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1 Introduction

In this paper we will look at quotient constructions obtained when a Lie group
acts on a manifold. It is mainly built up as the section Geometric Interpretation
of [HKLR87] but with added details and examples. We will start by looking
at group actions on topological spaces and manifolds without further structure.
This part is mainly based on [tD87] and [Aud91]. We will see how a group
action gives us a natural quotient construction in topological spaces. When
groups act on manifolds, however, we cannot be sure that the quotient is in
fact a manifold as well. By restricting ourselves to actions of compact groups,
we can say something about the structure of the quotient space and in some
cases we actually get a manifold. We then look at manifolds with a Riemannian
metric. The basic notions of Riemannian geometry including the results about
connections in Section 4.1 are from [Lee97]. In the Riemannian case we can
give the the quotient a natural Riemannian structure as well. We then turn
to symplectic manifolds. The basic notions described in Section 3.1 are based
on [MS98]. In general the quotient manifold will not be symplectic but we will
see that when a moment map exists, we can construct a quotient on which the
symplectic structure from the original manifold can be transferred in a natural
way. Section 3.2 which builds on [GS84] defines the moment map. The basic
properties of the Lie derivative can be found in [War83] and Example 3.12 is
taken from [HK98]. Finally, we look at the K#hler /hyperkéahler case. The basic
definitions are mainly taken from [KN69]. We will see how in this case the
Riemannian quotient and symplectic quotient combine to give a quotient which
is Kahler /hyperkéhler. Example 4.9 is taken from [Hit92].
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2 Group Actions

2.1 Topological Spaces

We start by looking at a topological space X with no further structure.

Definition 2.1. Let G be a topological group with unit element e and X a
topological space. We say that G acts on X from the left (or simply G acts on
X) if there exists a continuous map ¢ : G X X — X (where ¢(g, ) is denoted
by g - x) such that

(i) g-(h-z) =(gh)-zfor g,he G,z € X

(ii) eex=aforreX
If G acts on X, the set (X, ) (often referred to as X) is called a G-space.

The set G, = {g € G | g -« = z} is called the isotropy group of z. It is easily
seen that for each x € X, G, is a subgroup of G which is closed if X is Hausdorff
(since G, = p;'(A) where ¢, : G - X x X is the map g = (z,g - x) and A
is the diagonal). An action is said to be free if g - & = x implies g = e. In this
case the isotropy group is trivial for all z. An action is called proper if the map
f:GxX — X x X given by (g,z) — (z,g - x) is proper, i.e. 8 is closed and
for each y € X x X, 0~1(y) is compact. If V is a G-space which is also a vector
space, the action is called linear if the map I, : V — V given by v = g -v is
linear for all g € G.

Theset G-z ={g-z € X | g € G} is called the orbit of . The set of orbits
is denoted by X/G and is called the orbit space. Let m : X — X/G be the
projection z — G-z. We can then make the orbit space into a topological space
by providing it with the quotient topology with respect to w. It is this space
that we call the quotient of X by the action of G. Note that 7 is also open: If U
is an open subset of X, 7(U) is open, since 7~ (7 (U)) = Uyee 9 U and hence
7~ Y(x(U)) is open. If X and Y are G-spaces and f : X — Y is a map, f is
called equivariant if f(g-x) = g- f(x) holds for all z € X, g € G. An equivariant
map f : X — Y induces a map between the orbit spaces f : X/G — Y/G where
f(G-2)=G- f(z) for * € X. f is continuous if f is continuous.

Example 2.1. Let X be the torus T? = R?/Z? and consider the action of
G = R given by ¢ - (x,y) = (z + ¢,y + At) where X is some fixed real number.
If X\ is rational, an orbit will be a closed loop on the torus. If, however, A is

irrational, each orbit will be a dense subset of X. In this case, the quotient X/G



will not be a Hausdorff space: Let U; and U, be open sets in X/G containing
elements G - (z1,y1) and G - (z2,y2) respectively. Then 7~ (U}) is a non-empty
open set in X and since G - (z2,y2) is dense in X, 771 (U;) must contain some
element ¢ - (z2,y2) and therefore Uy N Uy # 0.

As we saw in Example 2.1, the quotient X/G of a G-space is not necessarily
Hausdorff, even if X itself is Hausdorff. We do, however, have the following

result.

Proposition 2.2. Let X be a G-space where the action of G is proper. Then
the quotient space X/G is Hausdorff.

Proof. Let 0 : G x X — X x X be the map (g,z) — (x,g-x). If 6 is proper,
it is by definition closed. Hence R = 6(G x X) is a closed subset of X x X.
Let m(x1) and w(z2) be arbitrary points in X/G such that w(z;) # 7w(z2).
Then (z1,22) € (X x X)\R and since R is closed, we can find an open subset
U C (X x X)\R such that (z1,22) € U. We may assume that U = Uy x Us
where z; € U; and U; is an open subset of X for ¢ = 1, 2. Since « is open, m(U;)

and m(U;) are open sets which separate 7(z1) and w(z2). O

An example of a proper action is the action of a compact group on a Haus-

dorff space:

Proposition 2.3. Let X be a Hausdorff G-space where G is compact. Then
the action of G on X is proper.

Proof. Let G be a compact group acting on X andlet 8 : G x X —» X x X
be the map (g,z) — (z,g9 - ). Suppose we have a closed subset C' of G x X
and a net (z;,g; - ;) in 8(C) which converges to (x,y) € X x X. g; is a net
in G and so it has a subsequence which converges to some g € G such that
(g,z) € C. So (xj,g; - xj) has a subsequence which converges to (z, g - ) and
since X x X is Hausdorff, (z,y) = (2,9 - z) € 6(C). Therefore (C) is closed.
Let (zo,y0) € X x X.

0 if yo & G- xo

0~ (zo,y0) = {(9,20) €Gx X | g- 2o =10} = .
90Gay  if Yo = go - x0

Since G, is closed, it is compact and hence 8! (xg, yo) is compact. O

2.2 Manifolds

Now suppose that M is a smooth manifold and that G is a Lie group. We define

an action of G on M exactly as in Definition 2.1 with the only difference that



we now require ¢ to be smooth. In this case (M, ) (or simply M) is called a
G-manifold. As we saw in Example 2.1 we cannot in general expect the quotient
M /G to be a manifold but in some cases we can still extract information about
the structure of M/G from the structure of M. We will concentrate on the
special case when G is compact. In this case, we have a fundamental result called
the Slice Theorem which is stated below. To understand the Slice Theorem, we
will need a few more preliminary results. The proof of the following result is
omitted but can be found in [tD87].

Proposition 2.4. Let M be a G-manifold where the action of G is proper and
free. Then M/G has a unique differentiable structure and the projection 7 :

M — M/G is a submersion.

By Proposition 2.3, we get the following:

Corollary 2.5. Let M be a G-manifold where G is compact and the action of
G is free. Then M/G has a unique differentiable structure and the projection
m: M — M/G is a submersion.

Example 2.6. If H is a subgroup of a Lie group G which is a submanifold,
we can define an action of H on G by h-g = gh~! for h € H,g € G. This
is clearly a free action. It is also proper: Let 8 : H x G — G x G be the
map (h,g) — (g,gh ') and let C be a closed subset of H x G. Suppose
(gj,gjhj_l) is a net in A(C) which converges to (z,y) € G x G. Then g;

1 Ly and

converges to « and h; = (g;lgjhjfl)’l converges to (z ly)™! = y—
so (y~lz,z) € C. Therefore (z,y) = (z,z(y'z)~!) € (C) and so §(C) is
closed. Let (z,y) € G x G. 07 (z,y) = {(h,9) e H xG |g=wz,gh™t =y} =
{(h,g) e HxG|g=a,h =y 'g} = {(z,y'2)} which is clearly compact.
The orbits are exactly the cosets gH and the orbit space G/H is therefore
the usual group theoretic quotient. Proposition 2.4 tells us that G/H has a
unique differentiable structure and that the tangent space at each ¢H € G/H

is T,G/T,H.

Lemma 2.7. Let M and N be manifolds and f : M — N an injective immer-

ston. If M is compact, f is an embedding.

Proof. We need to show that f=! : f(M) — M is continuous. Let f(z) € f(M).
Let U be any closed neighborhood of f(z). Then f~!(U) is closed and hence
compact. Since the restriction of f to f~(U) is continuous and bijective, it is

a homeomorphism. In particular, f~! is continuous at f(z). O



Proposition 2.8. Let M be a G-manifold where G is a compact Lie group.
Then for each x € M, G - x is a submanifold of M which is diffeomorphic to
G/G,.

Proof. Let f, : G — M be the orbit map given by g — ¢ - . Since G, is a
closed subgroup of G, it is a submanifold and hence by Example 2.6, G/G, is
a compact manifold where the tangent space at gG; is T,G/TyG,. f. induces
amap f, : G/G, — M with image G - z. By Lemma 2.7, it is enough to show
that this is an injective immersion for each x, i.e. that Df,(g) is non-singular
and has kernel T,G, for all g € G. Since G is a Lie group, we only need to
consider Df,(e) : T.G — T, M. By definition, T.G = g where g denotes the
Lie algebra of G. Let £ € g. t — exp(t€), t € R is a curve in G through e with
tangent & so v; = fz(exp(t£)) is a curve in M through x and

Dfu(e)(€) = &,y = &)

where € denotes the vector field induced on M by A. Since

Yi+s = exp((t + s)§) - & = exp(t§) exp(s) - & = fo, (1)

we get that

Df.(vs)(€) = %|t:0%+s = %|t:0f% (vt) = Dfy,(e)(§) = g(%)-

Suppose §~ (z) = 0. Then 7, and the constant curve z are both integral curves of
£ through = and uniqueness of integral curves gives us that exp(t€) -z =y =z
for all ¢t € R. Hence, exp(t§) € G, for all t € R and therefore £ € T.G,. O

Let M be a G-manifold and let H be a closed subgroup (and thus a submani-
fold) of G. G x M is an H-manifold by the action (h, (g,z)) — (gh™!,h-z). The
orbit space is denoted by G x y M. This action is clearly free. If G is a compact
Lie group, H is also compact. Proposition 2.3 shows that in this case the action
is also proper and hence by Proposition 2.4, G xg M is a manifold and the
projection w : G X M — G x g M is a submersion. We can define an action of
GonGxyMbyg  lg,z]=1¢ -g,z]for ¢ € G,[g,z] =H-(9,2) € G xyg M.

We are now able to state the Slice Theorem:

Theorem 2.9 (Slice Theorem). Let M be a G-manifold where G is a com-
pact Lie group. For all x € M there exists a unique vector space V,, an
open neighbourhood U C M of G -z and an equivariant diffeomorphism o, :
G %@, Vo = U such that ¥, ([g,0]) = g = and the action of G, on V, is linear.



Let us examine the statement of the Slice Theorem more closely. If M is
a G-manifold where G is compact and H is a closed subgroup of G, we get
a differentiable map 7 : G xg M — G/H by defining 7([g,z]) = gH for all
l[9,v] € G xg M,gH € G/H. 7 is well-defined for if [g,2] = [¢',2'] then
(¢',7") = (gh~ ', h - x) for some h € H and so g’ = gh~! € gH. 7 is equivariant
since g' - 7([g,v]) = ¢’ - gH = g'gH = 7([g'g,z]) = 7(¢ - [9,z]). Now suppose
that M is a vector space V and that the action of H on V is linear. If ¢'H €
G/H then 771 (¢'H) = {[g,v] | g € ¢’H,v € V} ={[¢g',v] | v € V}. If we define
[¢',v1]+ 19", v2] = [¢', v1 +v2] and Alg’,v1] = [¢', Avy] for vy, v2 € V, A € R (which
is well-defined since [¢', h-vi]+[¢', h-ve] = [g',h-v1+h-va] = [¢', h-(v1 +v2)] =
[¢',v1 +vs] and [¢', A(h-v1)] = [¢', h-(Av1)] = [¢', Av1] for h € H), then 771 (g'H)
becomes a vector space isomorphic to V. So 7 : G xg V — G/H is a vector
bundle and we can identify the zero section {[g,0] | ¢ € G} (which we can embed
as a submanifold in G xg V) with G/H. Now let H = G, for some x € M.
According to Proposition 2.8, G/G, is diffeomorphic to G-z. The Slice Theorem

states that we can extend this correspondance to a neighborhood around G - z.

G/G, C Gxa, Ve
B K
G-z C U

In other words each orbit G-z’ close to G- corresponds to an orbit {[g,v] | ¢ € G}
in G xqg, V, and by fixing a g € G, the vector space V, /G, parametrizes the
orbits close to G -z in M/G.

In the case where the action of G on M is free, G, is trivial for each x € M,
so G x¢q, V, can be identified with G x V.. Therefore the differentiable structure
of V, can be transferred to M/G. This is a special case of the situation when
the action of GG, on V, is trivial, i.e. g-v =wv for g € G,,v € V. In this case
the map G x¢g, Vo = G/G, x V,, given by [g,v] — (7[g,v],v) is a well-defined
diffeomorphism and we can transfer the differentiable structure of V, to M/G.
Recalling that G/G,, is a manifold diffeomorphic to G-z, we get that the tangent
space at a point G -« € M/G is isomorphic to T, M /TG - x. We call the space
T,.G - x the vertical space. We conclude this chapter by looking at an example
where the transfer of differentiable structure to the quotient goes wrong exactly

where the action is not free.

Example 2.10. Let M be the complex projective plane CP? and let G be the 2-
torus T2. CP? is the space of one-dimensional subspaces of C?, i.e. the elements

of CP? can be written as [20, 21, 22] = {A(20,21,22) | A € C} where (29,21,22) €



C3\{0}. T? can be viewed as S x ST = {(e’*,e'2) € C* | 6,,6, € [0,27)}. We

have an action of G on M given by
91 ,i0 i i
(6 176 2)'[Z07Z17Z2] :[Z07e 1Z17€ 222]

for (et1,e?2) € T2, [29, 21, 22] € CP2.

Since G is compact, the action is proper (cf. Proposition 2.3) and since M
is Hausdorff, the quotient M /G is therefore a Hausdorff space (cf. Proposition
2.2). The action is, however, not free as can be seen in e.g. the point z =
[1,0,0] where G, = G. Therefore we cannot expect the orbit space to be
a manifold, and as we will see, it is in fact a manifold with boundaries and
corners. In order to see this, we define a map p : CP? — A where A =

{(z1,22) | 1,22 € [0,00) and z1 + z2 < 1} and

21 |22/
1([#0, 21, 22]) = <||z||2’ THIE where ||z]| = \/|ZO|2 + |21 + [22]2.

If we let G act trivially on A, (i.e. g-x = z for ¢ € G,z € A) then p
is clearly equivariant. p is surjective: Let (z;,z2) € A. Then for zp =
V1= (1 +32),21 = \/T1, 20 = /T2, we have that ||z|| = 1 and so ([0, 21, 22]) =
(|z1)%, |22|*) = (w1, x2). Since p is also continuous, it induces a surjective con-
tinuous map ji : CP? /T? — A. We claim that ji is actually a homeomorphism.
Since CP? is compact, CP? /T? is compact and since CP? /T? is also Hausdorff,
it suffices to show that [ is injective. Let [[z0, 21, 22]] , [[2), 21, 24]] be arbitrary
points in CP? /T? such that i ([[20, 21, 22]]) = iz ([[20, 2}, 25]]), i-e.
P _ AP |nP _ 5P "
11| | 2 1 [l |
Since [Ao, A1, AE] = [, &1, &) for [€o,&1,&] € CP? and A = ||¢[|~te=?m0

where & = |&|e??, we may assume that ||z]| = ||2|| = 1 and that zq, 2§, € [0, 00).

In this case (1) implies that

|z1] = [z1]s |22 = 1220, 20 = V1 = (J21? + |22?) = \/1 — (|21 +1231%) = 2
If 2; = |2j]e?%, 2 = |24]e' for j = 1,2, we get:
zj = |zjle’ = ei(oj_eg‘)|z;.|e"9; = e"(ef_eg‘)z; for j = 1,2
and hence
20,21, 2] = [(€0 ), 0-0) . 5 =1, 24]] = [, 24,51

So [1 is injective. Therefore we can identify the quotient M /G with the simplex

A which is a manifold with boundaries and corners.
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We can divide A into three parts: The interior A° which is a manifold, the
edges A® = {(z1,22) |21 =0,22 =0o0r zo =1 —z;} and the corners A® =
{(0,0),(0,1),(1,0)}. For each (z1,z2) € A we have that

p (@, 20) = G - [20, 21, 22) = {[20, € 21,7 20] | 61,05 € [0,27) }

where [20, 21, 22] = [\/1 = (z1 + 2), /T1, \/T2]. We see that if (v1,22) € A°,
z; # 0 for j = 0,1,2 and therefore p=!(z1,22) = T? = G. Since G -z = G/G,
for z € M, this shows that A° corresponds to points where the action is free. If
(z1,22) € A°\A®, exactly one of the z;’s is 0 and so p~'(z1,22) = S'. Finally,
if (z1,22) € A, exactly two of the z;’s are 0 and therefore p=*(z1,25) is just a

single point.

2.3 Riemannian Manifolds

We now turn our attention to manifolds with a Riemannian metric:

Definition 2.2. Let M be a smooth manifold. A 2-tensor field g € T2(M) is

a Riemannian metric on M if

(i) 9(X,)Y) =gV, X) for X,)Y € T,M,x € M (i.e. g is symmetric)
(i) g(X,X) > 0for X € T,M\{0},x € M (i.e. g is positive definite)
If g is a Riemannian metric on M we call the pair (M,g) a Riemannian

manifold. Note that a Riemannian metric assigns an inner product to each
tangent space T, M of M given by (X,Y), = ¢(X,Y) for X,Y € T,,M. Thus we

can define the norm of X € T, M to be | X| = /(X, X), and the angle between
X,Y € T, M\{0} to be the unique 8 € [0, 7] such that cosf = ﬂiﬁg”l” If (M, g)

and (M, §) are Riemannian manifolds and ¢ : M — M is a diffeomorphism, ¢ is
called an isometry if p*g = g, i.e. if G« X, YY) = g(X,Y) forall X, Y € TM.

Proposition 2.11. Let M be a smooth manifold. Then M can be given a

Riemannian metric.

Proof. Let (Uy, pa)aca be alocally finite atlas on M. For X,Y € T, M where
x € U, define go(X,Y) = ((¢a)«X, (pa)«Y) where (-,-) is the usual inner

product on R™. Take a partition of unity f, subordinate to the cover (Uy)aca

10



and define g(X,Y) = 3 c4 fa(2)9a(X,Y) for X,Y € T, M,z € M (where g,
can be put equal to zero outside U,). The sum converges at each point z € M
since fu(x) = 0 except for a finite number of 's. It is easily seen that g is a

Riemannian metric on M. O

Suppose (M, g) is a Riemannian manifold and that a Lie group G acts on
M. Let I, : M — M be the map x + g -x for g € G. [, has inverse [,—1 and
is a diffeomorphism. We say that G acts by isometries if [, is an isometry for

each g € G, i.e.
(X,Y)y = (Dlg(z)(X),Dly(x)(Y))gp forall z € M,g € G.

If M is a G-manifold where G is compact, we can always give M a Riemannian
metric with respect to which G acts by isometries. The rough idea is the follow-
ing: By Proposition 2.11, M can be given a Riemannian metric g. We can then
average over G using the Haar measure p1 to obtain g(z) = [, .o h-(g(h™"-2))du

which is the desired metric.

Suppose (M, g) is a Riemannian G-manifold where G acts by isometries, G
is compact and the action is free. As we saw in Section 2.2, the quotient M /G
becomes a manifold where the tangent space at each point G-z is T, M /TG - z.
We will now see how we can transfer the Riemannian structure from M to
M/G. Recall that the vertical space at x € M is the subspace T,G -z C
T,M. For each x € M, define the horizontal space at x to be (T,G - z)*t =
{XeT,M|g(X,Y)=0for allY € T,G - x}. The derivative of the projection
at x € M denoted by D (z) is an isomorphism

Drn(z) : (T,G - x)J‘—E>TwM/TwG T

for each . So each X € Tg.,M/G has a unique lift X = (Dr(z)) (X) to
(TG - z)*. Now define §(X,Y) = g(X,Y) where X and Y are the lifts of X
and Y respectively to (T,.,G - x)* for some g -z € G - z. This is well-defined,
i.e. it is independent of the point g-z: Suppose X',Y" € (TG -x)* are lifts of
X, Y respectively. Since moly(x) =7(g9-z) = n(z), Dr(g-2) o Dly(x) = Dn(x)
so Dm(g - z)(Dly(z)(X)) = Dn(z)(X) = X and uniqueness of lifts gives us
that X' = DIy(z)(X). Similarly, Y' = Di,(z)(Y"). Since G acts by isometries,
g(X",Y") = g(Dly(z)(X),Dl,(x)(Y)) = g(X,Y). We conclude that (M/G,g)

is a Riemannian manifold.

11



3 Symplectic Manifolds

3.1 Basic Notions

Now we will consider manifolds with a symplectic structure. We start by defining

the concept of a symplectic vector space:

Definition 3.1. Let V be a finite dimensional vector space and w: V xV — R

a bilinear form on V. (V,w) is a symplectic vector space if:

(i) w(v,w) = —w(w,v) for v,w € V (i.e. wis skew-symmetric)
(ii) w(v,w) =0 for all w € V implies v =0 (i.e. w is non-degenerate)

Proposition 3.1. Let (V,w) be a symplectic vector space. Then V has even

dimension and there exists a basis (U1, ... ,Up,V1,-.. ,0y) Such that
w(uj,ur) = w(vj,v) =0 and w(uj,vg) = 051 for j,k € {1,... ,n} (2)

Proof. We prove this by induction on the dimension of V' which we denote by

n. For n =1, V = span{v} for some v # 0. Since
w(v, Av) = dw(v,v) = —dw(v,v) = —w(v, Av) for all A € R,

w(v,Av) =0 for all A € R which implies that v = 0. This is a contradiction and
hence (V,w) cannot be a symplectic vector space. For n = 2, the non-degeneracy
of w implies that there exist uj,v; € V such that w(u;,v1) = 1. Then clearly
(u1,v1) is a basis satisfying (2). Now assume that the statement is proved for
all & < n. Non-degeneracy of w again gives us u,v; such that w(ui,v1) =
1. Let W = span{u;,v;} and let V = {v € V | w(v,w) = 0 for all w € W}.
Then (V, w) is a symplectic vector space of dimension n — 2. By the induction
hypothesis, n — 2 is even and there exists a basis ua, ... , Uy, V2, ... , v, satisfying
w(uj,ug) = w(vj,vr) = 0 and w(uj,v;) = i for j,k € {2,...,n}. Then

UL, U2,y - -+, Up,V1,V2,... 0y, i a basis for V satisfying (2). O

We call the basis obtained in Proposition 3.1 for a symplectic basis. We now

define symplectic structures on manifolds:

Definition 3.2. Let M be a smooth manifold and w a 2-form on M. w is a

symplectic structure (or symplectic form) on M if:

(1) (TwM,w,) is a symplectic vector space for all z € M

(ii) dw =0 (i.e. w is closed).

12



If w is a symplectic structure on M, the pair (M,w) is called a symplectic
manifold. Because of Proposition 3.1, symplectic manifolds are always of even
dimension. It can be shown that locally all symplectic manifolds look alike.

This is due to Darboux’s Theorem:

Theorem 3.2 (Darboux’s Theorem). Let M be a smooth manifold and let
w be a symplectic structure on M. Then on a neighborhood of each x € M there

exist coordinates (T1,-..,Tn,Y1,--- ,Yn) such that

n
w = Zdazj A dy;
Jj=1

Example 3.3. The most basic example of a symplectic manifold is Euclidean

space R?" with the symplectic structure

n
wo = Zdﬂ?] A dyj
j=1

where (z1,...,%n,¥1,--. ,Yn) are the usual coordinates. If X = E‘?:l(aj% +
J
8 _ N 8 8
bJa_y,) a.nd X’ = ijl(a/;a—% + b"]%) then

n

wo(X,X') = (a;b}; — b))
j=1
S0 Wy is skew-symmetric. Since wo(X, aiyj) = a; and wo (X, —%) =bj,w(X,Y) =
0 for all Y implies that a; =b; =0 for j =1,... ,n,ie. X =0 and therefore
(i) in Definition 3.2 is satisfied. Finally, wy =d (E?zl xjdyj) 80 wy is in fact a

symplectic structure.

Example 3.4. Let M be a manifold and consider the cotangent bundle 7 :
T*M — M. The differential of the projection at € M is D7 (p) : T,(T*M) —
T, M where ¢ € T7M. Let a be the 1-form on T*M which to each ¢ € T*M

associates 7, i.e.
a(p)(X) = o(Dn(p)(X)) for p € Ty M,z € M, X € T,(T*M),

and let w = —da. We claim that w is a symplectic structure on 7*M.

If (x1,...,%,) are local coordinates around x € M, then any element ¢ €
T} M can locally be written as ¢ = Z?Zl y;dx;. So any ¢ € T*M is determined
by (z1,-.. ,Zn,Y1,--- ,Yn) which we will write in short as (z,y). The projection
7 becomes the map (x,y) — = and its differential at (z,y) denoted by Dm(x,y)

becomes (Z,§) +— & where Z,§ are the coordinates with respect to the bases
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(5575 > 35=) and (5.-, ..., 5.—) respectively. So we get

n n
a(z,y)(&,9) = > _yjdr; (&) =Y y;i;
i=1 i=1
and therefore in local coordinates

n n
a= Zyjdxj and w= Zdazj A dy;
i=1 i=1
As we saw in Example 3.3, w satisfies conditions (i) and (ii) of Definition 3.2

and is therefore a symplectic structure on 7*M.

3.2 Moment Maps

Now let (M,w) be a symplectic manifold and let G be a Lie group acting on
M. Tt is clear that we cannot expect the quotient M/G to be a symplectic
manifold, even if it has a differentiable structure, e.g. the quotient could have
odd dimension. In the following we will see how we in some cases have a quotient
construction which can be given a natural symplectic structure by the use of a
so-called moment map which we will define in the end of this section. First we

introduce a few more notions.

If X is any vector field, we can define maps X; : M — M by &' — 7, (t)
where ¢ — 7y,/(t) is an integral curve of X through z'. Recall the definition of
the Lie derivative of a differential form (§ with respect to a vector field X which

is given by

7(Xt 5); —Fe forx € M

(LXﬂ)z = 7}IIII

=0
where X3 denotes the pull-back of 5 by X;. Also recall that the interior product
i(X)p of a k + 1-form 8 with a vector field X is defined by i(X)(Y1,...,Ys) =
B(X,Y1,...,Y}) for vector fields Yi,...,Y,. Some basic properties of the Lie
derivative are:
LxfB = i(X)dp+d(i(X)B) (3)
Lx(B(Y1,...,Y%)) = LxpM1,...,Y%)

k
+ Zﬂ(}/h_”7)/;,717LX1/1,7Y;,+17‘”7Y1€) (4)
i=1

where Y7, ... ,Y; are vector fields.

As we saw in the proof of Proposition 2.8, if G is a Lie group acting on M,
each £ € g = T.G induces a vector field £ on M where g(a}) = % |t:0 exp(t) -
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for x € M. The set of vector fields on M is a Lie algebra under the Lie bracket
[X,Y] = LyX = —LxY and £ — € is a Lie homomorphism. Now let w be
a symplectic structure on M. We say that an action preserves the symplectic

form if
w(Dly(z)(X),Dly(2)(Y)) =w(X,Y) for X, Y €e T,M,z € M,g€ G

where [, as before denotes the map z — g-z. If X = ¢ is a vector field induced

by a group action which preserves w then Xy(x) = exp(t£) - & = lexp(1¢) () and

(Xfw)(Gn) = w(DXi(2)(C), DX (x)(n))

= W(Dlexp(te) (2)(C), Dlexpte) () (1))
= w(Cn) for(,neT.MxzeM

So in this case
Lxw=0 (5)
and because of (3), we get
d(i(X)w) =0, (6)

ie. i(X)w is closed. If i(X)w is also exact, i.e. if we can find a function H such
that i(X)w = dH, then X is called a Hamiltonian vector field and we denote X
by Xg. Now we would like to examine the criteria for obtaining Hamiltonian
vector fields when we have an action which preserves w. We will see that the
obstruction lies in the cohomology of the Lie algebra denoted H*(g) which we

will define below.

Consider the action of a Lie Group G on itself given by left multiplication
g-h =14(h) = gh for g,h € G. We say that a vector field X on G is a left-
invariant vector field if X (h) = (Dl,-1(gh)X)(h) for all h,g € G. A differential
form 3 on G is called a left-invariant form if [;8 = (3 for all g € G. The
set of left-invariant vector fields can be identified with the Lie algebra g with
the Lie bracket [X,Y] = LxY and it can be shown that any left-invariant
differential form is completely determined by its values on left-invariant vector
fields. Thus we may identify the set of left-invariant k-forms with A¥(g*). Let
H*(g) = % be the kth cohomology group of g where 0y, : A*(g*) — A*+1(g*)
is the map induced by 8 — dfB. This makes sense since if 3 is a left-invariant
form, then df is also left-invariant. Using (3) and (4), we can find explicit

expressions for §: If 3 € A'(g*), i(X)B = B(X) is constant for any left-invariant
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vector field X and so if Y is also a left-invariant vector field,

0=Lx(BY)) = LxBY)+p(LxY)
= (((X)d3)(Y) + B([X,Y])
= dB(X,Y) + B([X,Y)).
So
dB(X,Y) = =B([X,Y]). (7)

Inductively, if 3 is a k — 1-form we get:
d/g(lfla v 7Yk) = Z(_l)i+jﬁ([1/i71/}]7yl7 v 7)}2'7 v 7}}]'7 v 7Yk)' (8)
i<j
Let ¢ : A%(g) — g be the map X AY — —[X,Y]. Then , identifying (A%(g))*
with A%(g*) (where ¢ : A%(g) — R is identified with ¢ : g x g — R where
P(X,Y) = (X AY)),(7) shows that d; is the dual of ¢ which we denote by *:

PTBXAY) =X AY)) = B(=[X,Y]) = dB(X,Y)

This shows that if H'(g) = 0 then +* is injective and hence 1 is surjective.
Therefore any left-invariant vector field can be written as a linear combination
> ;[X;,Y;] where X;,Y; are left-invariant vector fields.

Now suppose X is a vector field induced by an action of G' which preserves
the symplectic form w on a symplectic manifold (M,w) and suppose X is a vector
field of the form m where ¢,n € g. Since £ — ¢ is a Lie homomorphism from
g to the set of vector fields on M, X = m = [f,ﬁ] By (5), Liw =0 and by
(6), di(7)w = 0. Now using (3) and (4) we get that

i(X)w(Y) = i Aw(Y)
= (L)

Il
I
£
h
Y
=
=
|
h
Catl
£
=
=

[
| |
b
Ny
—~
—~ g
—~
S.‘ <
N
&
—~
=

)
= —d(i({)i

So i(X)w = dH where H = —i(()i(n)w and therefore X is a Hamiltonian vector
field.

If H'(g) = 0, then by (7), all vector fields € are of the a linear combination of

—_~—

vector fields of the form [(,n] and therefore Hamiltonian. Let Ham(A/) denote
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the set of Hamiltonian vector fields. Ham(A/) is a Lie subalgebra of the set of
vector fields on M. So in this case the map & — & is a Lie homomorphism from
g to Ham(M). Suppose M is connected. Since for each smooth function H on
M, the equation i(X)w = dH uniquely determines a vector field X = Xy on
M, we have a map p : C*°(M) — H(M) where kerp is the constant functions.

So we get an exact sequence:

p

0——=R——=C>®(M) H(M) 0

The set of smooth functions on M denoted C*°(M) is also a Lie algebra under
the Poisson bracket [Hy, Ho] = {Hy, Ha} = —i(Xpn,)i(Xn,)w. Since H € kerp

implies that H is constant, we see that
[H.,H,] =0 for Hy € kerp, H, € C*(M). (9)

Furthermore, p is a Lie homomorphism: p({H;, H>}) is the unique vector field
X satisfying i(X)w = d{H., H2}. Since i(Xp,)w = dH2, (3) implies that

Lx,, (i(Xm,)w) = Lxy (dHz) = d(i(Xp,)(dH>))
= d(i(Xn,)i(Xnm,)w) = —d{Hi, Ha}

and so since by (5) Lx,, w =0,

i(LXHlXHz)w = i(LXHlXHz)w+i(XH2)LXH1w
= LXHI (i(XHz)w) = _d{HlaHZ}

Therefore
p({H1,H2}) = —Lxy, Xu, = [p(H1), p(H2)]
So we get the following diagram where the first row is exact:

0—>R—>C>(M)—L

H(M)—=0

The following proposition is essential for the definition of the moment map:

Proposition 3.5. Let (M,w) be a connected symplectic G-manifold such that
the action of G preserves w where G is a connected Lie group. Suppose H'(g) =
H?(g) = 0. Then there exists a unique Lie homomorphism \ such that the

following diagram commutes:
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0—=R—>C>(M)

Proof. Let & be the map ¢ — €. Considering g and C(M) as vector spaces,
we can find a linear map 7 : g — C° (M) such that po7 = & (since g has finite
dimension). Now if &,n € g, the element ¢(&,n) = 7[¢,n] — [7(€),7(n)] lies in

kerp = R since

p(r(&nl = [7(6), 7(m)]) = p o 7§, n] — p[r(&), ()] = K[&, 1] — [K(£), K(n)] = 0.

So ¢ defines an element of A%(g*). Now (9) implies

[7(1&,m), 7(O)] = [[7(&), 7(m)], 7(O)] = [e(€,m), 7(O)] = O

so using (8) and the Jacobi identity we get:

de(§,m,¢) = —(c([& ], O) + e[, €] m) + el[n, €1, €))
= = (r(l&n), D) = [[7(©), (], 7(Q)]
+7(([[¢; €], m]) = [[7(€), (E)), ()]
+7([[n,¢1,€D) = [[r(m), 7(Q)], 7(§)]) =0

Hence c¢ represents an element [c] of H?(g). This element is independent of
the choice of linear function 7: Suppose 7' is another linear function such that
po1 = k. Then 7" = 7 + b for some linear function b : g — kerp. By (9),
[b(&),H] =0 for £ € g, H € C*°(M) and therefore

d&n) = (T+b)&n —[(T+0)(&), (r+b)n)]
So [c'] = [¢]- If H*(g) = 0, [¢] = 0, i.e. ¢ = &b for some b : g — kerp and
A =7 +bis a Lie homomorphism. Since H'(g) = 0, this b is unique. O

Now we are finally able to define the moment map. Suppose that the Lie
homomorphism A : g = C*°(M) described in Proposition 3.5 exists, i.e. for
each € € g, He = A(€) is the unique function satisfying i({)w = dHg. Then we
can define a map p: M — g* by

p(z)(§) = He(z) for £ € g,z € M. (10)
This map is called the moment map.

There is a natural action of G on g*: Let ¢4 : G — G be the homomorphism
h+ ghg™*. Then Adg = Dg,(e) : g — g defines a map Ad: G — Aut(g) where
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Aut(g) is the automorphism group of g. This defines an action on g given by
g-& = Adg(¢) for € € g,g € G which in turn gives the action (g-) (&) = (g~ 1-€)
for ¢ € g*.

Proposition 3.6. Let (M,w) be a symplectic G-manifold on which a unique

moment map i exists. Then p is equivariant.

Proof. First we show that the map & — ¢ from g into Ham(M) is equivariant
where the action on Ham(A1) is given by (9 X)(x) = Dly-1(g9-2)(X(g-)) for
g€ G, X € Ham(M),z € M:

(9-O)(@) = Diyr(g-a) (&g )
= Dlyi(g-0) (o x0(t9) - 0-))
= Do) (G lcgalo™ explt€)o) o)
= Dlya(g-0) (Gl calgenp(ads™ () - )
= (Adg1(9) @) = (9-O(@)

1

Now we can show that ¢=' - u(g - x) = p(z) for g € G,z € M. Since

g g - x2)(€) = plg - x)(Adg(€))

for all £ € g, (10) gives us that

dlg™" (g -2)(€) = dulg-=

Hence u(g-x) =g - p(z) for g € G,z € M. O

Example 3.7. Let M = S? C R®. At each vector x € S?, the tangent
space consists of the vectors in R® perpendicular to z. So if v,w € T, M,
v x w = s(v,w)z for s(v,w) € R where x denotes the cross product on R3.
w(v,w) = s(v,w) defines a symplectic structure on M. Now consider the ac-
tion of G =SO(3) on M given by the usual action of SO(3) on R*. The Lie
algebra of SO(3) denoted so(3) is the set of 3 by 3 skew-symmetric matri-
ces and can therefore be identified with R®: If (a;;)1<ij<3 € $0(3) it can be
identified with @ = (a12,a13,a23). Under this identification, the Lie bracket
becomes [g,b] = b X a. So according to (7), 61(B)(&,n) = —B(n x &) for
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&,m € H(s0(3)") = Al(s0(3)") = R®. Since any vector in R® can be written in
the form 1 x &, §;(3) = 0 implies 3 = 0, i.e. §; : R* — R3 is injective and there-
fore bijective. Hence H!'(s0(3)) = % =0 and H?(s0(3)) = % = k2 —
and so by Proposition 3.5 a moment map exists.

Now let 4 : S2 — R® be the map z — —z, i.e. as an element of (R3)*,
w(z)(§) = —¢ -z for £ € R? where - is the usual inner product on R*. Therefore

. _ 3 i)
lfy— Zj:l Ujm € TQM,

du(@)(©) ) = Y a2 dojle(v) = =Y &drj(v) = € v
j=1

Each £ € R* induces the vector field E given by

fa) = &t 2]
= %|t:0t(£ X §) =1z x¢&.

and therefore

i(Ewv) = w(z x &,v).

Since z L v, (zx§) xv=¢§z-v) —z({-v) =—({ v)z and so

This shows that p is the moment map.

If H'(g) = H?(g) = 0, Proposition 3.5 ensures us that the moment map
exists and is unique. When, however, H'(g) # 0, we cannot be sure that vector
fields induced by the action are Hamiltonian and if H?(g) # 0 we do not know
whether the homomorphism A exists. The following examples look at actions
of G = S'. S! has Lie algebra R and therefore H*(g) = A*(R). In particular
H?(g) =0and H'(g) =R #0.

Example 3.8. Let M be C* which, identified with R?", has the symplectic
form wy = 377, dzjAdy;. Consider the action of G = S* given by ez = ez
1 «—n

Let 1 : C* — R be the map 2z = (21,41 ... , Ty, ¥n) = —52]> = —3 et 3+

y; (so under the identification R = g*, u(2)(£) = —3¢||z||? for € € g). Hence

op
+ | dy;
ayj Yj

z

"9
du(z)(6) = -i¢ Za—g
j=1

diI?j
r4

z z

n
= -1 Z 2z idr; + 2y;dy;

j=1

= —fojd:Uj +y;dy;.
i=1
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Each £ € g induces the vector field & given by:
&z) = % |t:06i5tz =&z
= (_ylga xlg: B _ynfa xng)

Soif V=37, aj% + b; 52~ then

By;
i(Quwo(Y) = D dwjndy; | (§Y) =) —Eyb; — (a;éx;)
s =1
= ¢ Z:Ujdivj + y;dy; (Y)
j=1
= du(z)(OY).

So in this case p is a moment map.

Example 3.9. Now let M be the 2-torus T? = R? /Z? which has the symplectic

form w = dz A dy induced from R?. Identifying G = S* with R/Z we can define

an action of G on M by a-(x,y) = (v +a,y). If £ =1 € g, it induces the vector
F_ 8 ey _ 0 )

field £ = 5= andlfY—a%—l—ba—y

i(Ow(Y) = (dz A dy)(F,Y) =b=dy(Y)

But the function y does not exist on T?. Therefore there cannot be a moment

map for this action.

3.3 Symplectic Quotients

Suppose (M,w) is a symplectic G-manifold and that a moment map p: M — g*
exists. In the this section we will see how we can use the moment map to create
a quotient manifold which can be endowed with a natural symplectic structure.
We will restrict ourselves to the case where G is compact and the action of G
is free. Let N = u~!(u(xo)) for some zo € M. We claim that N has dimension
2n — k where n and k are the dimensions of M and G respectively. Consider
the differential of p at the point z € M denoted by Du(z) : To M — g* (where
we have identified 7),(,)g* with g*). By (10), this is given by:

Du(a)(Y)(€) = w(é(x),Y) for Y € T, M, ¢ € g* (11)

So Y € ker(Du(x)) if and only if w(&(x),Y) =0 for all £ € g. As we saw in the
proof of Proposition 2.8, since the action of G is free, the vector field ¢ is given

by:

&) = L) _ exp(te) -z = Df(e)(©)

T
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where f, : G — M is the orbit map g — g-z. Furthermore, D f, (e) is an injective

map with image T,,G-z. SokerDu(z) ={Y € T, M |w(X,Y) =0 for all X € T,G - z}.
Since w is non-degenerate, kerDy has dimension 2n — k. Now it follows that

Dy : TM — g* must be surjective. The Implicit Function Theorem therefore

gives us that N is a manifold and that

TN =kerDu(z) ={Y € T M |w(X,Y) =0 for all X € T,G - z}. (12)

In particular, N is of dimension 2n — k.

Remark 3.10. Note that to obtain the result that N is a submanifold of di-
mension 2n — k, we do not need the action to be free on all of M. As long as
it is free on N, Du(z) will be surjective for all z € N which gives the desired

result.

Now suppose that pu(zg) = po where g is fixed under the action of G on g*.
Then since p is equivariant, the action of G on M can be restricted to an action
on N. Since the action is free and G is compact, we get a quotient N/G which
is a manifold of dimension 2(n — k). In particular, N/G has even dimension.
We now want to define a symplectic structure on N/G. Let 7 : N - N/G be
the projection  — G - z. Counsider the 2-form on N/G defined by

H(X,Y) =w(X,Y) for X,Y € T(N/G)

for X € (Dr(z))~"(X),Y € (Dr(z))~* (V). & is well-defined: If X’ and Y’ are
other lifts of X and Y then since Tg.,N/G = T,N/T,G -z, X' = X + A and
Y'=Y + B for A,B € T,G - . Then (12) implies

wX Y =wX,Y)+w(A,Y)+w(X,B)+w(4,B) =w(X,Y).

@ is non-degenerate: Suppose @(X,Y) =0forallV € T.N/T,G - . Then
w(X,Y)=0forall Y € T,N = kerDu(z). So X must be of the form X = £(x)
for some ¢ € g. Therefore Dr(z)(X) = 0 and so @ is non-degenerate. w is

closed: Let ¢« : N — M be the inclusion map. Observe that
To(X,Y) =r'w(X,)Y) for X, Y € T, N.
Therefore
7(dw) = d(r*®) = d(t*w) = " (dw) =0

and since Dr(x) is surjective for all z € M, 7* is injective and therefore do = 0.

So w is a symplectic form on N/G.

22



Example 3.11. As in Example 3.8 let M = C* = R?" with symplectic struc-
ture wo and let G = S' act on M by e -z = e?2. We saw that this
gave us a moment map g : C* — R where p(z) = —31[]z||>. Now for each
c>0, p~He) = {z€C||z|| = Ve} = S*1(y/c). So the quotient becomes
S2n=1(\/fe)/St = CP™t

Example 3.12. Now we will see how we can use Example 3.7 to construct the
so-called polygon space Pol(a) for o € R":. Pol(«) is the space of configurations

(modulo rotation) in R?® of an n-polygon with edges of length ay, ..., where

a = (a1,...a,). Let a = (a1,...a,) € R} and for each i € {1,...,n}, let
S2. denote the sphere with radius a;. Let M = [];;S%. We can think
of each point © = (x1,...,x,) € M as a path which starts from the origin

and has n successive steps x;, each of length a;. M has a natural symplectic
structure given by w((Xi,...,X,), (Y1,...,Yn)) = Y1, wi(X;,Y;) where w;
is the symplectic structure described in Example 3.7 on S2. for i € {1,... ,n}.
Now let G = SO(3) act on M by acting component-wise as described in Example
3.7. Clearly, the map p(z) = — Y. | #; is a moment map for this action. u(z)
is minus the endpoint of the path = so pu~1(0) are exactly the paths which
form loops. Now we would like to obtain Pol(a) as the symplectic quotient
p~1(0)/G. We do, however, not know whether the action is free on p=(0). The
fixed points under the action of an element of SO(3) are exactly the points on
the axis of rotation. An object of 4~1(0) can therefore only remain fixed if it lies
in some one-dimensional subspace. We may assume that this is span{(1,0,0)},
ie. x; € {(£a;,0,0)} for i € {1,...,n}. Now suppose that > "' | s;a; = 0 has
no solutions for s; € {£1}. Then the action of SO(3) is free on u~=1(0). For
such a we therefore get Pol(a) = u~1(0)/G.

4 Kahler Manifolds

4.1 Basic Notions

Now we would like to look at Kéhler manifolds. Ké&hler manifolds are both
Riemannian and symplectic and we will see how we can use the quotient con-
structions described above to get a Ké&hler quotient. Before we can give the
definition of a Kahler manifold, we will need to look at some further aspects of
Riemannian geometry and we will also need to examine complex structures on

manifolds.

Definition 4.1. Let M be a smooth manifold and let 7 : £ — M be a vector
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bundle over M with smooth sections £(M). Let (X,Y) — VxY be a map
V:T(M)xEM)— EM). Vis called a connection if it satisfies:

(1) Vixitgx,Y = fVx, Y +gVx,Y for f,g € C(M).
(ii) V(Y1 +1Y2) = sV Vi + tVxY; for s,¢ € R

(i) Vx(fY) = FVxY + (XF)(Y) for f € ().

If E(M) =T (M), V is called a linear connection.

A connection is a local operator since it can be shown that if x € M and
X = X'"'Y =Y’ on a neighborhood of z then VxY = Vx.Y' at z.

Lemma 4.1. Let M be a smooth manifold with a linear connection V. Let U
be an open subset of M and let Ey,... ,E, be a frame on U. If X =3, X;E;
andY =), YiE; then

VxY =Y (XYi + X;Y;T5)Ey, (13)
ijk

where Ffj are the smooth functions on U defined by Vg, E; =5, I‘ijk.

Proof. We have that:
VxY = Y Vx(VE)
J

= Y (XY})E; +Y;VxE;
J
= Y (XYEj + ) Xi¥;V Ej)

J
= Y (XYi + X;Y;T%)Ey,
ijk
O

The n® functions l"fj are called the Christoffel symbols of V and Lemma 4.1

shows that these completely determine V on U.
Proposition 4.2. Let M be a smooth manifold. Then there exists a linear
connection V on M.

Proof. Let (Uy)aca be a locally finite atlas on M with coordinates z§,...x%

on U,. For each a, define the operator V® on U, by inserting Ej = 8%’0 into

(13) for some smooth functions I'}; on M:

LY =3 (XYi + X0 52
ijk
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Direct computation shows that V¢ satisfies (i)-(iii) in Definition 4.1 on U,. Now

let (fo)aca be a partition of unity subordinate to (Uy)aea. Define
VxY =) faViY.

Direct computation again shows that this is a connection on M. |

A simple example of a linear connection is the Euclidean connection on R™
defined by

n
oY; _ _
VxY :§ :(XYJ-)_ng = § :Xi—am —aij for X = § Xiagj,y = § Yjaij (14)
=1 irj i i

This corresponds to I'}; = 0 for all i, j, k.

So far we have only defined linear connections on vector fields. The following

result enables us to extend any linear connection to all tensor fields 77“M .

Proposition 4.3. Let M be a smooth manifold and V be a linear connection
on M. There exists a unique connection V : T (M) x TF(M) — TF(M) for
k,l € Z such that

(i) VxY =VxY forY € T(M)

(ii) Vxf=Xf for f € T°(M)

(ili) Vx(F®G) = (VxF)® G+ F® (VxG)
(iv) Vx(trY) =tr(VxY)

where tr denotes the trace operator-

The connection defined in Proposition 4.3 satisfies the following properties:

Vx(B(Y)) = VxB(Y) + B(VxY) for B € T'(M),Y € T(M)
(VxF)(Bi,-.. B, Y1, Vi) = X(F(Br,... . B, Y1, . YR)

l
_ZF(ﬂl 7vXﬂj7 75[7}/17"' 7Yk)
j=1

k
= F(Bi....0,Y1,... ,VxYi,... ,Yy) for F e TF(M)  (15)
=1

Now suppose we have a Riemannian manifold (M, g) and suppose that V is

a linear connection on M. We say that V is compatible with g if

Vx(9(Y,2)) =9(VxY,Z)+ g(Y,VxZ)
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for all vector fields X,Y, Z, i.e. Vxg = 0 for all X. The torsion of a linear

connection V is defined as
7(X,Y)=VxY - VyX — [X,Y].

A linear connection is called symmetric if it has no torsion, i.e. 7 = 0. The

following theorem is a fundamental result of Riemannian Geometry:

Theorem 4.4. Let (M,g) be a Riemannian manifold. Then there exists a

unique linear connection V on M which is

(i) compatible with g
(i) symmetric.

The connection defined in this way is called the Riemannian connection or

the Levi-Civita connection of g.

Now we turn our attention to complex manifolds. A complex manifold is
defined in a similar way as a smooth manifold, except the coordinate charts
map into C* and we require the coordinate changes to be holomorphic. It
will, however, turn out to be useful to introduce the concept of almost complex
structures which we will define below. First we look at complex structures
on vector spaces: Let V be a real vector space and let I : V' — V be an
endomorphism of V. I is called a complex structure on V if I? = —1 where 1
denotes the identity map. We can then think of V' as a complex vector space

by defining
(a +ib)v =av+blvfora+ibe Cv eV.
If X1,...,X, is a basis for V as a complex vector space then
Xy, X0, [Xy, ..., IX,

is easily seen to be a basis for the underlying real vector space. In particular, V'
has even dimension. If V' is a complex vector space, multiplication by i clearly

defines a complex structure on the underlying real vector space.

Example 4.5. Let M = C". By the identification of (z1,...,z,) € C* with
(1, Ty Y1,--+ ,Yn) € R2" we see that multiplication by i corresponds to
(1, Ty Y1y e 3 Yn) = (Y1, -+ y —Yn,T1,... ,T,) which is a complex struc-

ture Iy on R2”. In the usual basis, Iy can be written as

0o -1,
Iy =
L, O
where 1,, is the identity matrix of degree n.

26



Now let M be a real smooth manifold and let I € 7;1(M) be a (}) tensor field
on M. There is a one to one correspondance between (1) tensors on a vector
space and its endomorphisms: If ¢ : V' — V is an endomorphism it defines a
unique (}) tensor, also denoted ¢, by (3, X) = B3(¢X). So we consider I to be
an endomorphism of T, M for all z € M. If I is in this way a complex structure
on each T, M, I is called an almost complez structure on M and (M, ) is called
an almost complex manifold. Note that in this case M has even dimension. If T
is an almost complex structure on M, we define the torsion of I to be the (3)

tensor field o where
o(X,Y)=2(IX,1Y] - [X,Y] - I[X,IY] - I[IX,Y])
for vector fields X,Y. It can be shown that

Theorem 4.6. An almost complex manifold (M,I) is a complex manifold if

and only if I has no torsion.

In the following we will therefore consider complex manifolds as almost com-
plex manifolds satisfying the integrability condition described above. In this case

we call I the complex structure on M.

Using the notions of Riemannian connection and complex structure, we are

now able to define a Kéhler manifold:

Definition 4.2. Let (M, 1,g) be a complex Riemannian manifold. Let V de-

note the Riemannian connection of g. If

(i) VxI =0 for all vector fields X

(il) g(IX,IY) = g(X,Y) for all vector fields X,V
then (M, 1,g) is a Kdhler manifold
Let F' be an endomorphism on each tangent space. Then

= F(Z Yipe) = ZYkFa%k = Z Zka% s 811)
! ks

So F(Y') has j’th coordinate F'(Y); = ), Yidx; (Fa%k). The correspondence

between (}) tensors and endomorphisms mentioned above gives us that

(tr(FoY)); = ZF@Y (dj, 52, da)

Z F(dz;, %)Y(dxk)

= Zd:cj 22 )Yy = F(Y);
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So F(Y) =tr(F®Y). Hence if I is the complex structure on M, we can use
Proposition 4.3 to get:
Vx(I(Y)) = Vx(tr(I®Y))
= tr((Vx)®Y + I ® (VxY))
(VxD(Y) + I(VxY).

So the condition VxI = 0 for all X is equivalent to the condition that I com-
mutes with Vx for all X.

If (M,1,g) is a Kéhler manifold, we can define a 2-form w by
w(X,Y)=9g(IX,Y).
w is clearly non-degenerate. w is also skew-symmetric:
wX,Y)=g(IX,Y) =g(IX,-I?Y) = g(X,-1Y) = —g(IY, X) = —w(Y, X)

Now we claim that w is closed. A calculation similar to the one used to obtain
(8) shows that if § is any k-form,
k
dB(Vi,...,Ys) = Y ()Y, Ve YR)

i=1
+ Z(_l)i+j/3([)/;71/j]7yla"'7)}2'7"'7)}]'7"'7Yk)
i<j
Therefore
do(X,)Y,Z)=Xw(Y,Z) - Yw(X,Z)+ Zw(X,Y)
—w([X,Y],Z)+w([X,Z],Y)—w([Y,Z],X) (16)
We want to show that this is 0. Observe that since V is compatible with g and

since I commutes with Vx for all X:
Xw(,Z) = Vx((Y,2))=Vx(9Y,Z2))
= g(Vx(IY),2)+g(IY,VxZ)
= g(IVxY,Z)+g(IY,VxZ)
= w(VxY,Z)+w(Y,Vx2)
Since V is symmetric, i.e. [X,Y]=VxY —Vy X for all X,V we get:
—w([X,Y], 2) + (X, 2],Y) — w([Y, Z], X)
=—w(VxY - VyX,Z2)+w(VxZ-VzX,Y)—w(VyZ -VzY, X)
=-(w(VxY,Z) +w(Y,VxZ)) + (w(Vy X, Z) + w(X,Vy Z))
- (@(VzX,Y) + w(X,VzY))
=—Xw¥,2)+Yw(X,Z) - Zw(X,Y).
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Inserting this into (16) gives us dw(X,Y, Z) = 0. Hence w is a symplectic form.
We call w the Kdhler form on M.

4.2 Kahler Quotients

Let (M,I,g) be a Kihler manifold with Kéhler form w. Let G be a compact Lie
group acting freely on M preserving both w and g. Then as we saw in sections
2.3 and 3.3, when a moment map p exists, we can transfer the Riemannian and
symplectic structure to the quotient N/G where N = p~1(0) . We denote these
by ¢ and & respectively. We can define a complex structure on N/G by

[(X)=1IX (17)
where X € T, M is the unique horizontal lift of X = D (z)(X) and where
IX = Dn(z)(IX) (cf. Section 2.3). We have to check that this is well-defined.
First we ensure that if X € (T,G - z)* then IX € TN: Recall from (12)
that T,N = {X' |w(X",Y)=0forallY € T,G-z}. Y € T,G -z, then
wIX,Y) = —g(X,Y) =0s0 IX € TN. Secondly we have to see that (17) is
independent of the lift. Let X' be another lift of X. Then as we saw in Section
2.3, X' = Dip(z)(X) for some h € G. Since for all Y’

9(I(Dly(2)(X)) — Dly(2)(1X), Dip(z)(Y))
w(DIp(2)(X), Din(2)(Y)) = g(Dln(2)(1X), Dip(x)(Y))
w(X,Y) - g(IX,Y) =0,

we get that I(X') = I(DI(z)(X)) = DI (x)(IX). Therefore
IX' = Dr(h-z)(IX') = Dr(h - z)(Dly(2)(IX)) = Dr(z)(IX) = IX.

Clearly, 1?2 = 150 all that is left to show is that I is torsion-free. Let X be a vec-
tor field on N/G and X be the unique horizontal lift of X, i.e. Dr(z)(X (z)) =
X(n(z)) for z € M. If f € C®(N/G) then

A~

X f(n(2)) = X(m(@)(f) = Dr(@)(X (2)(f) = X(f o m)(2)

ie. (Xf)om = X(fomw). Taking the Lie bracket with another vector field ¥’
therefore yields

(X ¥]f)or = XETHor—(T(Xf)on
= X(Vfom) —Y((Xf)om)
= XY (for)-Y(X(for))
= [XY](fom)



Therefore

Dr(x)([X,Y](2)) = [X,Y](n(<)) (18)

6(X,V) = 2IX,IV]-[X,Y]-I[X,IV]-1[IX,Y))
= o(X,Y)=0=0.

Hence I is a complex structure on N/G. We would like to see that (N/G, I, §)
is a Kéhler manifold with Kéahler form &. From the definition of g and I , it is
clear that condition (ii) in Definition 4.2 is satisfied. We need to check that ﬁx
commutes with I for all vector fields X on N/G where V is the Riemannian

connection with respect to g.

First we examine what the Riemannian connection looks like on N. We
can split each tangent space of the points x € N into a direct sum T, M =
T,N @ (T,N)*. The spaces (T, N)* constitute a vector bundle over N which
we call the normal bundle. The orthogonal projections at each point x give us the
tangential projection denoted by 7' : TM|N — T'N and the normal projection
denoted by 7+ : TM|N — TN+. Let V be the Riemannian connection on M.
If X,Y are vector fields on N we can extend them to vector fields on M which

we also denote by X,Y. Decomposing VxY at each point ¢ € N we get
VxY =7 (VxY)+ 7 (VxY).

Define V : T(N) x T(N) = T(N) by VxY == (VxY). It can be shown that

V is well-defined and in fact a connection on N. V is symmetric:
VXy—VYX == WT(ﬁxy—ﬁyX)

T [X,Y] = [X,Y].

V is compatible with g: Let XY, Z be tangent fields on N. Then

Vx((Y,2)) = Xg(Y,2)
= g(VxY,2) +g(Y,Vx2)
= g(x"VxY,Z)+g(Y,7' VxZ)
= g(VxY,Z2)+g(Y,VxZ).
Thus uniqueness of the Riemannian connection gives us that V is the Rieman-
nian connection on N.

Now we would like to look at the Riemannian connection on N/G with

respect to §. As we saw in Section 2.3, for each z € N, Dm(z) is an isomorphism
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from the horizontal space H, = (TG - z)* to the tangent space Tg.,N/G =
T.N/T,G -z . The horizontal spaces constitute a subbundle H C TN. We can

now pull back the Riemannian connection ¥V on N /G to a connection 7*V on
H:

(W*V)XY = ﬁxff

We claim that this is the connection V# obtained by orthogonal projection
of the Riemannian connection V on T'N to H. If mgy denotes the projection
TN — H then

VEY' =7y (VxY)

for X' =7 (X),Y' =g (Y). When we identify H with T(N/G), we can think
of V# as a connection on N/G:

VAY = VLY = 74(VxY)
where X', Y" are horizontal lifts of X,Y respectively and X € 71'1_{1 (X"),Y €
wl_fl (Y"). Our claim is that in this way, V# is symmetric and compatible with

g. Because of (18) we get

WHTV—;Y) - WH(/V?Y)

—

= Vx¥ - VyX =[X,Y]=[X,7].

Hy H vy
vy - viX

So V# is symmetric. Since
ViGW,2) = Vi, 2) =X'g(Y", 2)
= g(VxY',Z" +g(Y',Vx/ Z')
= g(VRY', Z) +g(Y',VX.Z')
= gVIV,2)+4(v,VEZ)
VH is compatible with §. We conclude that V=V~
Now we would like to see that V % commutes with I for all vector fields X

on N/G. Observe that

T,N

{X|wX,)Y)=0forall Y € T,G -z}
= {X|g(Iy,X)=0forall Y € T,G -z} = I[(T,G - z)*

Therefore (T,G -z ® (TG -x))* = (TG -z)* = H}. So the complement of H

and therefore H itself is a complex vector bundle and hence I commutes with
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7wy (where we think of 7y as a mapping from T'M). Let X, Y be vector fields
on N/G and let X,Y be the horizontal lifts of X, Vv respectively. Then

—
~

Vel() = 7u(Vx(IY)) = ma(Vx (1Y)

= WH(Iﬁ)(Y) = I('”H(VXY))

= I(V4Y).
Therefore (N/G, I, 9) is a Kahler manifold and the quotient symplectic structure

w is the Kéhler form:
O(X,Y) =w(X,Y) = g(IX,Y) = g(IX,Y) = §(IX,Y).

Example 4.7. As in example (3.11) we look at the action of G = S* on M =
C". C" has the complex structure Iy (cf. Example 4.5) and the Euclidean metric
g(X, X" = Z?:l AjA;—l—BjB;. where X = Z;’L:I A;j+iB;, X' = Z?:l A;'-H'B;..
The Euclidean connection is (cf. (14))

VX' =3 (A5 + Bioa) 2 4 (450 + Bioo) 2
i,J
Therefore
VxlX) = Y (AGE + BIEGEN  + (A5 + B
i,J

= Z—(Aiz—}jf +Bi%§f)% + (Aii—;‘f +Bi?933)3%j
- LvaX

Furthermore

9(IoX, 1oX") =Y (=B;)(=Bj) + A; 4} = g(X, X').
J
So (C", Iy, g) is a Kéhler manifold. The Ké&hler structure is wp:
WX, X") = g(IX,X') = Y —B;jA} + A;B} = wy(X, X)
J
We conclude that the quotient N/G = CP"~! is a Kihler manifold with the

induced symplectic structure [Ao.

Example 4.8. Now look at the polygon spaces described in Example 3.12, i.e.
let @ = (ay,...a,) € RT and M =[]\~ S2. where S2_ is the sphere with radius
a;. S? can be given an almost complex structure by defining v = v x z for v €

T,S?. That this is an integrable structure is a special case of the more general
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result that all almost complex structure on manifolds of real dimension 2 are
integrable. This result is proved in the following way: Let X be a manifold of real
dimension 2n with complex structure J. Extend J to a complex linear operator
also denoted by J on the complexification of the tangent bundle denoted by
TX ® C such that J?> = —1. For each 2 € X, T, X ® C splits into the direct
sum 710 & 791 where T1? = {v | Jv = iv} and T%! = {v | Ju = —iv} are the
eigenspaces of J. Through the mapping v — v — iJv for v € T, X, we may
identify 7, X with T*°. Now since

Jv —iJv,w — iJw] —ifv — iJv,w — iJw]
= J([v,w] = [Jv, Jw] — i[Jv, w] — i[v, Jw])
—i[v, w] — i[Jv, Jw] + [Jv, w] + [v, Jw]
= J,w] — J[Jv, Jw] — [Jv,w] — [v, Jw]
+i([Jv, Jw] — [v,w] — J[Jv,w] — J[v, Jw])
— L(Jo(v,w) + io(v,w),

the integrability condition on J is equivalent to the condition that J[v',w'] =
i[v',w'] for all v',w' € T*°. Now consider the case n = 1, i.e. X has complex
dimension 1. If v, w' are vector fields on X with Jv' = iv', Jw' = iw', then v' =
fw' for some scalar function f on X. So J[v',w'] = J[V', fv'] = J@'(f)v') =
v'(f)iv' = i[v',w']. Therefore J is integrable. (S?,g) is also a Riemannian

manifold where g denotes the Euclidean metric. We see that

gIv, Tw) = (v xz) - (wxz) = (- w)(z -z)— (v 2)(z w) = w) =g(,w).

Now consider the Riemannian connection on S$? with respect to g. This is given
by

Vow = (Du(w)) "

where T denotes the tangential projection and Du(w) = |, w o~y where 7 is

a curve with 7/(0) = v. Hence

Volw|, = V(yxw)|, = Doy xw)"[,

z

(% |t:0(7 x w) oy(t))"
(Du(a x w) |, + (7 x Duw) 7],

Now since y-v =1, 0 = Du(vy - v) = 2(v - Du(v)) so Du(v) is a tangent vector
and therefore (Dv(y) x w) " = 0. Hence

VEIQLC =z xDv(w) =z x V,w= IVQQLC.
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Therefore (S2,1,g) is a Kihler manifold. We can now give M the complex
structure I; ®...®I,, where I; is the complex structure on S2_ fori € {1,...,n}
and the Riemannian structure g; ® ...® g, where g; is the Euclidean metric on
S2 fori e {1,...,n}. This makes M into a Kéihler manifold.

4.3 Hyperkahler Manifolds

We now look at hyperkédhler manifolds which are defined as follows:

Definition 4.3. Let (M, g) be a Riemannian manifold which is K&hler with
respect to the three complex structures I,.J, K. Suppose that I,J, K satisfy
IJK = —1. Then (M, I,J, K, g) is called a hyperkdhler manifold.

Suppose (M, I, J, K, g) is a hyperk&hler manifold. From each complex struc-
ture I, J and K we get Kihler structures wr,wy and wg respectively. Suppose
G is a compact Lie group acting freely on M preserving g,wr,ws,wg and that
for each Kéhler form a moment map puy, pg, i respectively exists. We can
write this as a single map u : M — g* ® R®. We claim that the quotient
p=H0)/G = p;*(0) N p,t(0) Nt (0)/G is a hyperkihler manifold.

We start by seeing that p~'(0)/G is a Kéhler manifold with respect the
quotient Riemannian structure denoted by g and the complex structure induced
by I . Consider the map py = py+iux : M — g* ® C. Let Y be a vector field
on M and € € g. As usual ¢ denotes the vector field generated by &. Then

Dps(©F) = wi,Y) +iwg(E,Y)
= GUEY) +ig(KEY)
SO

Dur(9IY) = g(JEIY) +ig(KE 1Y)
= —g(K&Y) +ig(JEY)
= i(g(JEY) +ig(KEY)) = iDuy (§)(Y),

i.e. p4 is holomorphic with respect to I. Therefore if X € T, N for z € N
where N = p7'(0) then Dy ()(X) = 0 and therefore

Dy (2)(IX) = iDpy () (X) = 0

so IX € T,N. Hence T, N is I-invariant for all x € N and therefore N =
17" (0) N p' (0) is a complex submanifold with complex structure T | - Hence,

(N,I|N,g|N) is a Kéhler manifold. The action of G on N has moment map
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fir] - So as we saw in Section 4.2, p=*(0)/G = p; ' (0)NN/G = u1|;[1(0)/G is

a Kihler manifold with respect to the complex structure I = I | yand g.

Now repeating the procedure for J and K we get complex structures J, K
with respect to which (11(0)/G,§) is a Kéhler manifold. Clearly IJK = —1,
so (u~1(0)/G,1,J,K,§) is a hyperkihler manifold.

Example 4.9. Let M = H* = C* & C"j which we can identify with C® (C™)*
through the mapping z + wj — z + @ where @ is defined by w(¢) = >, Gw;.
On C* @ C™j right multiplication by i, j, k gives us three complex structures.
The corresponding complex structures I, J, K on M make (M, I, J, K, g), where
g is the Euclidean metric, into a hyperkihler manifold. Let G = S' act by

e (21, zmwr, . wy) = (021,00 P2, e wy, L e wy).
The relevant moment maps can be seen to be defined by:
pr(z,w) = i(]lz]* = [Jw]|*)
pt (2, w) = w(z)
Let n = (¢,0,0) € g* ® R. Then

p ) = {(z,w) [w(z) = 0,i(||z]1* — [Jw]]*) = 1} .

The hyperkihler quotient u=1(n)/G can be shown to be the cotangent bundle
of CP™.
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5 Summary

We started out by looking at group actions on topological spaces and how this
gave us a natural quotient construction. We generalized to manifolds but in
this case the quotient will not necessarily be a manifold itself. We saw how
a quotient manifold is obtained when the action of the group is free and the
group is compact. More generally, The Slice Theorem gives a local model of the
quotient in the case when the group acting on the manifold is compact. We then
looked at manifolds with a Riemannian structure. We saw how the Riemannian
structure descends to the quotient in a natural way when the action is free, the
group is compact and the group acts by isometries. After a short introduction
to symplectic geometry, we saw how the construction of a quotient manifold
from the group action on a symplectic manifold does not in general yield a
symplectic quotient even if the action preserves the symplectic form. When a
moment map p exists, we could, however, restrict ourselves to p~1(0) and this
will give a symplectic quotient. The existence and uniqueness of the moment
map was seen to depend on the first and second cohomology groups of the Lie
algebra of the group acting on the manifold. We then looked at connections and
complex structures to be able to define Kahler manifolds. Kéhler manifolds have
both a Riemannian and a symplectic structure and the quotient constructions
we looked at earlier combine to give a quotient which is a K&hler manifold.
Finally, we looked at hyperké&hler manifolds which are roughly Kéhler manifolds
with respect to three different complex structures. Here we can use the Kéahler

quotient construction (three times) to obtain a quotient which is hyperkihler.
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