PRACTICE FINAL

1) .

(a) Express

lim 7

n i .
2= g tan(fE) as an integral

In general we can express f; f@)de = " AzS | f(x}) where
Az = b_Ta and z;—1 <] <z; and 7; = a + iAz. If we take Ax = -
and rj = x; = - and f(x) = tan(z) then we see a = 2o = 0 and
b=z, = 7. Thus, the limit can be expressed as

™

/0Z tan(x)dx

(b) Evaluate the integral from part (a).
We know that

/tan(x)dw = In|sec(z)| + C

since
tan(z) = tan(z)sec(x)
sec(x)
so if u = sec(x) then du = sec(x)tan(x)dx and
t d
/t(m(l‘)daz = / tan(z)sec(r) do = | &
sec(x) u
= Inju| + C = In|sec(z)| + C
By the second fundamental theorem of calculus,
/4

/OW/4 tan(x)dx = /tan(x)dm} .

= In|sec(z)|] 3/4 = In|sec(n/4)| — In|sec(0)]
" 1‘ |t L
cos(m/4) cos(0) 1/v2
=InV2 —in(1) = InvV2 - 0=InV2
(2) Find the following.
(a) L[5 sin(t?)dt
By the first fundamental theorem of calculus,

x

sin(t?)dt = sin(z?)

1

—ln’l‘

:ln‘

dz o

(b) & [V In(tan(t))dt
By the first fundamental theorem of calculus and the chain rule
d

Ve n(tany/x
%/0 In(tan(t))dt = ln(tan\/})%ﬁ = In(tany'z)

NG

1
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(C) 4 fscoa(x) \[dt

in(x)
We have that for some real number a,

d cos(x) d a cos(x)
— eVidt = / eVidt + / eVidt
dz sin(x) dw sin(x) a

cos(x) sin(x)
= ddm (/ eﬁdt—/ e‘/zdt>

cos(z) sin(x)
= a eVidt — i/ eVidt
dz J, dz J,

_ Veor@ <ddxcos(x)> _ Vi@ (isin(m))

= —sin(x)eV cos(x) _ cos(x)eV sin(z)
(3) Find the following.
a) [ e cos(9)do
Use u-substitution with u = sin(#). Then du = cos(#)df and,

/eQ‘Si”(e)cos(H)dQ = /ezudu

1 .
62u +C = 5625171(9) +C

1
2

24

f \/6$-|.E—m

Use u-substitution with u = 6z + 2®. Then du = (6 + 3z%)dz. In
particular, (2 + 2%)dz = £(6 + 32?)dz = $du, so

24z d du 1/ ~1/2
—_——dr == | —== [ u u
V6zx + 23 3) Vu 3

1 2
fo xcos(x?)dx

Use u- substltutlon with v = 22. Then du = 2zdz, so xdx = %du. Also
we need to change our limits of integration. If z = 0, then u = 0% = 0.

If z = /7, then u = /7 = 7. So,

(4) Find the following.
(a) fi(x‘l + 22 + 3)dx
f(z) = 2% + 2% + 3 is even since
fl=z) = (=2)* + (-2)* +3
=zt 422 +3 = f(2)
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Thus,
2 2 1, 1 ?
/ (x4+x2+3)dx:2/(x4+x2+3)d:v:2 —2® + -2® + 32
L 0 50 73 .

1 1 1 1
:2(-25+-23+3.2—-05—~03+3~0>

5 3 5 3
32 8 96 + 40490\ 452
_2<5+3+6>_2( 15 )‘15

(b) [T sin(z®)dx
f(x) = sin(z®) is odd since

f(=z) = sin((—z)°) = sin(—x°)

— —sin(2®) = — f(a)
Thus,

(5) Find the following.
(a) [ze “dx
Use integration by parts with v = x and dv = e~ ®dx. Then du = dx
and v = [e ®dx = —e " + C; we'll set C' = 0. So,

/xe‘xdac = yv — /vdu = —ze ¥+ /e‘”’dw

=—xe P —e"+C=—(z+1)e*+C

(b) [arctan(l + z)dz
Integrate by parts with « = arctan(l + x) and dv = dz. Then du =
11((111?)2 = m2+d21$+2 and v =z + C; we'll set C = 0. So,

/arctan(l + z)dr = uv — /vdu

Y4
—_—aXx
2+ 2z +2

We can do a substitution with v = 22 + 2z 4+ 2, so du = 2zdx and
rdr = %du. Then,

x 1 du 1
/ﬁ:ﬂ;?“—i o =g+ C

1 1
:§ln|x2+2z+2\+0:iln(x2+2x+2)+0

=z -arctan(l + x) — /

since 22 + 22 +2 =1+ (1+ )% > 1 > 0. Finally, setting K = —C

1
/arctan(l + a)dx =z - arctan(l + x) — §ln(m2 +2r+2)+ K
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¢) [a*cos(z)dx
Integrate by parts with u = 22, dv = cos(x)dx. We can have du =
2zdx and v = sin(z), so

/ 22cos(x)dz = 22sin(z) — 2 / v - sin(z)da

Integrate by parts again with « = x and dv = sin(x)dxz. Then du = dx
and v = —cos(z), so

/x - sin(z)dxr = —x - cos(x) + /cos(m)dx = —x - cos(z) + sin(x) + C
Thus,
/x%os(m)dm = 2%sin(z) — 2 (—x - cos(z) + sin(z) + C)

= (2% — 2)sin(z) + 2z - cos(z) + K
) Jo - sin(3t)dt
Integrate by parts with u = ¢, dv = sin(3t)dt. Then du = dt, v =
—1cos(3t), so

3
™

/OTr t - sin(3t)dt = /t . sin(St)dt}
0

= {; - cos(3t) + ; / cos(at)dt}:

1
- cos(3t) + sin(3t)}
9 0

@\i—‘ 00\)—‘

1 1 1
=—3m cos(3-m) + —sin(3-m) + 0 cos(3 - 0)—§sm(3 0)

= §+0+0+0:7T/3
(6) Find the following.

) [ sin®(z)dx

Using the half-angle identity

/sinQ(x)dx = / %(1 — cos(2x))dx

1 1.
=52 Zszn(Q:c) +C
) [ 7”;2[1d3:

Use a trigonometric substitution z = sec(f), so dx = sec(0)tan(0)dod

and
Va2 —1=/sec2(0) — 1 = \/tan2(h) = tan()
Then,
/%da@ = / ,:ZZ*((QG)) sec(f)tan(6)do

And then, ummm, I donno.
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(c) foﬂ/4 tan?(x)sect(x)dw
/4 /4
/ tan®(x)sect (x)dx :/ tan®(x)sec? (x)sec? (z)dx
0 0
/4
= /0 tan®(x)(1 + tan®(x))sec*(z)dx

Let u = tan(z), du = sec*(z)dz. z = 0 = u = tan(0) = 0 and
r=n/4d=u=tan(r/4) =1

1 1
:/ u2(1+u2)du:/ (u? + ut)du
0 0
1 1.0 1 1 8
_ | =,3 =5 _ - - =
"[3“ *’5“}0 375715

(7) Find the following.
(a) [ 2t da
Use partial fraction decomposition.

?4+2c—-1 2?4221 A B C

-z  z(x—-1D+1) ;+x71+z+1

=22 4+2r—1=A(x—1)(x+1)+ Bz(z+ 1) + Cx(z — 1)
=(A+B+C)2*+(B-C)z— A
4 1=A+B+C, 2=B-C, —1=-A
=A=1,B=1,C=-1

/ 2?2 +2x—1 / 1 1 1
= [ —————dr = -+ - dx
3 —x z z—1 x+1
=linlz|+Inlz -1 —InjJz+1]+C, x#0,1,-1
() [ e=nGrroyde
2% 4 9 is not factorable over the reals, so
10 A Bx+C

(x—1)(2249) :c—1+:102+9

= 022 + 0z + 10 = A(2? +9) + (Bz + C)(z — 1)
=(A+B)2* + (C — B)z + (94 - O)
=0=A4+B, 0=C—-B, 10=94-C
=A=1,B=-1,C=-1

é/ 10 / 1 T 1 d
I _ _ "
(x—1)(2249) x—1 2249 2249

1 1
=lnjz —1| - iln|x2 +9]— garctan(g) +C

(8) Approximate the integral f14 %dm.
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(a) Use the left endpoint rule with n = 3 subintervals

SetAx:b’T“:‘l;glzland

ro=1,21 =2,20 =3,23 =4
So,
1 1 1 11

1727375
(b) Use the right endpoint rule with n = 3 subintervals
Use same Az and z; from (a)

A= Ax(f(zo) + flor) + f(22)) = 1(

Am Ax(f(an) + flen) + flas) =10+ 24 5y = 13

23 4 12
(¢) Use the midpoint rule with n = 3 subintervals
Use @; = “%J””, S0
_ 3 5 7
531:5, 552*5, $3:§

2 2 2 70 + 42 4 30
A=A T T ) =1{+-+2)=——
B(f(E) + F(E2) + F@) =10 + 2+ 5 = H2
(d) Use the trapezoid rule with n = 3 subintervals
Use the formula T, = %(Ln + Ry), s0 T3 = %(% + %) = %
(e) Use Simpson’s rule with n = 6 subintervals
Use the formula Ss,, = %Mn + %Tn, so Sg = %1%2 =+ %
) .

105
(a) Find [;" e~ %dy
Improper integral so,

o) ) . + . t
/ ey — lim e~y = lim [(_2)6_11/2}
4

t— 00 Jy t — 00 4

= 142/105

= yuck

w‘w
=[Ot

_ bim ((_2)e—t/2 + 26—2) =042 =22
t — 00
. 3
(b) Find [ %dx
Improper integral since 2/,/x has an asymptote at x = 0, so,
) lim % 2 lim
—dxr = —dz =
0 VT t—0t ), V& t— 0t
li
(8- avi) =s-0=3

Tttt

[4val,

oo sin?(

(c) Determine whether [~ = %) dx converges

I suspect it converges since [~ 27 ?dx = [-27'|3* =0+1=1. We

have that

sin?(r)
2

.9 1
0<sin*(z) <1=0< <=
x x

. 2
So [[* S”;#dm converges by the comparison theorem.

(10) Find the area enclosed by the curves.
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_ _ 3+
(a) y=14/x and y = =%
I can’t really sketch here. Let’s find the intersection points.

2
1+\/§:1+§=>\f:§:>a:=%,x20

=22 -92=0=z(r-9)=0=2=0,9
3+
For0§x§9,1+\/§2Tso

i [ (5 ()

9
2 Ly 1, 27 9
- ~ 2 =18- L —0to0=2
[ 6" g U7

3" . 2

(b) dx+y?* =12 and z =y
First express both curves as functions of y, in particular, x = 12— iy?

Now find the intersection points.
Y4dy—12=0=(y—2)(y+6)=0=y =26

For2§y§6,y§12f%y250
A=/ (12 -7y —y)dy=/ (—7v" —y+12)dy
2 2

1, 1, 6 2
S . 12y =-18—-1 24 -+2-24=44
[ oY TV Tt yL 8—-18+7 t3t /3
(11) Find the volume of the solid obtained by rotating the region bounded by
y = 22? and y = 5 — 22 about the z-axis.
Find intersections.
1
Zx2:5—:c2¢x2—4:0é:17::|:2
For -2 <z <2, i:ﬂ < 5 — 22, so using evenness of the integrand,

V= 7r/22 ((5 —2?)? - (ix2>2> d

2 15
= 27r/ (25 — 1022 + a:4> dx
0 16

10 3 .1°
=27 [25x — §x2 + 16335] .
40 . 256

=9 - =
(50 — 5 +6) = =3

(12) Find the arc length of the curves

(a) y:"”—;flnf) with 2 <z <4

d 1
Y — =

dx 4x
4 2 4
/ dy \/ 1 1
L = 1 ) dr = 1 2 _ Z d
/2 + (dm) . /2 e 3" 1622 "
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= /4 (x—i— 41z> dx = [:102/2—|—ln(:1c)/4];L =4+1In(4)/4—In(2)/4=4+1In(2)/4

(b) z=e€"+et,y=5—-2t with0<t<4
d d
&gt et Y

dt dt
4 4

L= / V(e — e )2 4+ (—2)2dt = / ("+e Ndt=e*+e*—2
0 0

(13) What is the work required to empty a conical tank with radius 1 and height
1 which is filled with a liquid with force density 17
The work is given by

dW = xdF = zdV = zdV = zd(Ax) = vAdx

Since the tank is a cone, the area of a slice is 72 where r = 1 — z so

-2

1
dW = mx(1 — 2)*de = W = 7T/ x(1 — x)%dz
0

= W/l(x?’ — 227 + x)dr = 7(1/4+2/3 +1/2) = 177/12
0

0 <0

(14) Find the mean of the exponential distribution function f(z) = { e >0
ce x>

where ¢ > 0.
The mean is

1] :/ zf(x)dx = c/ xe” “dx
—00 0

Integrate by parts with v = x, dv = e~ “dzx, so du = dx and v = —%e’“.

{ 1 —CI 1 / —CT }DO
p=cl——ze "+ - [ e “dx
c c 0

|: 1 —CIT 1 —CLU:|
=c|——ze” " - e
0



