KHOVANOV HOMOLOGY

CUBE OF RESOLUTIONS

Let D be a tangle diagram. Assign to each crossing of Dk an integer {1,...,n}.

{0,1}" forms the vertices of a hypercube with edges « LN B where a; = ; for
j#kand ap =0, B = 1.

For each o € {0,1}", associate the smoothing D, of Dy where each crossing j
is aj-smoothed. If K is a link then, D, is a disjoint union of circles in the plane.

0-smoothing: X — z

1-smoothing;: X — }(

For each edge a LN B, associate the cobordism of smoothings D, g which outside a
neighborhood of the crossing change N (k) x I is the identity cobordism

(Do — N(k)) x I = (Dg — N(k)) x I

and within N (k) x I is a saddle cobordism. If K is a link then, D, g is a disjoint
union of cylinders and one (possibly upside-down) pair of pants.

Saddle cobordism:

For each a € {0,1} we can associate 7, = >_"_; «; and for each edge o LA

associate rq g = Z;:ll o = 25;11 Bj-

KHOVANOV BRACKET
Define [Dx] = {[Dk]?,d'} by

D] = €D Da
and d' : [Dg]" — [Dg]*™ is the matrix of cobordisms

- G o

otherwise
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a — p
Let | 1 be a face of the hypercube. Then Dg ;Do g = D~ 5Dq, since
A )
these composite cobordisms are homeomorphic. Also
= 3 ()= DgsDap + (~1)7 (~1)* Dy 5 Doy
a — f
1 1
vy = 6

Butifa%ﬁ,’y@é,ﬁgéandag%thenifj<kthenra,g:r%5and
78,5 = Tayy +1and if j >k thenro 3 =75 —1and rg5 = 7o,y . Thus,

d>=0
We need to construct the category where [Dg] lives. Given finite A, B C (0,1),
let Cob(A, B) be the category with objects 1-manifolds D in (0,1) x [0,1] with
endpoints 0D = A x {0} U B x {1} and with morphisms, cobordisms D, — Dg.

These cobordisms are 2-manifolds D,, g with corners embedded in (0, 1) %[0, 1]x[0, 1]
with boundary

0D p=Ax{0} x[0,1]UB x {1} x [0,1]UD, x {0} U Dg x {1}

y-boundary z-boundary

Cobordisms are considered up to boundary preserving ambient isotopies. Com-
position in Cob(A, B), called vertical composition, is given by gluing along the 2z-
boundary. There is a functor called horizontal composition Cob(A, B)xCob(B,C) —
Cob(A, C) given by gluing along the y-boundary. There is another functor called
the monoidal product Cob(A, B) x Cob(A’, B") — Cob(A U A’, B U B’) given by
disjoint union, thought of as gluing along the (non-existent) a-boundary. This is
the structure of a monoidal 2-category, Cob.

We can extend Cob(A, B) by taking the preadditive closure Cob(A, B). Include
all Z-linear combinations of cobordisms D, — Dg, and extend vertical composition
linearly. Horizontal composition and monoidal product extend to Cob linearly.

Next take the additive closure Cob(A, B); include direct sums of objects @4 Dq
and a 0 object with matrices of (linear combinations of) cobordisms between them
and do vertical composition like matrix multiplication. Horizontal composition and
monoidal product extend to Cob* by acting like tensor products.

Finally, let Kob(A, B) be the category of cochain complexes in Cob(A, B). Verti-
cal composition in Kob(A, B) is composition of chain maps. Horizontal composition
and monoidal product extend to Kob by acting like tensor product of complexes.
If Dk has source and target endpoints A, B, then [Dg] is an object in Kob(A, B).

LOCALITY AND SKEIN RELATION

Theorem. The Khovanov bracket has the following properties:

(1) If Dk is the composition of two tangle diagrams Dy, Dy then [Dg] is the
horizontal composition [Dg] ® [D1]
(2) If Dk = Do U Dy then [Dg] is the monoidal product [Dg] Ll [Dy].
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(3) If tangle diagram Dy has 0, I-resolutions Dy, D; at some crossing j, then
[Dk] is the cone of the chain map [Dg] — [D1] induced by the cobordism
which is a saddle in the neighborhood of j.
The first two properties comprise locality of the Khovanov bracket and the third
property is the skein relation.

Proof. Choose an ordering of the crossings in Dg so that crossings in Dy are
first. Then, a smoothing D, is a composition of smoothings D,o0 ® D,1 where

(a1, ...,ap) = (af,... 7019,&}, . ,a,ll_j). We have that r, = 7,0 + 741 so that
D =@ Da= @ Dav® Do = (IDo] @ [D1))’
Ta=i ’I‘aoJrTal:i

Given an edge oo — f3, either there is an edge a® — 8% and o' = 8! or a® = 3°

and there is an edge o' — B'. Writing id, for identity cobordisms, we have that
Dy = Dyo go ®@idgr in the first case or Dy g = idgo @ Dy1 g1 in the second case.
The matrix de is (—1)"=“8° Dy« ge if there is an edge o — ¢ and 0 otherwise. The
matrix id. is id,e if ¢ = ¢ and 0 otherwise. Thus,

do X ’Ldl =+ (—1)Ta0id0 [} dl =

(_1)""m0,/~}0Da0,50 &® idal +0® 07 ag — ﬁOaal = 51
0®0+ (—1)"a%dyo @ (—1)""8" D1 g1 g = Bo, 1 = B
0 otherwise
[vreDas e
o otherwise

So, [Dk| = [Do] ® [D1]. The proof for monoidal product is entirely analagous.
In the case Dg =, the skein relation is easy to verify.

X 0 « . « 0
C T =C T Doa
[<] 0 « =X «+ 0

0 0
D071 0
=00 +——=B0+0
— 0 (2 0= [N]
The general case then follows by locality and the properties of cones of tensor

products. ([l

GRADING

For D, 5 a cobordism in Cob(A, B) let deg(Dq.5) = X(Da,g) — M;B‘.
We can see that vertical and horizontal composition and monoidal product are
degree additive. For vertical composition,

Al +|B
deg(DpDa,p) = X(DpyDa,s) — %
A+ B
= ¥(D3) + XD )~ (D) ~ TP
Al+ |B Al+ |B
(D) AEIBL (D, - AEIB

2 ’ 2
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= deg(Dp,y) + deg(Da,p)
For horizontal composition,
Al +|C
deg(Dag ® Dar pr) = X(Da,p ® Dargr) — %
_A+IC]
2
_1Bl+Cl
2

= X(Da,p) + X(Dar p) — |B|

Al+ |B
LTET: VP

= deg(Daﬁ) + deg(Da/,g/)

= X(Da,p)

For monoidal product,
|[AUA'|+ |BUB|
2
_ 1A+ (B
2

deg(Daﬁ L Da’,B’) = X(Da,ﬁ L Da/ﬁ/) —

NVET:N
2
=deg(Dqa,p) + deg(Dor )

Thus, the set of morphisms D, — Dg in Cob(A, B) is a graded Abelian group
@, Gi. Let Coby(A, B) be the category with objects Do {a}, a € $Z and morphisms

Gy b—a€Z
D, — Dg{b 1t
{a} #{b} cqual to {{0} otherwise

of chain complexes in the additive closure, Coby(A, B). Coby and K oby are monoidal
2-categories, by degree additivity.

Choose an orientation on Dg. Let n_,n, be the number of negative, and
positive crossings respectively. We define the graded Khovanov bracket

Dil' = @ Da{=5—-i}

Toa=n_-+1

= X(Da,p) (Dar )

. Also, let Koby(A, B) be the category

The coboundary still has the same definition. Identity cobordisms are disjoint
unions of cylinders which have degree 0 and squares which also have degree 0,
while saddle cobordisms have degree —1. Indeed, the coboundary components are
in Do {5 — i} - Dg{™=5"—= —i—1} = G_;. Thus the coboundary is a
morphism in Coby(A4, B) and [Dk] is an object in Kob(A, B).

INVARIANCE

In order to get homotopy equivalences from Reidemeister moves we have to
quotient by certain local relations.

Sphere relation: =0

N

Torus relation: @ =

=2
o O o ©
Four tube relation: @ + D 4
e 6 8 8

These relations make sense in C'ob, so in Koby. Modding out by local relations
and homotopy equivalences we get Kobg .
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Theorem. The isomorphism class of the graded Khovanov bracket [D] in Kobg . p,
are invariants of the framed oriented tangle K represented by Dy as a blackboard
diagram.

Some preliminary work must proceed the proof.
Permutation of Crossings. Let o be a permutation of {1,...,n}. Let Dk be
the tangle diagram Dg with crossings relabeled according to o. Given « € {0,1}",

let oo be given by (0a); = ag(;y. Then, ryq = 14 S0, given a LN 3, and working in
the ungraded case

loDk]' = @) Da

_ _1)Teaos D i
(o) g = 4 LN P @S5
' 0 otherwise
Let Ry = {j : oj = 1}. The natural ordering on {1,...,n} induces an ordering
[O’DK]
on R,. o induces a permutation o, on the ordering of R,. Define 13X  where
[Dk]

¥ is a diagonal matrix with X, , = sign(oq)idp,,. Then,
(O'd)fx,ﬂzfx,a = (_I)TUQYUB Sign(ga)Da,ﬁ

Sildl, 4 = sign(o)(—1)"# Do

«

The permutation on Rg = R, U {k} can be gotten as the permutation on R,
followed by moving k. Thus, if sign(os) = sign(og), then ¢ moves k an even
number of places in the ordering of Rg. But rq g is the number of elements j of R, 3
with j < k. So, Ta,8 = Ta,op mod 2. Alternatively, if sign(o,) # sign(og), then o
moves k an odd number of places and 74,3 # 75q,08 mod 2. Thus, (ad)iZi = Yitlg
so X is a chain map. Indeed, ¥ is invertible since o is. Thus, [Dk] and [0 Dk| are
isomorphic. This works in the graded case too since shifts have no effect.

Positive Writhe Reidemeister 1. Define chain maps:

[ -3 0 « (-2} « -1} « 0

t = 0 0
{U] 0 <« 0 — S — 0
o =]
where 1 is the difference of degree —1 cobordisms @ - and
U
{U} 0 « 0 — S ~— 0
= 1 1
H-3 0« -2 « B} o+ o
18
where 1 1is the degree 1 cobordism
o)
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We can see that these are chain maps. The only thing to check is that

=)

=
=
\
\

(=)

N
J
\

il

I

since the cobordisms are isotopic. We can also see that the composition [b} {—-3}

1

g

is the identity since

H

by the torus relation. We can construct a homotopy between the composition

o] -2
[U] and the identity:
0« ui-2)

S
0 <« -2}

H
/
H
O
where 71 is the degree 1 cobordism . To see it is a homotopy we need to
8]

check two things.

-1} « 0

/"
-1} « 0

pis
A

The first is trivial and the second follows from the four tube relation. Thus,
[b] {~1} and [U} are homotopy equivalent.
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Negative Writhe Reidemeister 1. Define chain maps:

(8 0« s« w2 e o
/]\

= 0 1
{U} 0 <« ¥y <« 0 ~— 0
o
where 1 is the degree 1 cobordisms and
8]
M 0 <« y <« 0 +~ 0
T = 1 1
(8 0« s« w2 e o
8]
where 7
o

<

is the difference of degree —1 cobordisms H — . Once again,
=)
%

/l\
these are chain maps and the composition [d} {%} is the identity by the torus
/l\
2
] 3}
/]\
relation. Also, by the four tube relation, the composition {U} is homotopic
T
o] 3
to the identity by
0 « {1} « w2} « 0
/" / e
0 « {1} « w2} <« 0
Y
where 7T is the degree 1 cobordism . Thus {d} {%} and {5} are homotopy
o}
equivalent.

Reidemeister 2. We can also construct chain maps
(D] 0 « UY-1} « {{@s « {1} « 0
1) T 1)

3] 0 « 0 — 0+ 0« 0
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J0C

j{o @ @
T is the matrix of degree 0 cobordisms @ and

where

~~—

[$¢] 0« 0 « 3 « 0 « 0
To= T T T
(2] 0« Y1}« Heg « {1} « 0

where T is the matrix of signed degree 0 cobordisms ( @ @ _@ ) .
J{eg

These are chain maps since

]
\

|
[~

QL)

\/
Il
o

/

I
=

Il

[4¢]
T
The composition [<>] is the identity since by the sphere relation

ol

T
[¢]
[
/l\
There is a homotopy between B é] and the identity given by

A
Bl

-1} « e
/
-1} « e

o

TNT
plole

Q{1 < 0
/
Q{1 < 0

)
plole
TNT
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J0(

where and are degree 1 matrices 0 and | —

@ —>0(

J0(C

X— &

f

This is a homotopy since @ = @, % = @, and
0 0 @ @ 0 y
0

[ | |- .

q0|

[0 B 0 0
10> <= 40|

The only nontrivial part is the bottom right entry of the matrix equation which
follows from the four tube relation.

Reidemeister 3. By the skein relation we have that [N] and M} are cones
[0
j and TI
(SR

homotopy equivalence is a strong deformation retract: [

of the chain maps induced by . The Reidemeister 2

o~
A~~~

]

] is the identity and

]

)
\

— 2\

— L

[
2]

o~

é] is homotopic to the identity. Thus, by the properties of cones, [m} and

[

J
/l\

S —

fv
S

[M] are homotopy equivalent to the cones of [w] and [( } which are equal

I

Invariance Proof. Since permutations induce isomorphisms, the isomorphism
class of Khovanov brackets is independent of ordering. Two blackboard diagrams
for a tangle K are related locally by Reidemeister moves. Reidemeister 2 and 3

)

N

as chain maps.
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moves induce local isomorphisms. Framed Reidemeister 1 moves, that is elimina-
tion of adjacent positive and negative writhe twists, induce a local isomorphism of
the Khovanov bracket: that isomorphism is the horizontal composite of the 2 Rei-
demeister 1 isomorphisms obtained above. Thus, by locality, the theorem follows.



