
AXIOMATIC INTRODUCTION TO THE RIEMANN INTEGRAL

In elementary analysis texts and classes the Riemann integral is introduced con-
structively. This has the disadvantage that the constructions are complicated and
poorly motivated. Another option would be to introduce the Riemann integral
axiomatically. The axioms have very simple geometric motivation and the com-
plication inherent in the construction can be deferred to a self-contained existence
proof. Here will follow such an introduction.

Let (a, b) be an interval on the real line and let f be a real-valued function whose
domain contains (a, b). Define

M b
a (f) = sup f (a, b)

mb
a (f) = inf f (a, b)

A partition of an interval (a, b) is a sequence x0, . . . , xn with a = x0 < · · · < xn = b.
Given ε > 0, x0, . . . , xn is an (f, ε)-partition if and only if

n∑
i=1

(xi − xi−1)
(
Mxi
xi−1

(f)−mxi
xi−1

(f)
)
< ε

f is Riemann integrable on (a, b), f ∈ Rba , if and only if f is bounded on (a, b), and
for all ε > 0 there exists an (f, ε)-partition of (a, b). Then the Riemann integral

´
is a set of maps

´ b
a
: Rba → R that obey the axioms of boundedness and additivity;

(b− a)mb
a ≤
ˆ b

a

≤ (b− a)M b
a

ˆ c

a

+

ˆ b

c

=

ˆ b

a

Note that by additivity and induction, if x0, . . . , xn is a partition of (a, b), then´ b
a
=
∑n
i=1

´ xi

xi−1
.

It remains to show that the Riemann integral is unique, exists, and obeys all the
familiar properties.

Proposition.
´

is unique.

Proof. Let A and B be two Riemann integrals. Let f ∈ Rba, let ε > 0, and let
x0, . . . , xn be an (f, ε)-partition of (a, b). Then,∣∣Aba (f)−Bba (f)∣∣ =

∣∣∣∣∣
n∑
i=1

Axi
xi−1

(f)−Bxi
xi−1

(f)

∣∣∣∣∣
≤

n∑
i=1

∣∣∣Axi
xi−1

(f)−Bxi
xi−1

(f)
∣∣∣

≤
n∑
i=1

(xi − xi−1)
(
Mxi
xi−1

(f)−mxi
xi−1

(f)
)

< ε
1
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But (a, b) , f, and ε are arbitrary so A = B. �

Proposition.
´

exists.

Proof. Given f ∈ Rba, let Sba (f) be the set of

s (f ;x0, . . . , xn) =

n∑
i=1

(xi − xi−1)mxi
xi−1

(f)

with x0, . . . , xn a partition of (a, b). Then inf Sba (f) = (b− a)mb
a (f) and Sba (f)

is bounded above by (b− a)M b
a (f). Let

´ b
a
(f) = supSba (f). Then boundedness

follows.
Let s (f ;x0, . . . , xn) ∈ Sba (f) and c ∈ (a, b). If there exists j with xj = c, then

s (f ;x0, . . . , xn) = s (f ;x0, . . . , xj) + s (f ;xj , . . . , xn)

Otherwise, there exists j with xj−1 < c < xj so,

s (f ;x0, . . . , xn) ≤ s (f ;x0, . . . , xj−1, c) + s (f ; c, xj , . . . , xn)

So,
´ c
a
(f) ≤

´ b
a
(f) +

´ c
b
(f). Also,

s (f ; a, . . . , c) + s (f ; c, . . . , b) = s (f ; a, . . . , c, . . . , b)

So,
´ b
a
(f) +

´ c
b
(f) ≤

´ c
a
(f). So additivity follows. �

Proposition. Linearity of integral part 1: If k ∈ R, f ∈ Rba then kf ∈ Rba and´ b
a
(kf) = k

´ b
a
(f).

Proof. If k = 0, then kf = 0 and for any ε > 0, any partition of (a, b) is a (kf, ε)-
partition. If k 6= 0, ε > 0, then there exists an

(
f, ε
|k|

)
-partition x0, . . . , xn of (a, b)

which is also a (kf, ε)-partition. Hence kf ∈ Rba.
If k ≥ 0, then

(b− a)mb
a (kf) = k (b− a)mb

a (f) ≤ k
ˆ b

a

(f) ≤ k (b− a)M b
a (f) = (b− a)M b

a (kf)

and if k < 0, then

(b− a)mb
a (kf) = k (b− a)M b

a (f) ≤ k
ˆ b

a

(f) ≤ k (b− a)mb
a (f) = (b− a)M b

a (kf)

Also, for any k ∈ R,

k

ˆ c

a

+k

ˆ b

c

= k

(ˆ c

a

+

ˆ b

c

)
= k

ˆ b

a

Hence by uniqueness, k
´ b
a
(f) =

´ b
a
(kf). �

Proposition. Linearity of integral part 2: If f, g ∈ Rba then f + g ∈ Rba and´ b
a
(f + g) =

´ b
a
(f) +

´ b
a
(g).

Proof. If ε > 0 then there is an
(
f, ε2

)
-partition and a

(
g, ε2

)
-partition of (a, b) and

their union forms an (f + g, ε)-partition. Hence f + g ∈ Rba.
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Let x0, . . . , xn be a (g, ε)-partition of (a, b). Then,

ˆ b

a

(f + g)−
ˆ b

a

(g) =

n∑
i=1

ˆ xi

xi−1

(f + g)−
ˆ xi

xi−1

(g)

≤
n∑
i=1

(xi − xi−1)
(
Mxi
xi−1

(f + g)−mxi
xi−1

(g)
)

≤
n∑
i=1

(xi − xi−1)
(
M b
a (f) +Mxi

xi−1
(g)−mxi

xi−1
(g)
)

< (b− a)M b
a (f) + ε

But ε > 0 is arbitrary so
´ b
a
(f + g)−

´ b
a
(g) ≤ (b− a)M b

a (f). Similarly,
´ b
a
(f + g)−´ b

a
(g) ≥ (b− a)mb

a (f). Also,(ˆ c

a

(f + g)−
ˆ c

a

(g)

)
+

(ˆ b

c

(f + g)−
ˆ b

c

(g)

)

=

ˆ c

a

(f + g) +

ˆ b

c

(f + g)−

(ˆ c

a

(g) +

ˆ b

c

(g)

)

=

ˆ b

a

(f + g)−
ˆ b

a

(g)

Hence by uniqueness,
´ b
a
(f + g)−

´ b
a
(g) =

´ b
a
(f). �

Proposition. Mean value theorem for integrals: If f is continous in [a, b], then
f ∈ Rba and there exists c ∈ [a, b] such that

´ b
a
(f) = (b− a) f (c)

Proof. By the extreme value theorem, f is bounded on [a, b]. By the uniform
continuity theorem, for all ε > 0 there exists δ > 0 such that for all x, x′ ∈ [a, b], if
|x− x′| < δ then |f (x)− f (x′)| < ε

b−a . Let n ∈ N with n > b−a
δ and let x0, . . . , xn

be the partition of (a, b) with xi = a+ i b−an . Then

n∑
i=1

(xi − xi−1)
(
Mxi
xi−1

(f)−mxi
xi−1

(f)
)
<

n∑
i=1

b− a
n

ε

b− a
= ε

Hence, x0, . . . , xn is an (f, ε)-partition and f ∈ Rba.
By the intermediate value theorem, for any y ∈

[
mb
a (f) ,M

b
a (f)

]
there is some

c ∈ [a, b] with y = f (c). Hence by boundedness,
´ b
a
(f) = (b− a) f (c). �

Proposition. Fundamental theorem of calculus part 1: If f in continous in [a, b]
and F (x) =

´ x
a
(f) for x ∈ (a, b) then F is continuously differentiable and F ′ = f

in (a, b) .
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Proof. By the mean value theorem for integrals, if h > 0 then
´ x+h
x

(f) = hf (c)
for some c ∈ (x, x+ h). Thus,

lim

h→ 0+
F (x+ h)− F (x)

h
=

lim

h→ 0+

´ x+h
a

(f)−
´ x
a
(f)

h

=
lim

h→ 0+
1

h

ˆ x+h

x

(f)

=
lim

h→ 0+
f (c)

= f (x)

Similarly, lim
h→0−

F (x+h)−F (x)
h = f (x). �

Proposition. Fundamental theorem of calculus part 2: If f is differentiable in
(a, b) and f ′ ∈ Rba then

´ b
a
(f ′) = f (b)− f (a).

Proof. By the mean value theorem for derivatives there exists c ∈ (a, b) such that
f ′ (c) = f(b)−f(a)

b−a and hence

(b− a)mb
a (f

′) ≤ f (b)− f (a) ≤ (b− a)M b
a (f

′)

Also
(f (c)− f (a)) + (f (b)− f (c)) = f (b)− f (a)

Hence by uniqueness, f (b)− f (a) =
´ b
a
(f ′). �


