A lattice is an additive subgroup A C C generated by wy, ws € C with wy /wo
nonreal.

An elliptic function with respect to A is a meromorphic function f : C — C
such that Vz € C,w € A, f(z + w) = f(z). Alternatively, since f is constant on
cosets of A, it can be thought of as a meromorphic function f € M(C/A).

Proposition: An elliptic function with no poles or no zeroes is constant.

Proof: If f has no poles then |f| is bounded on the entire complex plane so
this follows by Liouville’s theorem. If f has no zeroes, then 1/f has no poles,
so is constant, so f is.

Proposition: 3 p(y) res(f) = 0.

Proof: Given a € C, let P, = {a + tiw1 + tows : 0 < #1,t3 < 1}. By 9P,,
is meant a parametrized curve traced positively around P,. Choose a so that
none of the poles of f fall on the boundary of P,. Then ZZGP(f)ﬂPa res(f;z) =

@2mi)~t [, p, [ By the periodicity of f, the four boundary component integrals
cancel in pairs. The full sum then must be zero.

Corollary: > p(pyuz (s ord-(f) = 0. Here ord is the order of the zero or
minus the order of the pole.

Proof: This is the previous proposition applied to f'/f € M(C/A).

The Weierstrass p-function is the series pp(2) = 2724+ o0/ (2—w) 2 —w™?2
where A’ = A — 0.

Proposition: The series g, converges absolutely on C — A and uniformly on
compact subsets of C — A.

Proof: If |w| > 2|z|, then |(z — w)™2 + w™2| < 10|z|/|w?], so the series
converges if Y ., w3 converges. Since wy/w; is nonreal, there exists a k > 0
such that |njwy + nows| > k(|n1| + |na|) for all real nq, ne. There are 4n integer
pairs (n1,nz) with |ni] + [na| = n. So, Y cp 1/Jw?] < 4673372 n~? which
converges.

Proposition: P(pp) = A, i.e. the poles of pj are exactly A.

Proof: Since p converges off of A, it has no poles off of A. Further, it has a
pole at 0 so by periodicity it has poles everywhere on A.

Proposition: All poles of p have order 2 and residue 0.

Proof: 0 is a pole of order 2 and residue 0, so follows from periodicity.

Proposition: p is even.

Proof: p(z) = p(—=z), just substitute —w for w.

Proposition: pp € M(C/A), i.e. pu is an elliptic function with respect to
A.

Proof: Termwise differentiation gives ©'(z) = —23_ .,/ (2 —w)™”. From
this expression, ' is elliptic. Integrating gives p(z +w) = p(z) + C. Substitute
z = —w/2, then C' = 0 by evenness. Hence p is elliptic.

Proposition: M(C/A) = C(pa, ©)), i.e. every elliptic function is a rational
combination of p and ’.

Proof: Any elliptic function f is the sum of an even and odd function f(z) =
1/2(f(z) + f(=2)) +1/2(f(2) — f(—%)). Further if f is odd then g'f is even, so
it suffices to prove this for even elliptic functions. Then something else.

The Eisenstein series is G(A) = Yo w2,
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Proposition: The Laurent series for p about 0 is p(z) = 272 + > =, (2k +
1)Gk+122k.

Proof: (z —w)? —w™? =372 (j + 1)2w=+2) | Plugging into the formula
for p, get p(z) = 272+ 300 (k+1)2F 3o w™#F2. But g is even, so the
coefficients of odd powers must be 0. Hence, the formula follows.

Proposition: (p')? = 4p% — 60G2p — 140G3.

Proof: Expanding, (p')?(2) = 4276 —24G4272 —80Gs +...,9%(2) = 276 +
9G4z 2 +15G6+...,p(2) = 272 4+3G42% +. ... So, (¢')? —4p> +60G20+140G3
is holomorphic, vanishes at 0 and is elliptic, hence identically equals 0.

Hence, the image of the map C/A — P?, z — [p(2), ¢'(2),1] is an elliptic
curve.

Theorem (Uniformization): Every complex elliptic curve is the image of such
a map for some A.



