can be obtained using the exceptional isomorphism, so it is use-
ful to have a related topological invariant. At the time of writing this work is in
progress.

Another immediate consequence of the existence of this invariant is that cor-
responding to one of the orientations of the Poincaré homology sphere, we do not
have a positive universally tight contact structure. Further applications in a similar
vein are given in [7].

For this application, one can use tangent plane fields that are trivialisable rather
than framings. The framing invariant in this context is equivalent to an invariant
of tangent plane fields defined by Gompf. The relation between these is explained
in section 5. Under this equivalence, our proof translates to Gompf’s proof.

Both framings of and tangent plane fields in 3-manifolds have been studied clas-
sically. There has also been recent work on these, motivated by relations to Topo-
logical Quantum field theories, Seiberg-Witten invariants and contact geometry.
Motivated by the work of Witten [17], framings have been studied by Atiyah [1],
Freed and Gompf [8], Reshetikhin and Turaev [15] and Kirby and Melvin [10].
Tangent plane fields on a 3-manifold were first classified in terms of a framing by
Pontrjagin [13]. More recently, intrinsic invariants of these have been studied and
used by Lisca and Matic [12], G. Kuperberg [9] and finally by Gompf [9]. We clarify
the relation with Gompf’s work in section 5.

The principle novelty of this paper is the use of framings to define a useful
invariant of 3-manifolds. While Gompf studies the behaviour under pullbacks of
his invariants of tangent plane fields, which is equivalent for some applications, he
does not define or use an invariant of 3-manifolds.

In section 1 we show that the invariant F(M) can indeed be defined as above.
In section 2 it is computed for odd-order lens spaces. In section 3 we relate this to
contact structures and prove the result regarding contact structures. We generalise
and sharpen the framing invariant in section 4

Acknowledgements. I would like to Slava Matveyev and Kalyan Mukherjea for sev-
eral helpful conversations and comments. I would also like to thank the referee for
several helpful comments and corrections.

1. The Definition of the Framing invariant

To define the framing invariant, we need some (straightforward) results.

Proposition 1.1. The set of homotopy classes of trivialisations of TS3 is a torseur
of Z.

Proof. Given two trivialisations, expressing one in terms of the other gives a map
from S3 to SO(3). The homotopy classes of trivialisations are the homotopy classes
of such maps. But as S3 is simply connected such maps lift to maps S3 → SU(2) ∼=
S3, as do homotopies between them. The homotopy class of a map from S3 to itself
is determined by its degree (as orientations have been fixed), making the homotopy
classes of trivialisations a torseur of Z. �
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Definition 1.1. Consider S3 ∼= SU(2) as the Lie group of unit quaternions. The
canonical framing of TS3 is the framing of S3 which is invariant under left multi-
plication and is (i, j, k) at the identity.

Proposition 1.2. The homotopy class of the canonical framing is determined by
an orientation of S3, and does not depend on the identification with SU(2).

Proof. Suppose f : S3 → SU(2) is an isomorphism giving a second Lie group
structure to S3. Then we have an induced orientation-preserving diffeomorphism
φ : S3 → S3, and we need to show that the pullback of the canonical trivialisation
under φ is homotopic to the canonical trivialisation. But it is well known that any
orientation preserving homeomorphism from S3 to itself is isotopic to the identity.
Thus, the pullback fixes the homotopy class of any trivialisation, in particular the
identity trivialisation. �

For the remainder of the section, let M = S3/G, where G is a finite group that
acts without fixed points on S3. Let π : S3 → M be the projection map.

Proposition 1.3. The set of homotopy classes of trivialisations of TM is a torseur
of Z when H1(M, Z/2Z) = 0(in particular when |G| is odd). When H1(M, Z/2Z) 6=
0, the trivialisation is determined by a map M → SO(3)

Proof. As with S3, the difference between trivialisations is determined by a map
f : M → SO(3). When H1(M, Z/2Z) = 0, this lifts to a map φ : π1(M) → S3. It is
well known that the homotopy class of such a map is determined by its degree. �

Thus, when H1(M, Z/2Z) = 0, the difference between two trivialisations of M
can be regarded as an integer. In particular this is true for S3.

Proposition 1.4. Suppose τi, i = 1, 2 are trivialisations of TM and π∗(τi) are
their pullbacks. Then π∗(τ1) − π∗(τ2) is divisible by |G| when H1(M, Z/2Z) = 0
and by |G| /2 when H1(M, Z/2Z) 6= 0.

Proof. As above, when H1(M, Z/2Z) = 0, we have a map φ : M → S3 representing
the difference between the τi. It is easy to see that the map φ◦π represents the dif-
ference between the pullbacks. As π has degree |G| and the degree is multiplicative,
it follows that π∗(τ1)− π∗(τ2) = deg(φ ◦ π) is divisible by |G|.

In the case when H1(M, Z/2Z) 6= 0 (as also when H1(M, Z/2Z) = 0), there is
a map φ : M → SO(3) representing the difference between the trivialisations. On
composing with the covering map, this gives the a map representing π∗(τ1)−π∗(τ2)
which lifts to φ̃ : S3 → S3. Thus, if α : S3 → SO(3) is the covering map, we get a
commutative diagram

S3 φ̃−−−−→ S3

π

y yα

M
φ−−−−→ SO(3)

As the degree of maps is multiplicative, and deg(π) = |G| and deg(α) = 2, we
get 2 · deg(φ̃) = |G| · deg(φ), or deg(φ̃) = |G|

2 deg(φ). The result follows
�

We are now in a position to define the invariant F(M)
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Definition 1.2. Let M = S3/G, where G is an finite group acting without fixed
points on S3. The framing invariant F(M) ∈ Z/ 〈G〉Z, where 〈G〉 = |G| when
H1(M, Z/2Z) = 0 and 〈G〉 = |G| /2 when H1(M, Z/2Z) 6= 0, is the equivalence
class of the trivialisation of TS3 obtained by pulling back a trivialisation of M .

2. Computation for lens spaces

It is easy to see that F(·) is a non-trivial invariant, and is in fact sensitive enough
to distinguish between homotopy equivalent manifolds. For, the lens spaces L(p, 1)
are quotients of S3 by a subgroup of the unit quaternions acting on themselves
by left multiplication, and hence the canonical trivialisation is equivariant. On the
other hand, the spaces L(p,−1) are quotients by a subgroup of the unit quaternions
acting on themselves by right multiplication, making the right-invariant trivialisa-
tion equivariant. These two trivialisations differ by the adjoint action of SU(2) on
its Lie algebra. This lifts to a degree 1 map from SU(2) to itself. Thus the framing
invariant suffices to show that there is no orientation preserving homeomorphism
between L(p, 1) and L(p,−1) when p 6= 2.

But for p ≡ 1(mod 4), with p a prime, there is an orientation preserving ho-
motopy equivalence between L(p, 1) and L(p,−1). By uniqueness of prime decom-
positions of 3-manifolds, it follows, for example, that L(5, 1)#L(5, 1) is homotopy
equivalent but not homeomorphic to L(5, 1)#L(5,−1).

Thus, F(·) depends essentially on the homeomorphism type, and not just the
homotopy type, of a lens space. Our goal here is to compute this explicitly for
odd-order lens spaces, and show that if p is an odd prime, F(·) suffices to classify
lens spaces.

Theorem 2.1. Suppose p is odd. Then F(L(p, q)) = (q−1)(q−1−1)
4 , where q−1 is

a multiplicative inverse of q modulo p, and q and q−1 have been chosen to be odd
representatives of their mod p equivalence class.

Remark 2.2. The formula above does not depend on the choice of the odd repre-
sentatives for q and q−1

Proof. It will be useful to regard S3 as the join S1 ∗ S1, which is embedded in
the natural way in the quaternions. Then the action corresponding to the lens
space L(p, q) is the join of actions on the circle S1 ⊂ C generated respectively by
z1 7→ e

2πi
p z1 and z2 7→ e

2πiq
p z2. We first find an equivariant trivialisation along the

circles (z1, 0) and (0, z2) and then extend these to S3.
Henceforth the equivariant trivialisation is given in terms of the map f : S3 →

SU(2) ∼= S3 representing the difference with the left-invariant trivialisation. Along
the circle C1 = {(z1, 0) : z1 ∈ S1}, we can take the first vector to point along
the circle. An equivariant trivialisation is obtained by choosing the other two
vectors so that they rotate q times, for some choice in the mod p class of q. This
follows as the arc joining (1, 0) to (e

2πi
p , 0) is a fundamental domain, with the only

identification due to the group action being that of the endpoints induced by the
element (z1, z2) 7→ (e

2πi
p z1, e

2πiq
p z2), and this element rotates the normal plane to

the circle by e
2πiq

p .
This trivialisation differs from the left-invariant trivialisation by q− 1 rotations,

and if q is chosen odd, this gives a comparison map which lifts to S3. The resulting
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restriction of f is the map f : (z1, 0) 7→ (z
q−1
2

1 , 0) of degree q−1
2 from the circle to

itself.
Likewise, we can trivialise the tangent bundle along the circle C2 = {(0, z2) : z2 ∈

S1}. It is convenient to choose the trivialisation so that it differs from the left
invariant one at (0, 1) by j = (0, 1). Then the map f restricted to this circle is

the map f : (0, z2) 7→ (0, z
q−1−1

2
2 ) of degree q−1−1

2 from the circle to itself as the
identification on the boundary of the fundamental domain is induced in this case

by (z1, z2) 7→ (e
2πiq−1

p z1, e
2πi

p z2).
We now extend this map to a map from the disc D0 = {(z1, r) ∈ S3 : |z1| ≤

1, r ∈ R} ⊂ S3 ⊂ C of the form reiθ 7→ rei q−1
2 θ, r, θ ∈ R. Since the only points

in the disc which are identified by the group action are on the boundary, and the
trivialisation on the boundary is equivariant, we get an equivariant trivialisation of
the disc corresponding to this map.

We extend this by requiring equivariance to the disc D1 = {(z1, re
2πi

p ) ∈ S3 :
|z1| ≤ 1, r ∈ R}. The map is previously defined on the boundary of this disc, where
it is equivariant. Thus, we have a unique equivariant extension.

The midpoint of D1 is part of the circle C2, as is an arc α joining the midpoints of
D1 and D2. The map f as previously defined on C2, must agree with the definition
on D1 at the midpoint as both these have been defined so that the trivialisation is
equivariant.

The discs D0 and D1 bound a lens N , which is a fundamental domain for the
group action. The map f has already been defined on the boundary discs as well
as the arc α. This extends to a map on N , and hence a trivialisation of the tangent
bundle. Up to homotopy, any other choice of f can be obtained by replacing f
in a small neighbourhood of an interior point x of the fundamental domain by a
degree k map from S3 to itself for some k. More precisely, f is homotopic to a
map that is constant on the neighbourhood of the point x. Replace this map in
this neighbourhood by a map to S3 that maps the boundary of the neighbourhood
to a single point and so that the inverse image of a generic point has algebraic
multiplicity k. We shall call such a transformation ‘blowing a degree–k bubble’.

We now extend the trivialisation equivariantly from the fundamental domain to
all of the manifold, and define f accordingly. This is an extension of the map on
C1 and C2 that was previously defined.

The resulting map f : S3 → S3 is homotopic to a map obtained from the join
of maps Ci → Ci defined by taking powers on the unit circle in C by blowing a
degree–k bubble in each of the p images of the fundamental domain. Thus, it has
degree (q−1)(q−1−1)

4 + kp. This proves our claim. �

Corollary 2.3. Suppose p is a prime, then L(p, q) = L(p, q′) as oriented manifolds
if and only if q′ = q±1

Proof. It is well known that L(p, q) = L(p, q±1) as oriented manifolds (a homeo-
morphism is induced by (z1, z2) 7→ (z2, z1)). Conversely, for a fixed q, the condition
F(L(p, q′)) = F(L(p, q)) is a quadratic equation in q′ over the field Z/pZ, with roots
q and q−1.

If q−1 6= q, then these are two distinct root of the quadratic equation, and hence
the only solutions for q′. If q = q−1, and q′ 6= q is another root, then we also
have q′ = (q′)−1, otherwise we would have three distinct roots. But this means
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that q′ = ±1 and q = ±1, and we have already seen that F(L(p, 1)) 6= F(L(p,−1)).
Alternatively, using q′ = q−1, the above reduces to a linear equation for q′ that is
satisfied by q, and hence q′ = q. �

The same statement is well known to be true for all values of p and there are
several proofs of this (see, for instance, [14], [3], [2] and [16]).

Remark 2.4. It is more natural to declare the left invariant framing to be − 1
2 rather

than 0. Then we have the relation F(L(p,−q)) = −F(L(p, q)).

Remark 2.5. More generally, after re-normalising as above, F(−M) = −F(M). This
is immediate from section 4 and can also be proved directly.

3. Universally tight contact structures

Let M be a closed, orientable 3-manifold. Recall that a contact structure ξ on
M is a totally non-integrable tangent plane field. We shall assume that the tangent
plane field is co-orientable (we shall say that the contact structure is co-orientable).
In this situation, we can express ξ = ker(α), where α is a 1-form consistent with
the co-orientation.

The hypothesis of ξ being nowhere integrable is equivalent to α ∧ dα being a
non-degenerate 3-form. Thus, this is everywhere a non-zero multiple of the volume
form, and hence induces an orientation on M . We say that ξ is positive if this
orientation agrees with the orientation of M .

A fundamental dichotomy among contact structures on 3-manifolds is between
tight and overtwisted contact structures. An overtwisted contact structure is one
that contains an unknot that is everywhere tangent to the contact structure so that
the framing induced by the contact structure is the 0-framing. A contact structure
that is not overtwisted is said to be tight. A universally tight contact structure is
one that pulls back to a tight contact structure on every cover of M .

A fundamental result of Eliashberg is that S3 with a fixed orientation has a
unique positive tight contact structure, namely the contact structure invariant un-
der left multiplication. Our results follow from this and some simple observations.
Proposition 3.1. Let M be an integral homology 3-sphere with a contact structure
ξ. Then there is a canonical framing associated to ξ. Further, the pullback of this
framing to any homology sphere that covers M is the framing induced by the pullback
of the contact structure.

Proof. As M is a homology sphere, the contact-structure is co-orientable. Choose
and fix a co-orientation. This induces an orientation on the plane-bundle given by
the contact structure, which we identify with ξ.

As H2(M) = 0, the Euler class of ξ is trivial. Hence there is a trivialisation of
ξ. Further, two trivialisations differ by a map onto S1. As H1(M) = 0, any such
map is homotopic to a constant map.

Thus, there is a trivialisation (X1, X2) of ξ, canonical up to homotopy. This,
together with a vector X3 normal to ξ, that is consistent with the co-orientation,
gives a framing (X1, X2, X3).

The homotopy class of this trivialisation does not depend on the choice of co-
orientation since (X1,−X2,−X3) gives a trivialisation corresponding to the oppo-
site co-orientation, and this is clearly homotopic to the trivialisation (X1, X2, X3).

As the trivialisation of ξ pulls back to give a trivialisation of the pullback to any
cover of ξ, the second claim follows. �
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Now let P be the Poincare homology sphere with a fixed orientation, and let
−P denote the same manifold with the opposite orientation. These manifolds have
finite fundamental group. The Poincaré homology sphere is the quotient of S3 by
a group acting by left multiplication, and −P is the quotient of an action by right
multiplication. We can now prove the following theorem. Note that any contact
structure on a homology sphere is automatically co-orientable.
Theorem 3.2 (Gompf). The manifold −P does not have a universally tight pos-
itive contact structure.

Proof. As −P is the quotient of S3 by a group acting by right multiplication, it
follows that any framing on −P pulls back to one homotopic to a framing invari-
ant under right Lie multiplication, or one differing from this by |π1(P)| units (as
H1(P, Z2) = 0). However, if −P had a universally tight positive contact structure,
then the associated framing must pulls back to give the framing associated to left
Lie multiplication. This gives the required contradiction. �

Remark 3.3. Etnyre and Honda [6] have shown that −P does not have a tight
contact structure.

Remark 3.4. We see in section 5 that the proof of the above result translates to
Gompf’s proof under the correspondence between framings and trivialisable tangent
plane fields.

V.Colin [4] shows that tight contact structures on connected sums of manifolds
are connected sums of tight contact structures on each summand. Using this, we
obtain the following result.

Corollary 3.5. The manifold P#−P does not admit a universally tight contact
structure.

4. 2-Framings and invariants of covers

We now generalise and sharpen the framing invariant using so called canonical
2-framings as introduced by Atiyah [1]. Atiyah has shown that any 3-manifold has
associated to it a canonical framing F of the Whitney sum 2TM = TM ⊕ TM of
the tangent bundle with itself, considered as a Spin(6)-bundle with the natural spin
structure. The framing F is characterised by

σ(W 4) =
1
6
p1(2TW,F)

for any smooth 4-manifold W with ∂W = M . Here σ denotes the signature and
p1 the relative Pontrjagin class. By the Hirzebruch signature formula this does not
depend on the choice of W .

Atiyah has shown that such a 2-framing always exists, and the 2-framings form
a torseur of Z. Now, we can define the framing invariant F(M,N) associated to
a cover M → N - pull back the canonical 2-framing of N and compare this with
the canonical 2-framing of M . Thus, we get an integer-valued invariant. We state
for reference the following lemma, which is an immediate consequence of Atiyah’s
result.

Lemma 4.1. Suppose M is a 3-manifold bounding a 4-manifold W and let F
be any 2-framing of M . The difference between F and the canonical framing is
σ(W 4)− 1

6p1(2TW,F)
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As a framing gives a 2-framing, we see that we have a sharpening of the framing
invariant defined earlier. We show here that this is a non-trivial invariant.

Remark 4.2. A hyperbolic 3-manifold has many covers, hence many invariants
associated to it. It is not clear whether these are useful.

Theorem 4.3. Suppose N and N ′ are h-cobordant 3-manifolds, M is a cover of
N and M ′ the corresponding cover of N ′. Then F(M,N) = F(M ′, N ′).

Proof. Let X be the h-cobordism between N and N ′, so that ∂W = N ′ − N . If
W is a 4-manifold with boundary N , then W ′ = W

∐
N X is a 4-manifold with

boundary N ′ with the same signature as W . By considering these manifolds, it
is immediate that that if F is the canonical 2-framing for M , then the canonical
framing F′ of N ′ is characterised by

p1(2TX,F,F′) = 0

The h-cobordism X lifts to an h-cobordism Y between M and M ′, and the
Pontrjagin class relative to the framings pulled back is the pullback of the Pontrjagin
class and hence is zero. Let U be a 4-manifold with boundary M , and let U ′ =
U

∐
M Y . Applying lemma 4.1 to U and to U ′, the result follows. �

We can generalise the above theorem to the following.

Theorem 4.4. Let X be a cobordism between N1 and N2 and let φ : π1(W ) → H
be a surjective map onto a finite group that restricts to surjections on π1(N1) and
π1(N2). Suppose that the cover X̃ with fundamental group ker(φ) satisfies

σ(W̃ ) = |H|σ(W )
and M1 and M2 are the covers of Ni with fundamental group ker(φ). Then

F(M,N) = F(M ′, N ′).

Proof. We use the additivity of the signature and relative Pontrjagin classes. The
above proof generalises immediately. �

Example 4.1. Let N1 be a lens space, M1 be S3 and K be a homologically trivial
knot in N1 the components of whose lift to S3 are unlinked (for instance, the
untwisted Whitehead double of any homologically trivial knot). Add a 2-handle
to N1 along K with framing 1 to get a 4-manifold W , and let its other boundary
component be N2. Let φ be the map onto π1(N1) that extends the identity map
on N1. Then F(M,N) = F(M ′, N ′).

The manifold N2 is the result of surgery about the knot K. Using this construc-
tion and taking connected sums, we get hyperbolic manifolds with covers having
various framings.

5. Relation to Gompf’s invariants

In this section we relate equivariant framings to Gompf’s invariant, equivalent to
the 3-dimensional obstruction in Pontrjagin’s classification, for tangent plane fields.
Assume henceforth that M is an oriented rational homology sphere (for instance,
M = S3/G). We first establish a canonical correspondence between homotopy
classes of framings F of M and homotopy classes of orientable tangent plane fields
ξ on M with c1(ξ) = 0.
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Proposition 5.1. Let M be an rational homology 3-sphere. Then there is a nat-
ural bijective correspondence between homotopy classes of framings F of M and
homotopy classes of orientable tangent plane fields ξ on M with c1(ξ) = 0.

Proof. We proceed as in Proposition 3.1. Given an orientable tangent plane fields
ξ on M with c1(ξ) = 0, fix an orientation on ξ. There is a trivialisation (X1, X2) of
ξ respecting the orientation. Further, the homotopy classes of such trivialisations
are classified by H1(M) = 0. Hence, as M is a rational homology sphere, the
trivialisation is canonical up to homotopy.

Find a vector field X3 normal to ξ such that (X1, X2, X3) respects the orientation
on M . This is possible as ξ and M are orientable. Then F = (X1, X2, X3) is a
framing of M . As before this does not depend on the choice of orientation.

Conversely, given a framing F = (X1, X2, X3) let ξ be the span of X1 and X2.
Evidently these constructions are inverses of each other. �

We now recall the invariant of Gompf for such tangent plane fields. To do this
one finds an almost complex 4-manifold (X, J) with ∂X = M so that the plane
field TM ∩J(TM) on M induced by the almost complex structure is ξ. Using this,
one would wish to define the invariant c2

1(X) − 2χ(X) − 3σ(X), where χ and σ
denote the Euler characteristic and the signature.

One cannot always define such an invariant as c1(X) ∈ H2(X) ∼= H2(X, ∂X)
and there is no natural pairing on H2(X, ∂X). Gompf works instead with a pair-
ing on surfaces representing elements of H2(X, ∂X) with given framings on their
boundaries.

In case of tangent plane fields ξ on M with c1(ξ) = 0, we can define the invariant
directly by the following lemma.

Lemma 5.2. Let X be an almost complex 4-manifold X with ∂X = M so that the
plane field ξ on M induced by the almost complex structure satisfies c1(ξ) = 0. Then
the Poincaré dual PD(c1(X)) ∈ H2(X, ∂X) of c1(X) is contained in the image of
H2(X) under the inclusion map.

Proof. If [F ] = PD(c1(X)) for a properly embedded surface F with boundary,
then it is easy to see that [∂F ] = PD(c1(ξ)) as TX|∂X splits as the sum of a trivial
complex line bundle and ξ. It follows that [∂F ] = 0. Hence PD(c1(X)) is in the
image of H2(X) by the long exact sequence of homology groups. �

Thus, Gompf’s invariant reduces to c2
1(X)− 2χ(X)− 3σ(X). Using p1(X,F) =

c2
1(X) + 2c2(X) and c2(X) = χ(X), we see that this is −3(σ(X) − 1

6p1(2TX,F)).
We saw that σ(X) − 1

6p1(2TX,F) = 0 characterises the canonical framing, which
is used to give an integral sharpening of the framing invariant.

To prove theorem 3.2, Gompf uses the fact that if we pullback two tangent plane
fields from −P to S3, then the difference between the values of the invariant for
the two plane fields is a multiple of 4 times the degree of the cover (the factor of 4
comes about in the process of defining the invariant for general plane fields). This
is equivalent to our argument using equivariant framings.
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