M, = My =% My — 0
1 ! fo ! f3 !
O — Nl ﬁl—) NQ 12—) N3
Snake Lemma: If the above is a commutative diagram of R-modules with
exact rows, then there exists an exact sequence:

ker f1 5 ker fo 2 ker f5 > coker f; 25 coker fy -2 coker fs

Proof: Let §(x) = vy ! fouy "{z}. We need to show that § is a well-defined
homomorphism. First find that

d(z) is non-empty

§(x) = vy fouy! (nonempty C ker f3)
= ;' fo(nonempty C ker fauz) [since us is surjective]
vy ! fo(nonempty C ker vy f2)
= o' fofy (nonempty C ker vp)
= o7 '(nonempty C ker v)
= v, '(nonempty C im v;)

nonempty

Also, find that

5(0) =im f;

since,

6(0) = v fauy {0}
= vflfg ker uqy
= Ul_lfg im
= Ufl im fouy
= Ul_l im v fi
= ooy im f

= im f; [since vy is injective]



Next, find that

since,

Sz +1y)

Now, find that

U

U

Sz +ry) D () +ri(y)

vy fouy H{x + ry}

opt folug x4 ruy H{y})

o (faug e} + 7 fouz Hy})
vt fouy e} + ot fouy Hy}
d(z) +ri(y)

d is well-defined

since, Vz € §(z),d(z) = z +im fi, since,

d(x) 4 0(0)
d(x+0)
d(z)

so 6(x) D z+im fi, and, given w € §(z),
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so, w € z+1m fi, s0 0(x) C z+1im fi.

Finally, find that

0 is a homomorphism

since, 0(z) + rd(y) D 6(x + ry), since



z)+ré(ly) = d(x+ry—ry)+ri(y)
D Mz +ry) —rdé(y) +1i(y)
d(x + ry) [since ¢ is well-defined]



