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1 Introdu
tionIn this paper we will look at quotient 
onstru
tions obtained when a Lie groupa
ts on a manifold. It is mainly built up as the se
tion Geometri
 Interpretationof [HKLR87℄ but with added details and examples. We will start by lookingat group a
tions on topologi
al spa
es and manifolds without further stru
ture.This part is mainly based on [tD87℄ and [Aud91℄. We will see how a groupa
tion gives us a natural quotient 
onstru
tion in topologi
al spa
es. Whengroups a
t on manifolds, however, we 
annot be sure that the quotient is infa
t a manifold as well. By restri
ting ourselves to a
tions of 
ompa
t groups,we 
an say something about the stru
ture of the quotient spa
e and in some
ases we a
tually get a manifold. We then look at manifolds with a Riemannianmetri
. The basi
 notions of Riemannian geometry in
luding the results about
onne
tions in Se
tion 4.1 are from [Lee97℄. In the Riemannian 
ase we 
angive the the quotient a natural Riemannian stru
ture as well. We then turnto symple
ti
 manifolds. The basi
 notions des
ribed in Se
tion 3.1 are basedon [MS98℄. In general the quotient manifold will not be symple
ti
 but we willsee that when a moment map exists, we 
an 
onstru
t a quotient on whi
h thesymple
ti
 stru
ture from the original manifold 
an be transferred in a naturalway. Se
tion 3.2 whi
h builds on [GS84℄ de�nes the moment map. The basi
properties of the Lie derivative 
an be found in [War83℄ and Example 3.12 istaken from [HK98℄. Finally, we look at the K�ahler/hyperk�ahler 
ase. The basi
de�nitions are mainly taken from [KN69℄. We will see how in this 
ase theRiemannian quotient and symple
ti
 quotient 
ombine to give a quotient whi
his K�ahler/hyperk�ahler. Example 4.9 is taken from [Hit92℄.I would like to thank my supervisor Andrew for ex
ellent supervision andfor always being ready to answer questions and �nding referen
es.Oxford, Spring 2001Emiko A. H. Dupont



2 Group A
tions2.1 Topologi
al Spa
esWe start by looking at a topologi
al spa
e X with no further stru
ture.De�nition 2.1. Let G be a topologi
al group with unit element e and X atopologi
al spa
e. We say that G a
ts on X from the left (or simply G a
ts onX) if there exists a 
ontinuous map ' : G�X ! X (where '(g; x) is denotedby g � x) su
h that(i) g � (h � x) = (gh) � x for g; h 2 G; x 2 X(ii) e � x = x for x 2 XIf G a
ts on X , the set (X;') (often referred to as X) is 
alled a G-spa
e.The set Gx = fg 2 G j g � x = xg is 
alled the isotropy group of x. It is easilyseen that for ea
h x 2 X , Gx is a subgroup of G whi
h is 
losed if X is Hausdor�(sin
e Gx = '�1x (�) where 'x : G ! X � X is the map g 7! (x; g � x) and �is the diagonal). An a
tion is said to be free if g � x = x implies g = e. In this
ase the isotropy group is trivial for all x. An a
tion is 
alled proper if the map� : G �X ! X �X given by (g; x) 7! (x; g � x) is proper, i.e. � is 
losed andfor ea
h y 2 X �X , ��1(y) is 
ompa
t. If V is a G-spa
e whi
h is also a ve
torspa
e, the a
tion is 
alled linear if the map lg : V ! V given by v 7! g � v islinear for all g 2 G.The set G � x = fg � x 2 X j g 2 Gg is 
alled the orbit of x. The set of orbitsis denoted by X=G and is 
alled the orbit spa
e. Let � : X ! X=G be theproje
tion x 7! G �x. We 
an then make the orbit spa
e into a topologi
al spa
eby providing it with the quotient topology with respe
t to �. It is this spa
ethat we 
all the quotient of X by the a
tion of G. Note that � is also open: If Uis an open subset of X , �(U) is open, sin
e ��1(�(U)) = Sg2G g � U and hen
e��1(�(U)) is open. If X and Y are G-spa
es and f : X ! Y is a map, f is
alled equivariant if f(g �x) = g �f(x) holds for all x 2 X; g 2 G. An equivariantmap f : X ! Y indu
es a map between the orbit spa
es �f : X=G! Y=G where�f(G � x) = G � f(x) for x 2 X . �f is 
ontinuous if f is 
ontinuous.Example 2.1. Let X be the torus T2 = R2=Z2 and 
onsider the a
tion ofG = R given by t � (x; y) = (x + t; y + �t) where � is some �xed real number.If � is rational, an orbit will be a 
losed loop on the torus. If, however, � isirrational, ea
h orbit will be a dense subset of X . In this 
ase, the quotient X=G4



will not be a Hausdor� spa
e: Let U1 and U2 be open sets in X=G 
ontainingelements G � (x1; y1) and G � (x2; y2) respe
tively. Then ��1(U1) is a non-emptyopen set in X and sin
e G � (x2; y2) is dense in X , ��1(U1) must 
ontain someelement t � (x2; y2) and therefore U1 \ U2 6= ;.As we saw in Example 2.1, the quotient X=G of a G-spa
e is not ne
essarilyHausdor�, even if X itself is Hausdor�. We do, however, have the followingresult.Proposition 2.2. Let X be a G-spa
e where the a
tion of G is proper. Thenthe quotient spa
e X=G is Hausdor�.Proof. Let � : G �X ! X �X be the map (g; x) 7! (x; g � x). If � is proper,it is by de�nition 
losed. Hen
e R = �(G � X) is a 
losed subset of X � X .Let �(x1) and �(x2) be arbitrary points in X=G su
h that �(x1) 6= �(x2).Then (x1; x2) 2 (X �X)nR and sin
e R is 
losed, we 
an �nd an open subsetU � (X � X)nR su
h that (x1; x2) 2 U . We may assume that U = U1 � U2where xi 2 Ui and Ui is an open subset of X for i = 1; 2. Sin
e � is open, �(U1)and �(U2) are open sets whi
h separate �(x1) and �(x2).An example of a proper a
tion is the a
tion of a 
ompa
t group on a Haus-dor� spa
e:Proposition 2.3. Let X be a Hausdor� G-spa
e where G is 
ompa
t. Thenthe a
tion of G on X is proper.Proof. Let G be a 
ompa
t group a
ting on X and let � : G � X ! X � Xbe the map (g; x) 7! (x; g � x). Suppose we have a 
losed subset C of G � Xand a net (xj ; gj � xj) in �(C) whi
h 
onverges to (x; y) 2 X �X . gj is a netin G and so it has a subsequen
e whi
h 
onverges to some g 2 G su
h that(g; x) 2 C. So (xj ; gj � xj) has a subsequen
e whi
h 
onverges to (x; g � x) andsin
e X � X is Hausdor�, (x; y) = (x; g � x) 2 �(C). Therefore �(C) is 
losed.Let (x0; y0) 2 X �X .��1(x0; y0) = f(g; x0) 2 G�X j g � x0 = y0g = ( ; if y0 =2 G � x0g0Gx0 if y0 = g0 � x0Sin
e Gx0 is 
losed, it is 
ompa
t and hen
e ��1(x0; y0) is 
ompa
t.2.2 ManifoldsNow suppose thatM is a smooth manifold and that G is a Lie group. We de�nean a
tion of G on M exa
tly as in De�nition 2.1 with the only di�eren
e that5



we now require ' to be smooth. In this 
ase (M;') (or simply M) is 
alled aG-manifold. As we saw in Example 2.1 we 
annot in general expe
t the quotientM=G to be a manifold but in some 
ases we 
an still extra
t information aboutthe stru
ture of M=G from the stru
ture of M . We will 
on
entrate on thespe
ial 
ase when G is 
ompa
t. In this 
ase, we have a fundamental result 
alledthe Sli
e Theorem whi
h is stated below. To understand the Sli
e Theorem, wewill need a few more preliminary results. The proof of the following result isomitted but 
an be found in [tD87℄.Proposition 2.4. Let M be a G-manifold where the a
tion of G is proper andfree. Then M=G has a unique di�erentiable stru
ture and the proje
tion � :M !M=G is a submersion.By Proposition 2.3, we get the following:Corollary 2.5. Let M be a G-manifold where G is 
ompa
t and the a
tion ofG is free. Then M=G has a unique di�erentiable stru
ture and the proje
tion� :M !M=G is a submersion.Example 2.6. If H is a subgroup of a Lie group G whi
h is a submanifold,we 
an de�ne an a
tion of H on G by h � g = gh�1 for h 2 H; g 2 G. Thisis 
learly a free a
tion. It is also proper: Let � : H � G ! G � G be themap (h; g) 7! (g; gh�1) and let C be a 
losed subset of H � G. Suppose(gj ; gjh�1j ) is a net in �(C) whi
h 
onverges to (x; y) 2 G � G. Then gj
onverges to x and hj = (g�1j gjh�1j )�1 
onverges to (x�1y)�1 = y�1x andso (y�1x; x) 2 C. Therefore (x; y) = (x; x(y�1x)�1) 2 �(C) and so �(C) is
losed. Let (x; y) 2 G � G. ��1(x; y) = �(h; g) 2 H �G j g = x; gh�1 = y	 =�(h; g) 2 H �G j g = x; h = y�1g	 = �(x; y�1x)	 whi
h is 
learly 
ompa
t.The orbits are exa
tly the 
osets gH and the orbit spa
e G=H is thereforethe usual group theoreti
 quotient. Proposition 2.4 tells us that G=H has aunique di�erentiable stru
ture and that the tangent spa
e at ea
h gH 2 G=His TgG=TgH .Lemma 2.7. Let M and N be manifolds and f :M ! N an inje
tive immer-sion. If M is 
ompa
t, f is an embedding.Proof. We need to show that f�1 : f(M)!M is 
ontinuous. Let f(x) 2 f(M).Let U be any 
losed neighborhood of f(x). Then f�1(U) is 
losed and hen
e
ompa
t. Sin
e the restri
tion of f to f�1(U) is 
ontinuous and bije
tive, it isa homeomorphism. In parti
ular, f�1 is 
ontinuous at f(x).6



Proposition 2.8. Let M be a G-manifold where G is a 
ompa
t Lie group.Then for ea
h x 2 M , G � x is a submanifold of M whi
h is di�eomorphi
 toG=Gx.Proof. Let fx : G ! M be the orbit map given by g 7! g � x. Sin
e Gx is a
losed subgroup of G, it is a submanifold and hen
e by Example 2.6, G=Gx isa 
ompa
t manifold where the tangent spa
e at gGx is TgG=TgGx. fx indu
esa map �fx : G=Gx !M with image G � x. By Lemma 2.7, it is enough to showthat this is an inje
tive immersion for ea
h x, i.e. that Dfx(g) is non-singularand has kernel TgGx for all g 2 G. Sin
e G is a Lie group, we only need to
onsider Dfx(e) : TeG ! TxM . By de�nition, TeG = g where g denotes theLie algebra of G. Let � 2 g. t 7! exp(t�), t 2 R is a 
urve in G through e withtangent � so 
t = fx(exp(t�)) is a 
urve in M through x andDfx(e)(�) = ddt ��t=0
t = ~�(x)where ~� denotes the ve
tor �eld indu
ed on M by A. Sin
e
t+s = exp((t+ s)�) � x = exp(t�) exp(s�) � x = f
s(
t)we get thatDfx(
s)(�) = ddt ��t=0
t+s = ddt ��t=0f
s(
t) = Df
s(e)(�) = ~�(
s):Suppose ~�(x) = 0. Then 
t and the 
onstant 
urve x are both integral 
urves of~� through x and uniqueness of integral 
urves gives us that exp(t�) � x = 
t = xfor all t 2 R. Hen
e, exp(t�) 2 Gx for all t 2 R and therefore � 2 TeGx.LetM be a G-manifold and let H be a 
losed subgroup (and thus a submani-fold) of G. G�M is an H-manifold by the a
tion (h; (g; x)) 7! (gh�1; h �x). Theorbit spa
e is denoted by G�HM . This a
tion is 
learly free. If G is a 
ompa
tLie group, H is also 
ompa
t. Proposition 2.3 shows that in this 
ase the a
tionis also proper and hen
e by Proposition 2.4, G �H M is a manifold and theproje
tion � : G�M ! G �H M is a submersion. We 
an de�ne an a
tion ofG on G�H M by g0 � [g; x℄ = [g0 � g; x℄ for g0 2 G; [g; x℄ = H � (g; x) 2 G�H M .We are now able to state the Sli
e Theorem:Theorem 2.9 (Sli
e Theorem). Let M be a G-manifold where G is a 
om-pa
t Lie group. For all x 2 M there exists a unique ve
tor spa
e Vx, anopen neighbourhood U � M of G � x and an equivariant di�eomorphism  x :G�Gx Vx ! U su
h that  x([g; 0℄) = g � x and the a
tion of Gx on Vx is linear.7



Let us examine the statement of the Sli
e Theorem more 
losely. If M isa G-manifold where G is 
ompa
t and H is a 
losed subgroup of G, we geta di�erentiable map � : G �H M ! G=H by de�ning �([g; x℄) = gH for all[g; v℄ 2 G �H M; gH 2 G=H . � is well-de�ned for if [g; x℄ = [g0; x0℄ then(g0; x0) = (gh�1; h � x) for some h 2 H and so g0 = gh�1 2 gH . � is equivariantsin
e g0 � �([g; v℄) = g0 � gH = g0gH = �([g0g; x℄) = �(g0 � [g; x℄). Now supposethat M is a ve
tor spa
e V and that the a
tion of H on V is linear. If g0H 2G=H then ��1(g0H) = f[g; v℄ j g 2 g0H; v 2 V g = f[g0; v℄ j v 2 V g. If we de�ne[g0; v1℄+[g0; v2℄ = [g0; v1+v2℄ and �[g0; v1℄ = [g0; �v1℄ for v1; v2 2 V; � 2 R (whi
his well-de�ned sin
e [g0; h �v1℄+[g0; h �v2℄ = [g0; h �v1+h �v2℄ = [g0; h � (v1+v2)℄ =[g0; v1+v2℄ and [g0; �(h�v1)℄ = [g0; h�(�v1)℄ = [g0; �v1℄ for h 2 H), then ��1(g0H)be
omes a ve
tor spa
e isomorphi
 to V . So � : G �H V ! G=H is a ve
torbundle and we 
an identify the zero se
tion f[g; 0℄ j g 2 Gg (whi
h we 
an embedas a submanifold in G �H V ) with G=H . Now let H = Gx for some x 2 M .A

ording to Proposition 2.8, G=Gx is di�eomorphi
 to G�x. The Sli
e Theoremstates that we 
an extend this 
orrespondan
e to a neighborhood around G � x.G=Gx�fx
��

� G�Gx Vx x
��G � x � UIn other words ea
h orbitG�x0 
lose toG�x 
orresponds to an orbit f[g; v0℄ j g 2 Ggin G �Gx Vx and by �xing a g 2 G, the ve
tor spa
e Vx=Gx parametrizes theorbits 
lose to G � x in M=G.In the 
ase where the a
tion of G on M is free, Gx is trivial for ea
h x 2M ,so G�Gx Vx 
an be identi�ed with G�Vx. Therefore the di�erentiable stru
tureof Vx 
an be transferred to M=G. This is a spe
ial 
ase of the situation whenthe a
tion of Gx on Vx is trivial, i.e. g � v = v for g 2 Gx; v 2 V . In this 
asethe map G �Gx Vx ! G=Gx � Vx given by [g; v℄ 7! (� [g; v℄; v) is a well-de�neddi�eomorphism and we 
an transfer the di�erentiable stru
ture of Vx to M=G.Re
alling that G=Gx is a manifold di�eomorphi
 to G�x, we get that the tangentspa
e at a point G � x 2M=G is isomorphi
 to TxM=TxG � x. We 
all the spa
eTxG � x the verti
al spa
e. We 
on
lude this 
hapter by looking at an examplewhere the transfer of di�erentiable stru
ture to the quotient goes wrong exa
tlywhere the a
tion is not free.Example 2.10. LetM be the 
omplex proje
tive plane C P2 and let G be the 2-torus T2. C P2 is the spa
e of one-dimensional subspa
es of C 3 , i.e. the elementsof C P2 
an be written as [z0; z1; z2℄ = f�(z0; z1; z2) j � 2 C g where (z0; z1; z2) 28



C 3nf0g. T2 
an be viewed as S1�S1 = �(ei�1 ; ei�2) 2 C 2 j �1; �2 2 [0; 2�)	. Wehave an a
tion of G on M given by(ei�1 ; ei�2) � [z0; z1; z2℄ = [z0; ei�1z1; ei�2z2℄for (ei�1 ; ei�2) 2 T2; [z0; z1; z2℄ 2 C P2 .Sin
e G is 
ompa
t, the a
tion is proper (
f. Proposition 2.3) and sin
e Mis Hausdor�, the quotient M=G is therefore a Hausdor� spa
e (
f. Proposition2.2). The a
tion is, however, not free as 
an be seen in e.g. the point x =[1; 0; 0℄ where Gx = G. Therefore we 
annot expe
t the orbit spa
e to bea manifold, and as we will see, it is in fa
t a manifold with boundaries and
orners. In order to see this, we de�ne a map � : C P2 ! � where � =f(x1; x2) j x1; x2 2 [0;1) and x1 + x2 � 1g and�([z0; z1; z2℄) = � jz1j2kzk2 ; jz2j2kzk2� where kzk =pjz0j2 + jz1j2 + jz2j2:If we let G a
t trivially on �, (i.e. g � x = x for g 2 G; x 2 �) then �is 
learly equivariant. � is surje
tive: Let (x1; x2) 2 �. Then for z0 =p1� (x1 + x2); z1 = px1; z2 = px2, we have that kzk = 1 and so �([z0; z1; z2℄) =(jz1j2; jz2j2) = (x1; x2). Sin
e � is also 
ontinuous, it indu
es a surje
tive 
on-tinuous map �� : C P2=T2 ! �. We 
laim that �� is a
tually a homeomorphism.Sin
e C P2 is 
ompa
t, C P2=T2 is 
ompa
t and sin
e C P2=T2 is also Hausdor�,it suÆ
es to show that �� is inje
tive. Let [[z0; z1; z2℄℄ ; [[z00; z01; z02℄℄ be arbitrarypoints in C P2=T2 su
h that �� ([[z0; z1; z2℄℄) = �� ([[z00; z01; z02℄℄), i.e.jz1j2kzk2 = jz01j2kz0k2 ; jz2j2kzk2 = jz02j2kz0k2 : (1)Sin
e [��0; ��1; ��2℄ = [�0; �1; �2℄ for [�0; �1; �2℄ 2 C P2 and � = k�k�1e�2�i�0where �0 = j�0jei�0 , we may assume that kzk = kz0k = 1 and that z0; z00 2 [0;1).In this 
ase (1) implies thatjz1j = jz01j; jz2j = jz02j; z0 =p1� (jz1j2 + jz2j2) =q1� (jz01j2 + jz02j2) = z00If zj = jzj jei�j ; z0j = jz0j jei�0j for j = 1; 2, we get:zj = jzj jei�j = ei(�j��0j)jz0j jei�0j = ei(�j��0j)z0j for j = 1; 2and hen
e[[z0; z1; z2℄℄ = h(ei(�1��01); ei(�2��02)) � [z00; z01; z02℄i = [[z00; z01; z02℄℄ :So �� is inje
tive. Therefore we 
an identify the quotient M=G with the simplex� whi
h is a manifold with boundaries and 
orners.9
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CM=G �=�� //�We 
an divide � into three parts: The interior �Æ whi
h is a manifold, theedges �e = f(x1; x2) j x1 = 0; x2 = 0 or x2 = 1� x1g and the 
orners �
 =f(0; 0); (0; 1); (1; 0)g. For ea
h (x1; x2) 2 � we have that��1(x1; x2) = G � [z0; z1; z2℄ = �[z0; ei�1z1; ei�2z2℄ j �1; �2 2 [0; 2�)	where [z0; z1; z2℄ = [p1� (x1 + x2);px1;px2℄. We see that if (x1; x2) 2 �Æ,zj 6= 0 for j = 0; 1; 2 and therefore ��1(x1; x2) �= T2 = G. Sin
e G � z = G=Gzfor z 2M , this shows that �Æ 
orresponds to points where the a
tion is free. If(x1; x2) 2 �en�
, exa
tly one of the zj 's is 0 and so ��1(x1; x2) �= S1. Finally,if (x1; x2) 2 �
, exa
tly two of the zj 's are 0 and therefore ��1(x1; x2) is just asingle point.2.3 Riemannian ManifoldsWe now turn our attention to manifolds with a Riemannian metri
:De�nition 2.2. Let M be a smooth manifold. A 2-tensor �eld g 2 T 2(M) isa Riemannian metri
 on M if(i) g(X;Y ) = g(Y;X) for X;Y 2 TxM;x 2M (i.e. g is symmetri
)(ii) g(X;X) > 0 for X 2 TxMnf0g; x 2M (i.e. g is positive de�nite)If g is a Riemannian metri
 on M we 
all the pair (M; g) a Riemannianmanifold. Note that a Riemannian metri
 assigns an inner produ
t to ea
htangent spa
e TxM ofM given by hX;Y ix = g(X;Y ) for X;Y 2 TxM . Thus we
an de�ne the norm of X 2 TxM to be jX j =phX;Xix and the angle betweenX;Y 2 TxMnf0g to be the unique � 2 [0; �℄ su
h that 
os � = hX;Y ixjXjjY j . If (M; g)and ( ~M; ~g) are Riemannian manifolds and ' :M ! ~M is a di�eomorphism, ' is
alled an isometry if '�~g = g, i.e. if ~g('�X;'�Y ) = g(X;Y ) for all X;Y 2 TM .Proposition 2.11. Let M be a smooth manifold. Then M 
an be given aRiemannian metri
.Proof. Let (U�; '�)�2A be a lo
ally �nite atlas on M . For X;Y 2 TxM wherex 2 U� de�ne g�(X;Y ) = h('�)�X; ('�)�Y i where h�; �i is the usual innerprodu
t on Rn . Take a partition of unity f� subordinate to the 
over (U�)�2A10



and de�ne g(X;Y ) = P�2A f�(x)g�(X;Y ) for X;Y 2 TxM;x 2 M (where g�
an be put equal to zero outside U�). The sum 
onverges at ea
h point x 2Msin
e f�(x) = 0 ex
ept for a �nite number of �0s. It is easily seen that g is aRiemannian metri
 on M .Suppose (M; g) is a Riemannian manifold and that a Lie group G a
ts onM . Let lg : M ! M be the map x 7! g � x for g 2 G. lg has inverse lg�1 andis a di�eomorphism. We say that G a
ts by isometries if lg is an isometry forea
h g 2 G, i.e.hX;Y ix = hDlg(x)(X); Dlg(x)(Y )ig�x for all x 2M; g 2 G:If M is a G-manifold where G is 
ompa
t, we 
an always give M a Riemannianmetri
 with respe
t to whi
h G a
ts by isometries. The rough idea is the follow-ing: By Proposition 2.11,M 
an be given a Riemannian metri
 g. We 
an thenaverage over G using the Haar measure � to obtain �g(x) = Rh2G h �(g(h�1 �x))d�whi
h is the desired metri
.Suppose (M; g) is a Riemannian G-manifold where G a
ts by isometries, Gis 
ompa
t and the a
tion is free. As we saw in Se
tion 2.2, the quotient M=Gbe
omes a manifold where the tangent spa
e at ea
h point G �x is TxM=TxG �x.We will now see how we 
an transfer the Riemannian stru
ture from M toM=G. Re
all that the verti
al spa
e at x 2 M is the subspa
e TxG � x �TxM . For ea
h x 2 M , de�ne the horizontal spa
e at x to be (TxG � x)? =fX 2 TxM j g(X;Y ) = 0 for all Y 2 TxG � xg. The derivative of the proje
tionat x 2M denoted by D�(x) is an isomorphismD�(x) : (TxG � x)? �= //TxM=TxG � xfor ea
h x. So ea
h X̂ 2 TG�xM=G has a unique lift X = (D�(x))�1(X̂) to(TxG � x)?. Now de�ne ĝ(X̂; Ŷ ) = g(X;Y ) where X and Y are the lifts of X̂and Ŷ respe
tively to (Tg�xG � x)? for some g � x 2 G � x. This is well-de�ned,i.e. it is independent of the point g �x: Suppose X 0; Y 0 2 (Tg�xG �x)? are lifts ofX;Y respe
tively. Sin
e � Æ lg(x) = �(g � x) = �(x), D�(g �x) ÆDlg(x) = D�(x)so D�(g � x)(Dlg(x)(X)) = D�(x)(X) = X̂ and uniqueness of lifts gives usthat X 0 = Dlg(x)(X). Similarly, Y 0 = Dlg(x)(Y ). Sin
e G a
ts by isometries,g(X 0; Y 0) = g(Dlg(x)(X); Dlg(x)(Y )) = g(X;Y ). We 
on
lude that (M=G; ĝ)is a Riemannian manifold.
11



3 Symple
ti
 Manifolds3.1 Basi
 NotionsNow we will 
onsider manifolds with a symple
ti
 stru
ture. We start by de�ningthe 
on
ept of a symple
ti
 ve
tor spa
e:De�nition 3.1. Let V be a �nite dimensional ve
tor spa
e and ! : V �V ! Ra bilinear form on V . (V; !) is a symple
ti
 ve
tor spa
e if:(i) !(v; w) = �!(w; v) for v; w 2 V (i.e. ! is skew-symmetri
)(ii) !(v; w) = 0 for all w 2 V implies v = 0 (i.e. ! is non-degenerate)Proposition 3.1. Let (V; !) be a symple
ti
 ve
tor spa
e. Then V has evendimension and there exists a basis (u1; : : : ; un; v1; : : : ; vn) su
h that!(uj ; uk) = !(vj ; vk) = 0 and !(uj ; vk) = Æjk for j; k 2 f1; : : : ; ng (2)Proof. We prove this by indu
tion on the dimension of V whi
h we denote byn. For n = 1, V = spanfvg for some v 6= 0. Sin
e!(v; �v) = �!(v; v) = ��!(v; v) = �!(v; �v) for all � 2 R;!(v; �v) = 0 for all � 2 R whi
h implies that v = 0. This is a 
ontradi
tion andhen
e (V; !) 
annot be a symple
ti
 ve
tor spa
e. For n = 2, the non-degenera
yof ! implies that there exist u1; v1 2 V su
h that !(u1; v1) = 1. Then 
learly(u1; v1) is a basis satisfying (2). Now assume that the statement is proved forall k < n. Non-degenera
y of ! again gives us u1; v1 su
h that !(u1; v1) =1. Let W = spanfu1; v1g and let ~V = fv 2 V j !(v; w) = 0 for all w 2 Wg.Then ( ~V ; !) is a symple
ti
 ve
tor spa
e of dimension n� 2. By the indu
tionhypothesis, n�2 is even and there exists a basis u2; : : : ; un; v2; : : : ; vn satisfying!(uj ; uk) = !(vj ; vk) = 0 and !(uj ; vk) = Æjk for j; k 2 f2; : : : ; ng. Thenu1; u2; : : : ; un; v1; v2; : : : ; vn is a basis for V satisfying (2).We 
all the basis obtained in Proposition 3.1 for a symple
ti
 basis. We nowde�ne symple
ti
 stru
tures on manifolds:De�nition 3.2. Let M be a smooth manifold and ! a 2-form on M . ! is asymple
ti
 stru
ture (or symple
ti
 form) on M if:(i) (TxM;!x) is a symple
ti
 ve
tor spa
e for all x 2M(ii) d! = 0 (i.e. ! is 
losed). 12



If ! is a symple
ti
 stru
ture on M , the pair (M;!) is 
alled a symple
ti
manifold. Be
ause of Proposition 3.1, symple
ti
 manifolds are always of evendimension. It 
an be shown that lo
ally all symple
ti
 manifolds look alike.This is due to Darboux's Theorem:Theorem 3.2 (Darboux's Theorem). Let M be a smooth manifold and let! be a symple
ti
 stru
ture on M . Then on a neighborhood of ea
h x 2M thereexist 
oordinates (x1; : : : ; xn; y1; : : : ; yn) su
h that! = nXj=1 dxj ^ dyjExample 3.3. The most basi
 example of a symple
ti
 manifold is Eu
lideanspa
e R2n with the symple
ti
 stru
ture!0 = nXj=1 dxj ^ dyjwhere (x1; : : : ; xn; y1; : : : ; yn) are the usual 
oordinates. If X =Pnj=1(aj ��xj +bj ��yj ) and X 0 =Pnj=1(a0j ��xj + b0j ��yj ) then!0(X;X 0) = nXj=1(ajb0j � a0jbj)so !0 is skew-symmetri
. Sin
e !0(X; ��yj ) = aj and !0(X;� ��xj ) = bj , !0(X;Y ) =0 for all Y implies that aj = bj = 0 for j = 1; : : : ; n, i.e. X = 0 and therefore(i) in De�nition 3.2 is satis�ed. Finally, !0 = d�Pnj=1 xjdyj� so !0 is in fa
t asymple
ti
 stru
ture.Example 3.4. Let M be a manifold and 
onsider the 
otangent bundle � :T �M !M . The di�erential of the proje
tion at x 2M is D�(') : T'(T �M)!TxM where ' 2 T �xM . Let � be the 1-form on T �M whi
h to ea
h ' 2 T �Masso
iates ��', i.e.�(')(X) = '(D�(')(X)) for ' 2 T �xM;x 2M;X 2 T'(T �M);and let ! = �d�. We 
laim that ! is a symple
ti
 stru
ture on T �M .If (x1; : : : ; xn) are lo
al 
oordinates around x 2 M , then any element ' 2T �xM 
an lo
ally be written as ' =Pnj=1 yjdxj . So any ' 2 T �M is determinedby (x1; : : : ; xn; y1; : : : ; yn) whi
h we will write in short as (x; y). The proje
tion� be
omes the map (x; y) 7! x and its di�erential at (x; y) denoted by D�(x; y)be
omes (~x; ~y) 7! ~x where ~x; ~y are the 
oordinates with respe
t to the bases13



( ��x1 ; : : : ; ��xn ) and ( ��y1 ; : : : ; ��yn ) respe
tively. So we get�(x; y)(~x; ~y) = nXj=1 yjdxj(~x) = nXj=1 yj~xjand therefore in lo
al 
oordinates� = nXj=1 yjdxj and ! = nXj=1 dxj ^ dyjAs we saw in Example 3.3, ! satis�es 
onditions (i) and (ii) of De�nition 3.2and is therefore a symple
ti
 stru
ture on T �M .3.2 Moment MapsNow let (M;!) be a symple
ti
 manifold and let G be a Lie group a
ting onM . It is 
lear that we 
annot expe
t the quotient M=G to be a symple
ti
manifold, even if it has a di�erentiable stru
ture, e.g. the quotient 
ould haveodd dimension. In the following we will see how we in some 
ases have a quotient
onstru
tion whi
h 
an be given a natural symple
ti
 stru
ture by the use of aso-
alled moment map whi
h we will de�ne in the end of this se
tion. First weintrodu
e a few more notions.If X is any ve
tor �eld, we 
an de�ne maps Xt : M ! M by x0 7! 
x0(t)where t 7! 
x0(t) is an integral 
urve of X through x0. Re
all the de�nition ofthe Lie derivative of a di�erential form � with respe
t to a ve
tor �eld X whi
his given by (LX�)x = limt!0 (X�t �)x � �xt for x 2MwhereX�t � denotes the pull-ba
k of � byXt. Also re
all that the interior produ
ti(X)� of a k + 1-form � with a ve
tor �eld X is de�ned by i(X)(Y1; : : : ; Yk) =�(X;Y1; : : : ; Yk) for ve
tor �elds Y1; : : : ; Yk. Some basi
 properties of the Liederivative are: LX� = i(X)d� + d(i(X)�) (3)LX(�(Y1; : : : ; Yk)) = LX�(Y1; : : : ; Yk)+ kXi=1 �(Y1; : : : ; Yi�1; LXYi; Yi+1; : : : ; Yk) (4)where Y1; : : : ; Yk are ve
tor �elds.As we saw in the proof of Proposition 2.8, if G is a Lie group a
ting on M ,ea
h � 2 g = TeG indu
es a ve
tor �eld ~� on M where ~�(x) = ddt ��t=0 exp(t�) � x14



for x 2M . The set of ve
tor �elds on M is a Lie algebra under the Lie bra
ket[X;Y ℄ = LYX = �LXY and � 7! ~� is a Lie homomorphism. Now let ! bea symple
ti
 stru
ture on M . We say that an a
tion preserves the symple
ti
form if!(Dlg(x)(X); Dlg(x)(Y )) = !(X;Y ) for X;Y 2 TxM;x 2M; g 2 Gwhere lg as before denotes the map x 7! g � x. If X = ~� is a ve
tor �eld indu
edby a group a
tion whi
h preserves ! then Xt(x) = exp(t�) � x = lexp(t�)(x) and(X�t !)(�; �) = !(DXt(x)(�); DXt(x)(�))= !(Dlexp(t�)(x)(�); Dlexp(t�)(x)(�))= !(�; �) for �; � 2 TxM;x 2MSo in this 
ase LX! = 0 (5)and be
ause of (3), we get d(i(X)!) = 0; (6)i.e. i(X)! is 
losed. If i(X)! is also exa
t, i.e. if we 
an �nd a fun
tion H su
hthat i(X)! = dH , then X is 
alled a Hamiltonian ve
tor �eld and we denote Xby XH . Now we would like to examine the 
riteria for obtaining Hamiltonianve
tor �elds when we have an a
tion whi
h preserves !. We will see that theobstru
tion lies in the 
ohomology of the Lie algebra denoted Hk(g) whi
h wewill de�ne below.Consider the a
tion of a Lie Group G on itself given by left multipli
ationg � h = lg(h) = gh for g; h 2 G. We say that a ve
tor �eld X on G is a left-invariant ve
tor �eld if X(h) = (Dlg�1(gh)X)(h) for all h; g 2 G. A di�erentialform � on G is 
alled a left-invariant form if l�g� = � for all g 2 G. Theset of left-invariant ve
tor �elds 
an be identi�ed with the Lie algebra g withthe Lie bra
ket [X;Y ℄ = LXY and it 
an be shown that any left-invariantdi�erential form is 
ompletely determined by its values on left-invariant ve
tor�elds. Thus we may identify the set of left-invariant k-forms with �k(g�). LetHk(g) = kerÆkimÆk�1 be the kth 
ohomology group of g where Æk : �k(g�)! �k+1(g�)is the map indu
ed by � 7! d�. This makes sense sin
e if � is a left-invariantform, then d� is also left-invariant. Using (3) and (4), we 
an �nd expli
itexpressions for Æ: If � 2 �1(g�), i(X)� = �(X) is 
onstant for any left-invariant15



ve
tor �eld X and so if Y is also a left-invariant ve
tor �eld,0 = LX(�(Y )) = LX�(Y ) + �(LXY )= (i(X)d�)(Y ) + �([X;Y ℄)= d�(X;Y ) + �([X;Y ℄):So d�(X;Y ) = ��([X;Y ℄): (7)Indu
tively, if � is a k � 1-form we get:d�(Y1; : : : ; Yk) =Xi<j (�1)i+j�([Yi; Yj ℄; Y1; : : : ; Ŷi; : : : ; Ŷj ; : : : ; Yk): (8)Let  : �2(g) ! g be the map X ^ Y 7! �[X;Y ℄. Then , identifying (�2(g))�with �2(g�) (where ' : �2(g) ! R is identi�ed with ~' : g � g ! R where~'(X;Y ) = '(X ^Y )),(7) shows that Æ1 is the dual of  whi
h we denote by  �: �(�)(X ^ Y ) = �( (X ^ Y )) = �(�[X;Y ℄) = d�(X;Y )This shows that if H1(g) = 0 then  � is inje
tive and hen
e  is surje
tive.Therefore any left-invariant ve
tor �eld 
an be written as a linear 
ombinationPj [Xj ; Yj ℄ where Xj ; Yj are left-invariant ve
tor �elds.Now suppose X is a ve
tor �eld indu
ed by an a
tion of G whi
h preservesthe symple
ti
 form ! on a symple
ti
 manifold (M;!) and supposeX is a ve
tor�eld of the form℄[�; �℄ where �; � 2 g. Sin
e � 7! ~� is a Lie homomorphism fromg to the set of ve
tor �elds on M , X =℄[�; �℄ = [~�; ~�℄. By (5), L~�! = 0 and by(6), di(~�)! = 0. Now using (3) and (4) we get thati(X)!(Y ) = i([~�; ~�℄)!(Y )= �i(L~� ~�)!(Y )= �!(L~� ~�; Y )� L~�!(~�; Y )= �L~�(!(~�; Y ))= �L~�(i(~�)!)(Y )= �i(~�)(di(~�)!)(Y )� d(i(~�)i(~�)!)(Y )= �d(i(~�)i(~�)!)(Y )So i(X)! = dH where H = �i(�)i(�)! and therefore X is a Hamiltonian ve
tor�eld.If H1(g) = 0, then by (7), all ve
tor �elds ~� are of the a linear 
ombination ofve
tor �elds of the form℄[�; �℄ and therefore Hamiltonian. Let Ham(M) denote16



the set of Hamiltonian ve
tor �elds. Ham(M) is a Lie subalgebra of the set ofve
tor �elds on M . So in this 
ase the map � 7! ~� is a Lie homomorphism fromg to Ham(M). Suppose M is 
onne
ted. Sin
e for ea
h smooth fun
tion H onM , the equation i(X)! = dH uniquely determines a ve
tor �eld X = XH onM , we have a map � : C1(M) ! H(M) where ker� is the 
onstant fun
tions.So we get an exa
t sequen
e:0 //R //C1(M) � //H(M) //0The set of smooth fun
tions on M denoted C1(M) is also a Lie algebra underthe Poisson bra
ket [H1; H2℄ = fH1; H2g = �i(XH1)i(XH2)!. Sin
e H 2 ker�implies that H is 
onstant, we see that[H1; H2℄ = 0 for H1 2 ker�;H2 2 C1(M): (9)Furthermore, � is a Lie homomorphism: �(fH1; H2g) is the unique ve
tor �eldX satisfying i(X)! = dfH1; H2g. Sin
e i(XH2)! = dH2, (3) implies thatLXH1 (i(XH2)!) = LXH1 (dH2) = d(i(XH1)(dH2))= d(i(XH1)i(XH2)!) = �dfH1; H2gand so sin
e by (5) LXH1! = 0,i(LXH1XH2)! = i(LXH1XH2)! + i(XH2)LXH1!= LXH1 (i(XH2)!) = �dfH1; H2gTherefore �(fH1; H2g) = �LXH1XH2 = [�(H1); �(H2)℄So we get the following diagram where the �rst row is exa
t:0 //R //C1(M) � //H(M) //
OO � 7!~� 0gThe following proposition is essential for the de�nition of the moment map:Proposition 3.5. Let (M;!) be a 
onne
ted symple
ti
 G-manifold su
h thatthe a
tion of G preserves ! where G is a 
onne
ted Lie group. Suppose H1(g) =H2(g) = 0. Then there exists a unique Lie homomorphism � su
h that thefollowing diagram 
ommutes: 17



0 //R //C1(M) � //
ee �

K

K

K

K

K

K

H(M) //
OO � 7!~� 0gProof. Let � be the map � 7! ~�. Considering g and C1(M) as ve
tor spa
es,we 
an �nd a linear map � : g! C1(M) su
h that � Æ � = � (sin
e g has �nitedimension). Now if �; � 2 g, the element 
(�; �) = � [�; �℄ � [�(�); �(�)℄ lies inker� = R sin
e�(� [�; �℄ � [�(�); �(�)℄) = � Æ � [�; �℄ � �[�(�); �(�)℄ = �[�; �℄� [�(�); �(�)℄ = 0:So 
 de�nes an element of �2(g�). Now (9) implies[�([�; �℄); �(�)℄ � [[�(�); �(�)℄; �(�)℄ = [
(�; �); �(�)℄ = 0so using (8) and the Ja
obi identity we get:d
(�; �; �) = � (
([�; �℄; �) + 
([�; �℄; �) + 
([�; �℄; �))= ���([[�; �℄; �℄) � [[�(�); �(�)℄; �(�)℄+�([[�; �℄; �℄) � [[�(�); �(�)℄; �(�)℄+�([[�; �℄; �℄) � [[�(�); �(�)℄; �(�)℄� = 0Hen
e 
 represents an element [
℄ of H2(g). This element is independent ofthe 
hoi
e of linear fun
tion � : Suppose � 0 is another linear fun
tion su
h that� Æ � 0 = �. Then � 0 = � + b for some linear fun
tion b : g ! ker�. By (9),[b(�); H ℄ = 0 for � 2 g; H 2 C1(M) and therefore
0(�; �) = (� + b)[�; �℄� [(� + b)(�); (� + b)(�)℄= 
(�; �) + b([�; �℄) = (
� Æb)(�; �):So [
0℄ = [
℄. If H2(g) = 0, [
℄ = 0, i.e. 
 = Æb for some b : g ! ker� and� = � + b is a Lie homomorphism. Sin
e H1(g) = 0, this b is unique.Now we are �nally able to de�ne the moment map. Suppose that the Liehomomorphism � : g ! C1(M) des
ribed in Proposition 3.5 exists, i.e. forea
h � 2 g, H� = �(�) is the unique fun
tion satisfying i(~�)! = dH�. Then we
an de�ne a map � :M ! g� by�(x)(�) = H�(x) for � 2 g; x 2M: (10)This map is 
alled the moment map.There is a natural a
tion of G on g�: Let 'g : G! G be the homomorphismh 7! ghg�1. Then Adg = D'g(e) : g! g de�nes a map Ad: G! Aut(g) where18



Aut(g) is the automorphism group of g. This de�nes an a
tion on g given byg�� = Adg(�) for � 2 g; g 2 G whi
h in turn gives the a
tion (g� )(�) =  (g�1 ��)for  2 g�.Proposition 3.6. Let (M;!) be a symple
ti
 G-manifold on whi
h a uniquemoment map � exists. Then � is equivariant.Proof. First we show that the map � 7! ~� from g into Ham(M) is equivariantwhere the a
tion on Ham(M) is given by (g �X)(x) = Dlg�1(g � x)(X(g � x)) forg 2 G;X 2 Ham(M); x 2M :(g � ~�)(x) = Dlg�1(g � x)�~�(g � x)�= Dlg�1(g � x)� ddt ��t=0 exp(t�) � (g � x)�= Dlg�1(g � x)� ddt ��t=0g(g�1 exp(t�)g) � x�= Dlg�1(g � x)� ddt ��t=0(g exp(Adg�1(t�)) � x�= � ^Adg�1(�)� (x) = (gg � �)(x)Now we 
an show that g�1 � �(g � x) = �(x) for g 2 G; x 2M . Sin
eg�1 � �(g � x)(�) = �(g � x)(Adg(�))for all � 2 g, (10) gives us thatd(g�1 � �(g � x)(�)) = d(�(g � x)(Adg(�)))= i(Âdg(�)(g � x))!= i(ĝ�1 � �(g � x))!= i(e�)! = d(�(x)�)Hen
e �(g � x) = g � �(x) for g 2 G; x 2M .Example 3.7. Let M = S2 � R3 . At ea
h ve
tor x 2 S2, the tangentspa
e 
onsists of the ve
tors in R3 perpendi
ular to x. So if v; w 2 TxM ,v � w = s(v; w)x for s(v; w) 2 R where � denotes the 
ross produ
t on R3 .!(v; w) = s(v; w) de�nes a symple
ti
 stru
ture on M . Now 
onsider the a
-tion of G =SO(3) on M given by the usual a
tion of SO(3) on R3 . The Liealgebra of SO(3) denoted so(3) is the set of 3 by 3 skew-symmetri
 matri-
es and 
an therefore be identi�ed with R3 : If (aij)1�i;j�3 2 so(3) it 
an beidenti�ed with a = (a12; a13; a23). Under this identi�
ation, the Lie bra
ketbe
omes [a; b℄ = b � a. So a

ording to (7), Æ1(�)(�; �) = ��(� � �) for19



�; � 2 H1(so(3)�) = �1(so(3)�) = R3 . Sin
e any ve
tor in R3 
an be written inthe form �� �, Æ1(�) = 0 implies � = 0, i.e. Æ1 : R3 ! R3 is inje
tive and there-fore bije
tive. Hen
e H1(so(3)) = kerÆ1imÆ0 = 0 and H2(so(3)) = kerÆ2imÆ1 = kerÆ2R3 = 0and so by Proposition 3.5 a moment map exists.Now let � : S2 ! R3 be the map x 7! �x, i.e. as an element of (R3 )�,�(x)(�) = �� � x for � 2 R3 where � is the usual inner produ
t on R3 . Thereforeif v =P3j=1 vj ��xj 2 TxM ,d�(x)(�)(v) = 3Xj=1 ���xj ��xdxj jx(v) = � 3Xj=1 �jdxj(v) = �� � vEa
h � 2 R3 indu
es the ve
tor �eld e� given bye�(x) = ddt ��t=0t[�; x℄= ddt ��t=0t(x� �) = x� �:and therefore i(e�)!(v) = !(x� �; v):Sin
e x ? v, (x� �)� v = �(x � v)� x(� � v) = �(� � v)x and soi(e�)!(v) = �� � v = d�(x)(�)(v):This shows that � is the moment map.If H1(g) = H2(g) = 0, Proposition 3.5 ensures us that the moment mapexists and is unique. When, however, H1(g) 6= 0, we 
annot be sure that ve
tor�elds indu
ed by the a
tion are Hamiltonian and if H2(g) 6= 0 we do not knowwhether the homomorphism � exists. The following examples look at a
tionsof G = S1. S1 has Lie algebra R and therefore Hk(g) = �k(R). In parti
ularH2(g) = 0 and H1(g) = R 6= 0.Example 3.8. Let M be C n whi
h, identi�ed with R2n , has the symple
ti
form !0 =Pnj=1 dxj^dyj . Consider the a
tion of G = S1 given by ei� �z = ei�z.Let � : C n ! R be the map z = (x1; y1 : : : ; xn; yn) 7! � 12kzk2 = � 12Pnj=1 x2j +y2j (so under the identi�
ation R = g�, �(z)(�) = � 12�kzk2 for � 2 g). Hen
ed�(z)(�) = � 12�0� nXj=1 ���xj ����zdxj ����z + ���yj ����zdyj����z1A= � 12�0� nXj=1 2xjdxj + 2yjdyj1A= �� nXj=1 xjdxj + yjdyj :20



Ea
h � 2 g indu
es the ve
tor �eld ~� given by:~�(z) = ddt ��t=0ei�tz = i�z= (�y1�; x1�; : : : ;�yn�; xn�)So if Y =Pnj=1 aj ��xj + bj ��yj theni(~�)!0(Y ) = 0� nXj=1 dxj ^ dyj1A (~�; Y ) = nXj=1��yjbj � (aj�xj)= ��0� nXj=1 xjdxj + yjdyj1A (Y )= d�(z)(�)(Y ):So in this 
ase � is a moment map.Example 3.9. Now letM be the 2-torus T2 = R2=Z2 whi
h has the symple
ti
form ! = dx^ dy indu
ed from R2 . Identifying G = S1 with R=Z we 
an de�nean a
tion of G on M by a � (x; y) = (x+a; y). If � = 1 2 g, it indu
es the ve
tor�eld ~� = ��x and if Y = a ��x + b ��yi(~�)!(Y ) = (dx ^ dy)( ��x ; Y ) = b = dy(Y )But the fun
tion y does not exist on T2. Therefore there 
annot be a momentmap for this a
tion.3.3 Symple
ti
 QuotientsSuppose (M;!) is a symple
ti
 G-manifold and that a moment map � :M ! g�exists. In the this se
tion we will see how we 
an use the moment map to 
reatea quotient manifold whi
h 
an be endowed with a natural symple
ti
 stru
ture.We will restri
t ourselves to the 
ase where G is 
ompa
t and the a
tion of Gis free. Let N = ��1(�(x0)) for some x0 2M . We 
laim that N has dimension2n � k where n and k are the dimensions of M and G respe
tively. Considerthe di�erential of � at the point x 2M denoted by D�(x) : TxM ! g� (wherewe have identi�ed T�(x)g� with g�). By (10), this is given by:D�(x)(Y )(�) = !(~�(x); Y ) for Y 2 TxM; � 2 g� (11)So Y 2 ker(D�(x)) if and only if !(~�(x); Y ) = 0 for all � 2 g. As we saw in theproof of Proposition 2.8, sin
e the a
tion of G is free, the ve
tor �eld ~� is givenby: ~�(x) = ddt ��t=0 exp(t�) � x = Dfx(e)(�)21



where fx : G!M is the orbit map g 7! g�x. Furthermore,Dfx(e) is an inje
tivemap with image TxG�x. So kerD�(x) = fY 2 TxM j !(X;Y ) = 0 for all X 2 TxG � xg.Sin
e ! is non-degenerate, kerD� has dimension 2n � k. Now it follows thatD� : TM ! g� must be surje
tive. The Impli
it Fun
tion Theorem thereforegives us that N is a manifold and thatTxN = kerD�(x) = fY 2 TxM j !(X;Y ) = 0 for all X 2 TxG � xg : (12)In parti
ular, N is of dimension 2n� k.Remark 3.10. Note that to obtain the result that N is a submanifold of di-mension 2n � k, we do not need the a
tion to be free on all of M . As long asit is free on N , D�(x) will be surje
tive for all x 2 N whi
h gives the desiredresult.Now suppose that �(x0) = '0 where '0 is �xed under the a
tion of G on g�.Then sin
e � is equivariant, the a
tion of G onM 
an be restri
ted to an a
tionon N . Sin
e the a
tion is free and G is 
ompa
t, we get a quotient N=G whi
his a manifold of dimension 2(n � k). In parti
ular, N=G has even dimension.We now want to de�ne a symple
ti
 stru
ture on N=G. Let � : N ! N=G bethe proje
tion x 7! G � x. Consider the 2-form on N=G de�ned by!̂(X̂; Ŷ ) = !(X;Y ) for X̂; Ŷ 2 T (N=G)for X 2 (D�(x))�1(X̂); Y 2 (D�(x))�1(Ŷ ). !̂ is well-de�ned: If X 0 and Y 0 areother lifts of X̂ and Ŷ then sin
e TG�xN=G �= TxN=TxG � x, X 0 = X + A andY 0 = Y +B for A;B 2 TxG � x. Then (12) implies!(X 0; Y 0) = !(X;Y ) + !(A; Y ) + !(X;B) + !(A;B) = !(X;Y ):!̂ is non-degenerate: Suppose !̂(X̂; Ŷ ) = 0 for all Ŷ 2 TxN=TxG � x. Then!(X;Y ) = 0 for all Y 2 TxN = kerD�(x). So X must be of the form X = �̂(x)for some � 2 g. Therefore D�(x)(X) = 0 and so !̂ is non-degenerate. !̂ is
losed: Let � : N !M be the in
lusion map. Observe that��!̂(X;Y ) = ��!(X;Y ) for X;Y 2 TxN:Therefore ��(d!̂) = d(��!̂) = d(��!) = ��(d!) = 0and sin
e D�(x) is surje
tive for all x 2M , �� is inje
tive and therefore d!̂ = 0.So !̂ is a symple
ti
 form on N=G. 22



Example 3.11. As in Example 3.8 let M = C n = R2n with symple
ti
 stru
-ture !0 and let G = S1 a
t on M by ei� � z = ei�z. We saw that thisgave us a moment map � : C n ! R where �(z) = � 12kzk2. Now for ea
h
 > 0, ��1(
) = fz 2 C n j kzk = p
g = S2n�1(p
). So the quotient be
omesS2n�1(p
)=S1 = C Pn�1Example 3.12. Now we will see how we 
an use Example 3.7 to 
onstru
t theso-
alled polygon spa
e Pol(�) for � 2 Rn+ . Pol(�) is the spa
e of 
on�gurations(modulo rotation) in R3 of an n-polygon with edges of length �1; : : : �n where� = (�1; : : : �n). Let � = (�1; : : : �n) 2 Rn+ and for ea
h i 2 f1; : : : ; ng, letS2�i denote the sphere with radius �i. Let M = Qni=1 S2�i . We 
an thinkof ea
h point x = (x1; : : : ; xn) 2 M as a path whi
h starts from the originand has n su

essive steps xi, ea
h of length �i. M has a natural symple
ti
stru
ture given by !((X1; : : : ; Xn); (Y1; : : : ; Yn)) = Pni=1 !i(Xi; Yi) where !iis the symple
ti
 stru
ture des
ribed in Example 3.7 on S2�i for i 2 f1; : : : ; ng.Now let G = SO(3) a
t onM by a
ting 
omponent-wise as des
ribed in Example3.7. Clearly, the map �(x) = �Pni=1 xi is a moment map for this a
tion. �(x)is minus the endpoint of the path x so ��1(0) are exa
tly the paths whi
hform loops. Now we would like to obtain Pol(�) as the symple
ti
 quotient��1(0)=G. We do, however, not know whether the a
tion is free on ��1(0). The�xed points under the a
tion of an element of SO(3) are exa
tly the points onthe axis of rotation. An obje
t of ��1(0) 
an therefore only remain �xed if it liesin some one-dimensional subspa
e. We may assume that this is spanf(1,0,0)g,i.e. xi 2 f(��i; 0; 0)g for i 2 f1; : : : ; ng. Now suppose that Pni=1 si�i = 0 hasno solutions for si 2 f�1g. Then the a
tion of SO(3) is free on ��1(0). Forsu
h � we therefore get Pol(�) = ��1(0)=G.4 K�ahler Manifolds4.1 Basi
 NotionsNow we would like to look at K�ahler manifolds. K�ahler manifolds are bothRiemannian and symple
ti
 and we will see how we 
an use the quotient 
on-stru
tions des
ribed above to get a K�ahler quotient. Before we 
an give thede�nition of a K�ahler manifold, we will need to look at some further aspe
ts ofRiemannian geometry and we will also need to examine 
omplex stru
tures onmanifolds.De�nition 4.1. Let M be a smooth manifold and let � : E ! M be a ve
tor23



bundle over M with smooth se
tions E(M). Let (X;Y ) 7! rXY be a mapr : T (M)� E(M)! E(M). r is 
alled a 
onne
tion if it satis�es:(i) rfX1+gX2Y = frX1Y + grX2Y for f; g 2 C1(M).(ii) rX(sY1 + tY2) = srXY1 + trXY2 for s; t 2 R(iii) rX (fY ) = frXY + (Xf)(Y ) for f 2 C1(M).If E(M) = T (M), r is 
alled a linear 
onne
tion.A 
onne
tion is a lo
al operator sin
e it 
an be shown that if x 2 M andX = X 0; Y = Y 0 on a neighborhood of x then rXY = rX0Y 0 at x.Lemma 4.1. Let M be a smooth manifold with a linear 
onne
tion r. Let Ube an open subset of M and let E1; : : : ; En be a frame on U. If X = PiXiEiand Y =Pi YiEi thenrXY =Xijk (XYk +XiYj�kij)Ek (13)where �kij are the smooth fun
tions on U de�ned by rEiEj =Pk �kijEk.Proof. We have that:rXY = Xj rX (YjEj)= Xj (XYj)Ej + YjrXEj= Xj (XYjEj +Xi XiYjrEiEj)= Xijk (XYk +XiYj�kij)EkThe n3 fun
tions �kij are 
alled the Christo�el symbols of r and Lemma 4.1shows that these 
ompletely determine r on U .Proposition 4.2. Let M be a smooth manifold. Then there exists a linear
onne
tion r on M .Proof. Let (U�)�2A be a lo
ally �nite atlas on M with 
oordinates x�1 ; : : : x�non U�. For ea
h �, de�ne the operator r� on U� by inserting Ek = ��xk into(13) for some smooth fun
tions �kij on M :r�XY =Xijk (XYk +XiYj�kij) ��xk24



Dire
t 
omputation shows that r� satis�es (i)-(iii) in De�nition 4.1 on U�. Nowlet (f�)�2A be a partition of unity subordinate to (U�)�2A. De�nerXY =X� f�r�XY:Dire
t 
omputation again shows that this is a 
onne
tion on M .A simple example of a linear 
onne
tion is the Eu
lidean 
onne
tion on Rnde�ned byrXY = nXj=1(XYj) ��xj =Xi;j Xi �Yj�xi ��xj for X =Xi Xi ��xj ; Y =Xj Yj ��xj (14)This 
orresponds to �kij = 0 for all i; j; k.So far we have only de�ned linear 
onne
tions on ve
tor �elds. The followingresult enables us to extend any linear 
onne
tion to all tensor �elds T kl M .Proposition 4.3. Let M be a smooth manifold and r be a linear 
onne
tionon M . There exists a unique 
onne
tion r : T (M) � T kl (M) ! T kl (M) fork; l 2 Z su
h that(i) rXY = rXY for Y 2 T (M)(ii) rXf = Xf for f 2 T 0(M)(iii) rX (F 
G) = (rXF )
G+ F 
 (rXG)(iv) rX(trY ) = tr(rXY )where tr denotes the tra
e operator.The 
onne
tion de�ned in Proposition 4.3 satis�es the following properties:rX(�(Y )) = rX�(Y ) + �(rXY ) for � 2 T 1(M); Y 2 T (M)(rXF )(�1; : : : ; �l; Y1; : : : ; Yk) = X(F (�1; : : : ; �l; Y1; : : : ; Yk))� lXj=1 F (�1 : : : ;rX�j ; : : : ; �l; Y1; : : : ; Yk)� kXi=1 F (�1 : : : ; �l; Y1; : : : ;rXYi; : : : ; Yk) for F 2 T kl (M) (15)Now suppose we have a Riemannian manifold (M; g) and suppose that r isa linear 
onne
tion on M . We say that r is 
ompatible with g ifrX(g(Y; Z)) = g(rXY; Z) + g(Y;rXZ)25



for all ve
tor �elds X;Y; Z, i.e. rXg = 0 for all X . The torsion of a linear
onne
tion r is de�ned as�(X;Y ) = rXY �rYX � [X;Y ℄:A linear 
onne
tion is 
alled symmetri
 if it has no torsion, i.e. � � 0. Thefollowing theorem is a fundamental result of Riemannian Geometry:Theorem 4.4. Let (M; g) be a Riemannian manifold. Then there exists aunique linear 
onne
tion r on M whi
h is(i) 
ompatible with g(ii) symmetri
.The 
onne
tion de�ned in this way is 
alled the Riemannian 
onne
tion orthe Levi-Civita 
onne
tion of g.Now we turn our attention to 
omplex manifolds. A 
omplex manifold isde�ned in a similar way as a smooth manifold, ex
ept the 
oordinate 
hartsmap into C n and we require the 
oordinate 
hanges to be holomorphi
. Itwill, however, turn out to be useful to introdu
e the 
on
ept of almost 
omplexstru
tures whi
h we will de�ne below. First we look at 
omplex stru
tureson ve
tor spa
es: Let V be a real ve
tor spa
e and let I : V ! V be anendomorphism of V . I is 
alled a 
omplex stru
ture on V if I2 = �1 where 1denotes the identity map. We 
an then think of V as a 
omplex ve
tor spa
eby de�ning (a+ ib)v = av + bIv for a+ ib 2 C ; v 2 V:If X1; : : : ; Xn is a basis for V as a 
omplex ve
tor spa
e thenX1; : : : ; Xn; IX1; : : : ; IXnis easily seen to be a basis for the underlying real ve
tor spa
e. In parti
ular, Vhas even dimension. If V is a 
omplex ve
tor spa
e, multipli
ation by i 
learlyde�nes a 
omplex stru
ture on the underlying real ve
tor spa
e.Example 4.5. Let M = C n . By the identi�
ation of (z1; : : : ; zn) 2 C n with(x1; : : : ; xn; y1; : : : ; yn) 2 R2n , we see that multipli
ation by i 
orresponds to(x1; : : : ; xn; y1; : : : ; yn) 7! (�y1; : : : ;�yn; x1; : : : ; xn) whi
h is a 
omplex stru
-ture I0 on R2n . In the usual basis, I0 
an be written asI0 =  0 �1n1n 0 !where 1n is the identity matrix of degree n.26



Now letM be a real smooth manifold and let I 2 T 11 (M) be a (11) tensor �eldon M . There is a one to one 
orrespondan
e between (11) tensors on a ve
torspa
e and its endomorphisms: If ' : V ! V is an endomorphism it de�nes aunique (11) tensor, also denoted ', by '(�;X) = �('X). So we 
onsider I to bean endomorphism of TxM for all x 2M . If I is in this way a 
omplex stru
tureon ea
h TxM , I is 
alled an almost 
omplex stru
ture onM and (M; I) is 
alledan almost 
omplex manifold. Note that in this 
ase M has even dimension. If Iis an almost 
omplex stru
ture on M , we de�ne the torsion of I to be the (12)tensor �eld � where�(X;Y ) = 2([IX; IY ℄� [X;Y ℄� I [X; IY ℄� I [IX; Y ℄)for ve
tor �elds X;Y . It 
an be shown thatTheorem 4.6. An almost 
omplex manifold (M; I) is a 
omplex manifold ifand only if I has no torsion.In the following we will therefore 
onsider 
omplex manifolds as almost 
om-plex manifolds satisfying the integrability 
ondition des
ribed above. In this 
asewe 
all I the 
omplex stru
ture on M .Using the notions of Riemannian 
onne
tion and 
omplex stru
ture, we arenow able to de�ne a K�ahler manifold:De�nition 4.2. Let (M; I; g) be a 
omplex Riemannian manifold. Let r de-note the Riemannian 
onne
tion of g. If(i) rXI = 0 for all ve
tor �elds X(ii) g(IX; IY ) = g(X;Y ) for all ve
tor �elds X;Ythen (M; I; g) is a K�ahler manifoldLet F be an endomorphism on ea
h tangent spa
e. ThenF (Y ) = F (Xk Yk ��xk ) =Xk YkF ��xk =Xj (Xk Ykdxj(F ��xk ) ��xj ):So F (Y ) has j'th 
oordinate F (Y )j = Pk Ykdxj(F ��xk ). The 
orresponden
ebetween (11) tensors and endomorphisms mentioned above gives us that(tr(F 
 Y ))j = Xk F 
 Y (dxj ; ��xk ; dxk)= Xk F (dxj ; ��xk )Y (dxk)= Xk dxj(F ��xk )Yk = F (Y )j27



So F (Y ) = tr(F 
 Y ). Hen
e if I is the 
omplex stru
ture on M , we 
an useProposition 4.3 to get:rX(I(Y )) = rX(tr(I 
 Y ))= tr((rXI)
 Y + I 
 (rXY ))= (rXI)(Y ) + I(rXY ):So the 
ondition rXI = 0 for all X is equivalent to the 
ondition that I 
om-mutes with rX for all X .If (M; I; g) is a K�ahler manifold, we 
an de�ne a 2-form ! by!(X;Y ) = g(IX; Y ):! is 
learly non-degenerate. ! is also skew-symmetri
:!(X;Y ) = g(IX; Y ) = g(IX;�I2Y ) = g(X;�IY ) = �g(IY;X) = �!(Y;X)Now we 
laim that ! is 
losed. A 
al
ulation similar to the one used to obtain(8) shows that if � is any k-form,d�(Y1; : : : ; Yk) = kXi=1(�1)i+1Yi�(Y1; : : : ; Ŷi; : : : ; Yk)+ Xi<j (�1)i+j�([Yi; Yj ℄; Y1; : : : ; Ŷi; : : : ; Ŷj ; : : : ; Yk)Therefore d!(X;Y; Z) = X!(Y; Z)� Y !(X;Z) + Z!(X;Y )� !([X;Y ℄; Z) + !([X;Z℄; Y )� !([Y; Z℄; X) (16)We want to show that this is 0. Observe that sin
e r is 
ompatible with g andsin
e I 
ommutes with rX for all X :X!(Y; Z) = rX(!(Y; Z)) = rX(g(IY; Z))= g(rX(IY ); Z) + g(IY;rXZ)= g(IrXY; Z) + g(IY;rXZ)= !(rXY; Z) + !(Y;rXZ)Sin
e r is symmetri
, i.e. [X;Y ℄ = rXY �rYX for all X;Y we get:�!([X;Y ℄; Z) + !([X;Z℄; Y )� !([Y; Z℄; X)= �!(rXY �rYX;Z) + !(rXZ �rZX;Y )� !(rY Z �rZY;X)= �(!(rXY; Z) + !(Y;rXZ)) + (!(rYX;Z) + !(X;rY Z))� (!(rZX;Y ) + !(X;rZY ))= �X!(Y; Z) + Y !(X;Z)� Z!(X;Y ):28



Inserting this into (16) gives us d!(X;Y; Z) = 0. Hen
e ! is a symple
ti
 form.We 
all ! the K�ahler form on M .4.2 K�ahler QuotientsLet (M; I; g) be a K�ahler manifold with K�ahler form !. Let G be a 
ompa
t Liegroup a
ting freely on M preserving both ! and g. Then as we saw in se
tions2.3 and 3.3, when a moment map � exists, we 
an transfer the Riemannian andsymple
ti
 stru
ture to the quotient N=G where N = ��1(0) . We denote theseby ĝ and !̂ respe
tively. We 
an de�ne a 
omplex stru
ture on N=G byÎ(X̂) = 
IX (17)where X 2 TxM is the unique horizontal lift of X̂ = D�(x)(X) and where
IX = D�(x)(IX) (
f. Se
tion 2.3). We have to 
he
k that this is well-de�ned.First we ensure that if X 2 (TxG � x)? then IX 2 TN : Re
all from (12)that TxN = fX 0 j !(X 0; Y ) = 0 for all Y 2 TxG � xg. If Y 2 TxG � x, then!(IX; Y ) = �g(X;Y ) = 0 so IX 2 TN . Se
ondly we have to see that (17) isindependent of the lift. Let X 0 be another lift of X̂. Then as we saw in Se
tion2.3, X 0 = Dlh(x)(X) for some h 2 G. Sin
e for all Yg(I(Dlh(x)(X))�Dlh(x)(IX); Dlh(x)(Y ))= !(Dlh(x)(X); Dlh(x)(Y ))� g(Dlh(x)(IX); Dlh(x)(Y ))= !(X;Y )� g(IX; Y ) = 0;we get that I(X 0) = I(Dlh(x)(X)) = Dlh(x)(IX). ThereforedIX 0 = D�(h � x)(IX 0) = D�(h � x)(Dlh(x)(IX)) = D�(x)(IX) = 
IX:Clearly, Î2 = 1 so all that is left to show is that Î is torsion-free. Let X̂ be a ve
-tor �eld on N=G and X be the unique horizontal lift of X̂, i.e. D�(x)(X(x)) =X̂(�(x)) for x 2M . If f 2 C1(N=G) thenX̂f(�(x)) = X̂(�(x))(f) = D�(x)(X(x))(f) = X(f Æ �)(x)i.e. (X̂f) Æ � = X(f Æ �). Taking the Lie bra
ket with another ve
tor �eld Ŷtherefore yields ([X̂; Ŷ ℄f) Æ � = (X̂(Ŷ f)) Æ � � (Ŷ (X̂f)) Æ �= X((Ŷ f) Æ �)� Y ((X̂f) Æ �)= X(Y (f Æ �))� Y (X(f Æ �))= [X;Y ℄(f Æ �):29



Therefore D�(x)([X;Y ℄(x)) = [X̂; Ŷ ℄(�(x)) (18)whi
h we 
an write in short as \[X;Y ℄ = [X̂; Ŷ ℄. So the torsion of Î be
omes�̂(X̂; Ŷ ) = 2([ÎX̂; Î Ŷ ℄� [X̂; Ŷ ℄� Î [X̂; ÎŶ ℄� Î [ÎX̂; Ŷ ℄)= \�(X;Y ) = 0̂ = 0:Hen
e Î is a 
omplex stru
ture on N=G. We would like to see that (N=G; Î; ĝ)is a K�ahler manifold with K�ahler form !̂. From the de�nition of ĝ and Î , it is
lear that 
ondition (ii) in De�nition 4.2 is satis�ed. We need to 
he
k that brX̂
ommutes with Î for all ve
tor �elds X̂ on N=G where br is the Riemannian
onne
tion with respe
t to ĝ.First we examine what the Riemannian 
onne
tion looks like on N . We
an split ea
h tangent spa
e of the points x 2 N into a dire
t sum TxM =TxN � (TxN)?. The spa
es (TxN)? 
onstitute a ve
tor bundle over N whi
hwe 
all the normal bundle. The orthogonal proje
tions at ea
h point x give us thetangential proje
tion denoted by �> : TM ��N ! TN and the normal proje
tiondenoted by �? : TM ��N ! TN?. Let er be the Riemannian 
onne
tion on M .If X;Y are ve
tor �elds on N we 
an extend them to ve
tor �elds on M whi
hwe also denote by X;Y . De
omposing erXY at ea
h point x 2 N we geterXY = �>(erXY ) + �?(erXY ):De�ne r : T (N)�T (N)! T (N) by rXY = �>(erXY ). It 
an be shown thatr is well-de�ned and in fa
t a 
onne
tion on N . r is symmetri
:rXY �rYX = �>(erXY � erYX)= �>[X;Y ℄ = [X;Y ℄:r is 
ompatible with g: Let X;Y; Z be tangent �elds on N . ThenrX(g(Y; Z)) = Xg(Y; Z)= g(erXY; Z) + g(Y; erXZ)= g(�> erXY; Z) + g(Y; �> erXZ)= g(rXY; Z) + g(Y;rXZ):Thus uniqueness of the Riemannian 
onne
tion gives us that r is the Rieman-nian 
onne
tion on N .Now we would like to look at the Riemannian 
onne
tion on N=G withrespe
t to ĝ. As we saw in Se
tion 2.3, for ea
h x 2 N , D�(x) is an isomorphism30



from the horizontal spa
e Hx = (TxG � x)? to the tangent spa
e TG�xN=G =TxN=TxG � x . The horizontal spa
es 
onstitute a subbundle H � TN . We 
annow pull ba
k the Riemannian 
onne
tion br on N=G to a 
onne
tion ��r onH : (��r)XY = brX̂ Ŷ :We 
laim that this is the 
onne
tion rH obtained by orthogonal proje
tionof the Riemannian 
onne
tion r on TN to H . If �H denotes the proje
tionTN ! H then rHX0Y 0 = �H(rXY )for X 0 = �H (X); Y 0 = �H(Y ). When we identify H with T (N=G), we 
an thinkof rH as a 
onne
tion on N=G:rĤX Ŷ = \rHX0Y 0 = \�H(rXY )where X 0; Y 0 are horizontal lifts of X̂; Ŷ respe
tively and X 2 ��1H (X 0); Y 2��1H (Y 0). Our 
laim is that in this way, rH is symmetri
 and 
ompatible withĝ. Be
ause of (18) we getrĤX Ŷ �rĤY X̂ = \�H (rXY )� \�H(rXY )= \rXY �rYX = \[X;Y ℄ = [X̂; Ŷ ℄:So rH is symmetri
. Sin
erĤX(ĝ(Ŷ ; Ẑ) = rHX0(g(Y 0; Z 0)) = X 0g(Y 0; Z 0)= g(rX0Y 0; Z 0) + g(Y 0;rX0Z 0)= g(rHX0Y 0; Z 0) + g(Y 0;rHX0Z 0)= ĝ(rĤX Ŷ ; Ẑ) + ĝ(Ŷ ;rĤX Ẑ)rH is 
ompatible with ĝ. We 
on
lude that br = rH .Now we would like to see that r̂X̂ 
ommutes with Î for all ve
tor �elds X̂on N=G. Observe thatTxN = fX j !(X;Y ) = 0 for all Y 2 TxG � xg= fX j g(IY;X) = 0 for all Y 2 TxG � xg = I(TxG � x)?Therefore (TxG �x� I(TxG �x))? = (TxG �x)? = H?x . So the 
omplement of Hand therefore H itself is a 
omplex ve
tor bundle and hen
e I 
ommutes with31



�H (where we think of �H as a mapping from TM). Let X̂; Ŷ be ve
tor �eldson N=G and let X;Y be the horizontal lifts of X̂; Ŷ respe
tively. ThenbrX̂ Î(Ŷ ) = \�H(rX (IY )) = \�H (erX(IY )= \�H(I erXY ) = \I(�H(rXY ))= Î(\rX̂ Ŷ ):Therefore (N=G; Î; ĝ) is a K�ahler manifold and the quotient symple
ti
 stru
ture!̂ is the K�ahler form:!̂(X̂; Ŷ ) = !(X;Y ) = g(IX; Y ) = ĝ(
IX; Ŷ ) = ĝ(ÎX̂; Ŷ ):Example 4.7. As in example (3.11) we look at the a
tion of G = S1 on M =C n . C n has the 
omplex stru
ture I0 (
f. Example 4.5) and the Eu
lidean metri
g(X;X 0) =Pnj=1 AjA0j+BjB0j where X =Pnj=1 Aj+iBj ; X 0 =Pnj=1 A0j+iB0j .The Eu
lidean 
onne
tion is (
f. (14))rXX 0 =Xi;j (Ai �A0j�xi +Bi �A0j�yi ) ��xj + (Ai �B0j�xi +Bi �B0j�yi ) ��yj :ThereforerX(I0X 0) = Xi;j (Ai �(�B0j)�xi +Bi �(�B0j)�yi ) ��xj + (Ai �A0j�xi +Bi �A0j�yi ) ��yj= Xi;j �(Ai �B0j�xi +Bi �B0j�yi ) ��xj + (Ai �A0j�xi +Bi �A0j�yi ) ��yj= I0rXX 0:Furthermoreg(I0X; I0X 0) =Xj (�Bj)(�B0j) +AjA0j = g(X;X 0):So (C n ; I0; g) is a K�ahler manifold. The K�ahler stru
ture is !0:!(X;X 0) = g(I0X;X 0) =Xj �BjA0j +AjB0j = !0(X;X 0)We 
on
lude that the quotient N=G = C Pn�1 is a K�ahler manifold with theindu
ed symple
ti
 stru
ture bI0.Example 4.8. Now look at the polygon spa
es des
ribed in Example 3.12, i.e.let � = (�1; : : : �n) 2 Rn+ andM =Qni=1 S2�i where S2�i is the sphere with radius�i. S2 
an be given an almost 
omplex stru
ture by de�ning Iv = v�x for v 2TxS2. That this is an integrable stru
ture is a spe
ial 
ase of the more general32



result that all almost 
omplex stru
ture on manifolds of real dimension 2 areintegrable. This result is proved in the following way: LetX be a manifold of realdimension 2n with 
omplex stru
ture J . Extend J to a 
omplex linear operatoralso denoted by J on the 
omplexi�
ation of the tangent bundle denoted byTX 
 C su
h that J2 = �1. For ea
h x 2 X , TxX 
 C splits into the dire
tsum T 1;0 � T 0;1 where T 1;0 = fv j Jv = ivg and T 0;1 = fv j Jv = �ivg are theeigenspa
es of J . Through the mapping v 7! v � iJv for v 2 TxX , we mayidentify TxX with T 1;0. Now sin
eJ [v � iJv; w � iJw℄� i[v � iJv; w � iJw℄= J([v; w℄ � [Jv; Jw℄� i[Jv; w℄� i[v; Jw℄)�i[v; w℄� i[Jv; Jw℄ + [Jv; w℄ + [v; Jw℄= J [v; w℄ � J [Jv; Jw℄� [Jv; w℄ � [v; Jw℄+i([Jv; Jw℄� [v; w℄� J [Jv; w℄� J [v; Jw℄)= 12 (J�(v; w) + i�(v; w));the integrability 
ondition on J is equivalent to the 
ondition that J [v0; w0℄ =i[v0; w0℄ for all v0; w0 2 T 1;0. Now 
onsider the 
ase n = 1, i.e. X has 
omplexdimension 1. If v0; w0 are ve
tor �elds on X with Jv0 = iv0; Jw0 = iw0, then v0 =fw0 for some s
alar fun
tion f on X . So J [v0; w0℄ = J [v0; fv0℄ = J(v0(f)v0) =v0(f)iv0 = i[v0; w0℄. Therefore J is integrable. (S2; g) is also a Riemannianmanifold where g denotes the Eu
lidean metri
. We see thatg(Iv; Iw) = (v � x) � (w � x) = (v � w)(x � x)� (v � x)(x � w) = (v � w) = g(v; w):Now 
onsider the Riemannian 
onne
tion on S2 with respe
t to g. This is givenby rvw = (Dv(w))>where > denotes the tangential proje
tion and Dv(w) = ddt ��t=0w Æ 
 where 
 isa 
urve with 
0(0) = v. Hen
ervIw��x = rv(
 � w)��x = (Dv(
 � w))>��x= ( ddt ��t=0(
 � w) Æ 
(t))>= (Dv(
 � w))>��x + (
 �Dv(w))>��x:Now sin
e 
 � 
 = 1, 0 = Dv(
 � 
) = 2(
 �Dv(
)) so Dv(
) is a tangent ve
torand therefore (Dv(
)� w)> = 0. Hen
ervIw��x = x�Dv(w) = x�rvw = Irvw��x:33



Therefore (S2; I; g) is a K�ahler manifold. We 
an now give M the 
omplexstru
ture I1
 : : :
In where Ii is the 
omplex stru
ture on S2�i for i 2 f1; : : : ; ngand the Riemannian stru
ture g1
 : : :
 gn where gi is the Eu
lidean metri
 onS2�i for i 2 f1; : : : ; ng. This makes M into a K�ahler manifold.4.3 Hyperk�ahler ManifoldsWe now look at hyperk�ahler manifolds whi
h are de�ned as follows:De�nition 4.3. Let (M; g) be a Riemannian manifold whi
h is K�ahler withrespe
t to the three 
omplex stru
tures I; J;K. Suppose that I; J;K satisfyIJK = �1. Then (M; I; J;K; g) is 
alled a hyperk�ahler manifold.Suppose (M; I; J;K; g) is a hyperk�ahler manifold. From ea
h 
omplex stru
-ture I; J and K we get K�ahler stru
tures !I ; !J and !K respe
tively. SupposeG is a 
ompa
t Lie group a
ting freely on M preserving g; !I ; !J ; !K and thatfor ea
h K�ahler form a moment map �I ; �J ; �K respe
tively exists. We 
anwrite this as a single map � : M ! g� 
 R3 . We 
laim that the quotient��1(0)=G = ��1I (0) \ ��1J (0) \ ��1K (0)=G is a hyperk�ahler manifold.We start by seeing that ��1(0)=G is a K�ahler manifold with respe
t thequotient Riemannian stru
ture denoted by ~g and the 
omplex stru
ture indu
edby I . Consider the map �+ = �J + i�K :M ! g� 
 C . Let Y be a ve
tor �eldon M and � 2 g. As usual ~� denotes the ve
tor �eld generated by �. ThenD�+(�)(Y ) = !J(~�; Y ) + i!K(~�; Y )= g(J ~�; Y ) + ig(K ~�; Y )so D�+(�)(IY ) = g(J ~�; IY ) + ig(K ~�; IY )= �g(K ~�; Y ) + ig(J ~�; Y )= i(g(J ~�; Y ) + ig(K ~�; Y )) = iD�+(�)(Y );i.e. �+ is holomorphi
 with respe
t to I . Therefore if X 2 TxN for x 2 Nwhere N = ��1+ (0) then D�+(x)(X) = 0 and thereforeD�+(x)(IX) = iD�+(x)(X) = 0so IX 2 TxN . Hen
e TxN is I-invariant for all x 2 N and therefore N =��1J (0) \ ��1K (0) is a 
omplex submanifold with 
omplex stru
ture I��N . Hen
e,(N; I��N ; g��N ) is a K�ahler manifold. The a
tion of G on N has moment map34



�I ��N . So as we saw in Se
tion 4.2, ��1(0)=G = ��1I (0) \N=G = �I ���1N (0)=G isa K�ahler manifold with respe
t to the 
omplex stru
ture ~I = dI��N and ~g .Now repeating the pro
edure for J and K we get 
omplex stru
tures ~J; ~Kwith respe
t to whi
h (��1(0)=G; ~g) is a K�ahler manifold. Clearly ~I ~J ~K = �1,so (��1(0)=G; ~I; ~J; ~K; ~g) is a hyperk�ahler manifold.Example 4.9. Let M = H n = C n � C nj whi
h we 
an identify with C � (C n )�through the mapping z + wj 7! z + ~w where ~w is de�ned by ~w(�) = Pl �lwl.On C n � C nj right multipli
ation by i; j; k gives us three 
omplex stru
tures.The 
orresponding 
omplex stru
tures I; J;K onM make (M; I; J;K; g), whereg is the Eu
lidean metri
, into a hyperk�ahler manifold. Let G = S1 a
t byei� � (z1; : : : ; zn; w1; : : : ; wn) = (ei�z1; : : : ; ei�zn; e�i�w1; : : : ; e�i�wn):The relevant moment maps 
an be seen to be de�ned by:�I (z; w) = i(kzk2 � kwk2)�+(z; w) = w(z)Let � = (i; 0; 0) 2 g� 
 R. Then��1(�) = �(z; w) j w(z) = 0; i(kzk2 � kwk2) = 1	 :The hyperk�ahler quotient ��1(�)=G 
an be shown to be the 
otangent bundleof C Pn .
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5 SummaryWe started out by looking at group a
tions on topologi
al spa
es and how thisgave us a natural quotient 
onstru
tion. We generalized to manifolds but inthis 
ase the quotient will not ne
essarily be a manifold itself. We saw howa quotient manifold is obtained when the a
tion of the group is free and thegroup is 
ompa
t. More generally, The Sli
e Theorem gives a lo
al model of thequotient in the 
ase when the group a
ting on the manifold is 
ompa
t. We thenlooked at manifolds with a Riemannian stru
ture. We saw how the Riemannianstru
ture des
ends to the quotient in a natural way when the a
tion is free, thegroup is 
ompa
t and the group a
ts by isometries. After a short introdu
tionto symple
ti
 geometry, we saw how the 
onstru
tion of a quotient manifoldfrom the group a
tion on a symple
ti
 manifold does not in general yield asymple
ti
 quotient even if the a
tion preserves the symple
ti
 form. When amoment map � exists, we 
ould, however, restri
t ourselves to ��1(0) and thiswill give a symple
ti
 quotient. The existen
e and uniqueness of the momentmap was seen to depend on the �rst and se
ond 
ohomology groups of the Liealgebra of the group a
ting on the manifold. We then looked at 
onne
tions and
omplex stru
tures to be able to de�ne K�ahler manifolds. K�ahler manifolds haveboth a Riemannian and a symple
ti
 stru
ture and the quotient 
onstru
tionswe looked at earlier 
ombine to give a quotient whi
h is a K�ahler manifold.Finally, we looked at hyperk�ahler manifolds whi
h are roughly K�ahler manifoldswith respe
t to three di�erent 
omplex stru
tures. Here we 
an use the K�ahlerquotient 
onstru
tion (three times) to obtain a quotient whi
h is hyperk�ahler.
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