
A weak 2-category consists of

• a set of 0-cells

• for any two 0-cells A, B a category B ← A, i.e. a set of 1-cells and for any

1-cells B
f,f ′

←−− A, a set B A

f

}}

f ′

aa ��
of 2-cells and for any 1-cell B

f←− A

an identity B A

f

}}

f

aa 1f

��
and for any 1-cells B A

f

��

f ′
oo

f ′′

\\

F
��

F ′
��

a vertical

composite B A

f

}}

f ′′

aa
F
F ′

��
such that:

– for any 2-cell B A

f

}}

f ′

aa F
��

, 1f
F

= F =
F
1f ′

;

– for any 2-cells B A

f

��
f ′

xx

f ′′

ff

f ′′′

WW

F��

F ′

��

F ′′
��

,

︷︸︸︷
F
F ′︸︷︷︸
F ′′

=

F︷︸︸︷
F ′

F ′′︸︷︷︸ .

• An identity, functors from the terminal category to the categories A← A,
i.e. a 1-cell A

1A←−− A.

• A horizontal composition, functors from C ← B ← A to C ← A, i.e.
for any 1-cells C

g←− B
f←− A a 1-cell C

gf←− A and for any 2-cells

C B

g

}}

g′

aa G
��

A

f

}}

f ′

aa F
��

a 2-cell C A

gf

}}

g′f ′

aa GF
��

such that 1g1f = 1gf and for any
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2-cells C B

g

��

g′
oo

g′′

\\

G
��

G′
��

A

f

��

f ′
oo

f ′′

\\

F
��

F ′
��

,
{

G
G′

}{
F
F ′

}
=

︷︸︸︷
GF︸︷︷︸︷ ︸︸ ︷
G′F ′︸ ︷︷ ︸ .

• An associator, a natural family of isomorphisms of horizontal composition
from D ← (C ← B ← A) to horizontal composition from (D ← C ←
B) ← A, i.e. for any 1-cells D

h←− C
g←− B

f←− A an invertible 2-cell

D A

h(gf)

xx

(hg)f

ff α(h,g,f)
�� such that for any 2-cells D C

h
}}

h′

aa H
��

B

g

}}

g′

aa G
��

A

f

}}

f ′

aa F
��

the following diagram commutes

(hg)f

(HG)F

��

h(gf)
α(h,g,f)ks

H(GF )

��
(h′g′)f ′ h′(g′f ′)

α(h′,g′,f ′)

ks

• A left identifier, a natural family of isomorphisms from horizontal compo-
sition with identity on the left to the identity functor on B ← A, i.e. for
any 1-cell B

f←− A an invertible 2-cell f
λ(f)←−−− 1Bf such that for any 2-cell

B A

f

}}

f ′

aa F
��

the following diagram commutes

f

F

��

1Bf
λ(f)ks

11B
F

��
f ′ 1Bf ′

λ(f ′)

ks

• A right identifier, a natural family of isomorphisms from the horizontal
composition with identity on the right to the identity functor on B ← A,
i.e. for any 1-cell B

f←− A an invertible 2-cell f
ρ(f)←−−− f1A such that for
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any 2-cell B A

f

}}

f ′

aa F
��

the following diagram commutes

f

F

��

f1A
ρ(f)ks

F11A

��
f ′ f ′1A

ρ(f ′)

ks

• Furthermore, the following diagrams are required to commute

i((hg)f)
α(i,hg,f)

u} rrrrrrrrr

rrrrrrrrr

(i(hg))f

α(i,h,g)1f

��

i(h(gf))

1iα(h,g,f)
ai LLLLLLLLL

LLLLLLLLL

α(i,h,gf)

��
((ih)g)f (ih)(gf)

α(ih,g,f)
ks

(g1B)f

ρ(g)1f �'FF
FF

FF
FF

FF
FF

FF
FF

g(1Bf)
α(g,1B ,f)ks

1gλ(f)w� xx
xx

xx
xx

xx
xx

xx
xx

gf
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