FLOER THEOR Y AND LOW DIMENSIONAL TOPOLOGY

DUSA MCDUFF

Abstra ct. The new 3- and 4-manifold invariants recertly constructed
by Ozsv§th and Szab§ are basedon a Floer theory assaiated with Hee-
gaard diagrams. The following notes try to give an accessibleintro duc-
tion to their work. In the “rst part we begin by outlining traditional

Morse theory, using the Heegaard diagram of a 3-manifold as an exam-
ple. We then describe Witten's approach to Morse theory and how this
led to Floer theory. Finally, we discussesLagrangian Floer homology.
In the secondpart, we de ne the Heegaard Floer complexes, explaining
how they arise as a special caseof Lagrangian Floer theory. We then
brie°y describe some applications, in particular the new 4-manifold in-
variant, which is conjecturally just the Seiberg{Witten invariant.

1. The Floer complex

This section beginsby outlining traditional Morse theory, using the Hee-
gaard diagram of a 3-manifold as an example. It then describes Witten's
approach to Morse theory, a nite dimensional precursor of Floer theory.
Finally, it discussesLagrangian Floer homology This is fundamenal to
Ozsvdth and Szalfs work; their HeegaardFloer theory is a special case
of this general construction. Readerswanting more detail should consult
Ozsv4th and Szalds excellent recert survey article [28]. Since this also
contains a comprehensie bibliography, we given rather few referenceshere.

1.1. Classical Morse theory. Morse theory attempts to understand the
topology of a spaceX by using the information provided by real valued
functions f : X ! R. In the simplest case,X is a smooth m-dimensional
manifold, compact and without boundary, and we assumethat f is generic
and smooth. This meansthat its critical points p are isolated and there is a

point p = 0 the function f may be written as

f(x)=ix2; 66 x2+ xZ; + C0¢+ x2:
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The number of negative squaresoccurring hereis independert of the choice
of local coordinates and is called the Morse index ind(p) of the critical
point.

Functions f : X ! R that satisfy these conditions are called Morse
functions . One analysesthe structure of X by considering the family of
sublewel sets

X¢:=filja ;c:
These spacesare di®eomorphicas c varies in ead interval of regular (i.e.
noncritical) values, and their topology changesin a predictable way as ¢
passesa critical level.

One way to prove this is to consider the negativ e gradient °ow of
f. Choosea genericmetric * on X. Then the gradiernt vector eld r f is
perpendicular to the level setsf i 1(c) at regular valuesand vanishesonly at
the critical points. Therefore one can push a regular level f i 1(c) down to
fil(ci ") by following the °ow of r f. Moreover one can understand what
happensto the sublewel setsas one passesa critical level by looking at the
set of downward gradient trajectories emanating from the critical point p.
The points on this set of trajectories form the unstable manifold

We(p) = fpgl u(s) :s2 R; u(s) = ir f(u(s)); lim u(s)=p :

It is easyto seethat W¢'(p) is di®eomorphicto RY whered = ind(p). Simi-
larly, eadh critical point hasa stable manifold W (p) consisting of tra jecto-
ries that corvergetowardsp ass! 1.

Figure 1: Mor se decompostion oft het or us

For example, if ¢ is closeto minf (and we assumethat f has a unique
minimum) then the sublewel set X € is di®eomorphicto the closedball D™ :=
fx 2 R™ : kxk - 1g of dimension m. When c passesa critical point p of
index 1 a one handle (homeomorphicto [0; 1]£ D™i 1) is added. One should
think of this handle asa neighborhood of the unstable manifold W' (p) 2 R.
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Similarly, when one passesa critical point of index 2 one adds a 2-handle:
seeMilnor [20]. When m = 2, a 2-handle is just a 2-disc, as one can see
in the well known decomposition for the 2-torus T = S £ St given by the
height function: cf. Fig. 1.

The next example shovs how one can use a Morse function to give a
special kind of decomposition of an oriented 3-manifold Y that is known as
a Heegaardsplitting. This description of Y lies at the heart of Ozsv4th and
Szalds theory.

Figure 2: Gems two handebody

Example 1.1. Heegaard diagram of a 3-manifold. Choosethe Morse
function f : Y I R to be self-indexing i.e. sothat all the critical points of
index i lie on the level f i 1(i). Then the cut f i 1(3=2) at the half way point
is a Riemann surface § 4 of gerus g equal to the number of index 1 critical
points of f, and the sublewl set Y37 is a handlelody of genusg, i.e. the
union of a 3-ball D2 with g 1-handles: seeFig. 2. By symmetry, the other
half fi 1([3=2;3]) of Y is another handlebody of gerus g. ThusY is built
from a single copy of the surface§ = f i 1(3=2) by attaching handlebodies
Ue := Y372; U- to its two sides. When Y is oriented, the surface§ inherits
a natural orientation asthe boundary of Ue.

The attaching map of Ug is determined by the loopsin 8§ that bound
discsin Ug: if 8 has gerus g, there is an essetially unique collection of

on the Riemann surface 84. SeeFig. 3. This description (known as a
Heegaard diagram ) is unique modulo somebasicmoves! As an example,
there is a well known decomposition of the 3-spheref (z1; 2o) : jz1j? + jz2j% =
1ginto two solid tori (handlebodiesof gerus1), U; := fj z1j - jzzjgand U, =
fj z1j . jz2jg, and the corresponding circlesin the 2-torus 81 = fj z1j = jzojg

IThese are; isotoping the loops in ®; , changing these loops by \handleslides" and
‘nally stabilizing 84 by increasing its gerus in a standard way.
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Figure 3: Genus 1 and 2 Heegaard diagrams for s3
are
n 1 . 0] _ n 1 ) (0}
® = %(e'”;l):MZ 0,24 ; 1= (%(1;e'“):u2 0,24 ;

with a single intersection point (#; pL). Section 2 in [24] contains a nice
description of the properties of Heegaarddiagrams.

The Oszvath{Szab# invariants capture information about the intersection
points ®& \ | of thesetwo families. Note that eac ® is the intersection
W=3(p;) \ 8§ of the upward gradiert trajectories from someindex 1 critical
point p; of f with the level set§. Similarly, the | arethe intersectionswith
8 of the downward gradiert trajectories from the index 2 critical points gx.
Hence, ead intersection point ® \ ¢ correspndsto a gradiert trajectory
from o to pj.

This traditional version of Morse theory is usefulin somein nite dimen-
sional casesas well, especially in the study of closed gealesics. Here one
looks at the length (or energy) functional F on the spaceX of smooth loops
in X . Its critical points are closedgeadesics. They may not be isolated but
they have nite index. For further discussionseeBott's wonderful survey
article [1].

1.2. The Morse{Smale{Witten complex. Much of the geometric in-
formation contained in a self-indexing Morse function f can be expressed
in terms of the Morse{Smale complex (Ca(X ;f); @. The k-chains in this
complex are nite sumsof critical points of index k:
n X - ® 0
(1.1) Ck(X;f) = ax X ax2Z7Z ;
x2 Crit i (f)

while the boundary operator is determined by the changein the sublewel
setsfi 1(j1 ;c] asone passesa critical level. Witten obsened in [35] that
sublewel sets have little physical meaning. More relevant are the gradient
trajectories between critical points, which occur as \tunnelling e®ects"in
which one state (regime at a critical point) a®ectsanother. His in°uential
paper pointed out that onecould usethesetra jectoriesto give the following
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alternativ e de nition of the boundary operator @: Cx(X;f) ! Cy; 1(X;f)
of the Morse{Smale complex:

X - ®
(1.2) @xi = nx;y) y;
y2Crit ii; 1(f)

where n(x; y) is the number of gradient trajectoriesof f from x to y. (Here
one either counts mod 2 or courts using appropriate signsthat come from
suitably de ned orientations of the trajectory spaces.)Note that the chain
groups depend only on f but the boundary operator dependson the choice
of a genericauxiliary metric t.

We claim that Cs(X ;f) is a chain complex , i.e. that @ = 0. To see
this, note that

- ® X
@y

- ®
n(x;y) @y
2Crit . 1 (f
y2Ciitii 1(f) X

- ®
= n(x;y)n(y;z) z :
yZCritki 1(f) chl’itki 2(f)
The coexcient P y n(x; y)n(y;z) of z in this expressionis the number of
once-brolen gradient trajectories from x to z and vanishesbecausethese
occur in cancelling pairs. In fact the space

M (x;z) = M (x;2)=R = iWf“(x)\ Wfs(z)¢=R

of (unparametrized)? trajectories from x to z is a union of circles and open
intervals whoseendsmay be identi ed with the set of once-brolen gradient
trajectories from x to z. For example, a parametrized trajectory from x to
z whoseimagein M (x; z) is closeto a broken trajectory goesfairly quickly
from a neighborhood of x to a neighborhood of y but spendsa lot of time
negotiating the turn neary before moving o® and approading z.

Therefore the homology H.(X ;f) = ker@im@of this complex is de-
‘ned. It turns out to be isomorphic to the usual homology H.(X) of X.
In particular, it is independen of the choice of metric * and function f .
The complex as de ned in this way is known as the Morse{Smale{Witten
complex, or sometimessimply the Morse complex.

Remark 1.2. Morse{No vik ov theory . There is a variant of this con-
struction whoseinitial data is a closed1-form © on X instead of a Morse
function: seeNovikov [22]. If © represens an integral cohomologyclass, it
hasthe form © = d for somecircle valued function f : X | S, and there
isacoverZ! X! X of X onwhich f lifts to a real valued function f€.
Each critical point of f lifts to anin nite number of critical points of f& The
Morse{Novikov complex of f is essetially just the Morse complex of f€. It
supports an action of the group ring Z[U; Ui 1] of the group fU" : n 2 Zg

2The elemerts a 2 R act on the trajectoriesu : R! X in M (x; z) by reparametrization:
aou(s) = u(s+ a).
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of dedk transformations of the cover X ! X and is nitely generatedover
this ring. One of the HeegaardFloer complexesis precisely of this kind. For
another recert application, seeHutchings{Lee [15].

Remark 1.3. Operations on the Morse complex. Witten's point of
view has proved very fruitful, not only for the applications we discusslater,
but also for the understanding of the topology of manifolds and their loop
spaces,a topic of certral importance in so-called\string topology". Here
the aim is to understand various homological operations (e.g. products) at
the chain level, and it is very important to have a versatile chain complexto
work with. The Morse{Smale{Witten complex ts into suc theories very
well. For example, given three generic Morse functions fy; k = 1;2; 3, one
can model the homology intersection product H; - Hj ! Hij+j; m on an
m-dimensional manifold by de ning a chain level homomorphism

A:Ci(X;f1) £ CG(X;f2) ! Civjj m(X;fa):

The map A is given by courting Y -shaped graphs from a pair (x1;xz) of
critical points in Crit(f1) £ Crit(f») to a third critical point x3 2 Crit (f 3),
wherethe two armsof the Y aregradiert tra jectoriesfor f 1 and f , emanating
from x1;Xx» and the legis atrajegzory for f3 corverging to x3. Thus

A(X1;X2) = N(X1;X2;X3) X3 ;

where n(x1;X2;X3) is the number of sud Y -graphs, courted with signs.
If the functions fy and metric * are generic, then this number is nite

and agreeswith the number of triple intersection points of the three cycles
W (X1); WE,(x2) and W (x3) which have dimensionsii;iz and mj i re-
spectively, whereisz = i1 + i2j m. In fact, there is a bijection betweenthe
set of Y -imagesand the set of such triple intersection points.

This is just the beginning. The tree graph Y hastwo inputs at the top
and oneoutput at the bottom and sode nes a product. Its nonassaiativit y
at the chain level givesrise to a new operation that counts mapsof treesin X
with three inputs and one output. Continuing this way, one may construct
the full Morse{Smale{Witten Al -algebra as well as many other homology
operations sud asthe Steenrad squares:seefor example Cohen|[2].

The fact that the chain complexesof Lagrangian Floer theory support
similar mapsis an essetial ingrediernt of Ozsvath and Szahk§s work.

1.3. Flo er theory. Inspired partly by Witten's point of view but also by
work of Conley [3] and Gromov [14], Floer [9, 10, 11] realisedthat there are
interesting in nite dimensionalsituations in which a similar approad makes
sense.In thesecasesthe ambient manifold X isin nite dimensionaland the
critical points of the function F : X | R have in nite index and coindex.
Therefore one usually cannot get much information from the sublewel sets
Fil(jl1 :c] of F. Also, onemay not be able to choosea metric on X such
that the gradient °ow of F is everywhere de ned. However, Floer realised
that in someimportant casesone can choose a metric so that the spaces
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M (x;y) of gradiert trajectories between distinct critical points x;y of F
have properties analogousto those in the nite dimensional case. Hence
one can de ne the Flo er chain complex using the recipe described in
equations (1.1) and (1.2) above.

We now describe the version of Floer theory used by Ozsvith{Szab§. In
their situation both the critical points of F and its gradient °ow tra jectories
have natural geometric interpretations.

Example 1.4. Lagrangian Flo er homology . Let M bea 2n-dimensional
manifold with symplectic form ! (i.e. a closed,nondegenerate2-form) and
choosetwo Lagrangian submanifoldsL g; L 1. Theseare smooth submanifolds
of dimensionn on which the symplectic form vanishesidentically. (Physicists
call them branes) We assumethat they intersecttransversally and alsothat
their intersection is nonempty, since otherwise the complexwe aim to de ne
is trivial.
Denoteby P := P(Lg;L1) the spaceof paths x from Lo to Lj:

x:[0;1]! M; x(0) 2 Lo; x(1) 2 Lq:

Pick a basepoint xg 2 Lo\ L; consideredas a constart path in P and
considerthe universal cover B basedat xo. Thus elemens in B are pairs,
(x; [R]) where [R] is an equivalenceclassof maps ® : [0;1] £ [0;1] ! M
satisfying the boundary conditions

R(0;1) = Xo;  R(s;i) 2 Li;  R(L;t) = x(1):
The function F is the action functional A : B! R given by
212,
Ax; [R]) = RE(L);
0 o

and its critical points are the lifts to B of the points of the intersection
Lo\ L;. (SeeFig. 4. A doesnot depend on the homotopy classof the map
R because! is closedand vanisheson the L;.)

Figure 4. The Path space P~ and a h olomo rphic tria ngle
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Now, let usconsiderthe A-gradient tra jectoriesbetweenthe critical points.
Since P is in nite dimensional these depend signi cantly on the choice of
metric. We usea metric on B that is pulled badk from a metric on P that, in
turn, is determined by a particular kind of Riemannian metric on M , namely
a metric g; givenin the form gy (v;w) = ! (v;Jw) whereJ : TM ! TM is
an ! -compatible® almost complex structure on M. It then turns out* that
the gradiernt trajectoriese: R! [ of A are given by J-holomorphic strips

u:RE [0 1]! M; u(s;t) := e(s)(t);
in M with boundary on Ly and L1:
1.3) @Qu+Jw@u=0;, u(s;0)2Lp u(s;1)2Ly:

One cannot always de ne a Floer complex in this setup because@ may
not always vanish. The basicproblem is that it may beimpossibleto de ne a
good compacti cation of the 1-dimensionaltra jectory spaces¥ (x; z) simply
by adding once-brolen trajectories. (There is recert work by Fukaya{Oh{
Ohta{Ono that setsup a framework in which to measurethe obstructions
to the existenceof the Floer complex.) However, Ozsvith{Szab® considera
very special caseof this construction in which the Lagrangian submanifolds
arise from the geometry of the Heegaarddiagram. In their case,@ = 0 and
so the Floer homology groups HF.(Lo;L1) are de ned. Moreover they are
independert of the choice of almost complex structure J on M and of any
perturbations usedin their construction.

Just as in the case of the Morse complex where one can de ne vari-
ous products on the chain level by courting imagesof Y s and other trees,
one can de ne topologically interesting chain maps betweenthe complexes
CFa(Li; L;) for di®erert Lagrangian pairs by courting holomorphic triangles
(think of these as fattened up Y s) or other polygons, with ead boundary
componert mapping to a di®erert Lagrangian submanifold L;. For short
we refer to the collection of suth maps as the naturalit y prop erties of
Lagrangian Floer theory. Theseproperties lie at the heart of the proof that
the HeegaardFloer groups depend only on the manifold Y rather than on
the chosenHeegaardsplitting. They can also be usedto establish various

3This meansthat ! Jv;Iw) = I (v;w); and ! (v;Jv) > O for all nonzerov;w 2 TyM:
These equations generalisethe well known relations between the KAhler metric g; and
KAhler form ! on a KAhler manifold M. The only di®erenceis that the almost com-
plex structure J need not be integrable, i.e. need not come from an underlying complex
structure on the manifold M.

4The assaiated L ,-inner product on the tangent bundle of the path spaceis de ned
as follows. Given a path x : [0;1]! M, the tangent spaceTx(P) consists of all (smooth)
sections » of the pullback bundle x*(TM), i.e. »(t) 2 TyyM for all t 2 [0;1] and satis es
the boundary conditions »(i) 2 Ty()L; for i = 0;1. Given two such sections »; ", we set

1

- ®
» o= . g (>(1); " (1)) dt:

Then the g;-gradient of A is the vector “eld rA dened by setting the inner product
rA ;» equal to dA(»); (the di®erertial dA evaluated on the tangent vector ».)
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interesting long exact sequencesn the theory. Similar structures appear in
Seidel'swork [32] on the Fukaya category of a symplectic manifold, the
basis of one side of the homological mirror symmetry conjecture.

2. Heegaard Floer theor y

In this section we rst de ne the HeegaardFloer complexes. Then we
brie®y describe someapplications.

2.1. De nition  of the invariants. We sav in Example 1.1 that an ori-
ented 3-manifold Y is completely determined by a triple (8 ;®; ) where§ is
a Riemann surfaceof gerus g and ®;,  are setsof disjoint embedded circles
®=f®;::;®0  =Tf ;i1 ¢O

Ozsvdth and Szabfs ideais to usethis data to construct a symplectic mani-
fold (M ;! ) together with a pair of Lagrangian submanifoldsTe; T- and then
to considerthe corresponding Floer complex. This is a very rough version of
their idea: in fact the manifold is not quite symplectic, the submanifoldsare
not quite Lagrangian and they also put someextra structure on the Floer
complex. The most amazing thing about their construction is that it does
give interesting 3-manifold invariants.

For simplicity we shall assumethroughout the following discussionthat
Y is arational homology sphere, i.e. that Ha(Y;Q) 2 Ha(S%; Q). This
meansthat the abelianization H1(Y ;Z) of the fundamertal group Y4(Y) is
“nite, that H,(Y;Z) = 0, and that Y is orientable. Howewer, the invariants
may be de ned for all oriented Y.

The manifold M: This is the g-fold symmetric product M4 := Sym9§
of 84, i.e. the quotient v
Mg = §=5;,

Q 9
of the g-fold product g§ = 8§ £ ¢CCE 8§ by the obvious action of the
symmetric group Sy on g letters. Mg is smooth: if C is a local chart in §
then the points in SymIC are unordered sets of g points in C and hence
are the roots of a unique monic polynomial whose coexcients give a local
chart on SymIC. However, My has no natural smooth structure; it inherits
a complex structure Jy from the choice of a complex structure j on §,
but di®eren choicesof j give rise to di®eren® smooth structures on Myg.
Similarly, although (Mg;Jm) is a KAhler manifold and so has symplectic
structures, there is no natural choice of symplectic structure on Mg.

SThese smooth structures s; are di®eomorphic. They are di®erert in the sensethat the
identity map (M;s;) ! (M;sjo) is not smooth. Readersfamiliar with complex geometry
might note that Sym98 4 is a rather special complex manifold. It is birationally equivalent
to the Picard variety Pic9(§) 2 T29 of §: to get a map Sym?§ ! Pic%(8) think of the
set of g points as a divisor and map it to the point in Pic?(8) given by the corresponding
degreeg line bundle.
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The manifold M 4 hasrather simple homotopy and cohomology For exam-
ple, in gerustwo M» := Sym?§, is a 1-point blow up of the standard 4-torus
T4, i.e. topologically it is the connectedsum of T# with a negatively oriented
copy of the complex projective plane. In general,¥%4(Mg) 2 H{(Mg; Z) is
abelian of rank 2g. In fact the inclusion 8 £ pt £ ¢¢¢£ pt inducesan iso-
morphism H1(8 g) 2 ¥4(Mg). When g > 1 the cohomologyring of M4 has
one other generatorin H 2(Mg) that is Poincar§ dual to the submanifold

fzg£ Sym% 1(8) Y Mg;

where z is any xed point in §. Further when g > 2 %(Mg) = Z, with
generator

S2° §=1" Sym(§) ! Symd(§);

where we think of the 2-sphereS? asthe quotient of § by a suitable involu-
tion Y2(e.g. the hyperelliptic involution) and set

2) := [z;%2)] 2 Sym?§; z2 §:

When g = 2 the situation is a little more complicated. Nevertheless,in all
casesthe simple structure of ¥3(Mg) is one of the reasonswhy Ozsviith{
Szalfls boundary operator @has @ = 0. (Tednically, it meansthat they
are working in the monotone case.)

The tori Te; T-: Becausethe circles® are mutually disjoint, the product

Y
@£ CCOE ® % §
g

maps bijectively onto a torus Te in Mg. This torus is clearly totally real,
i.e. its tangent bundle TTg intersects Jy (TTe) transversally. There is
no natural smooth symplectic structure on My that makesit Lagrangian,
but this does not really matter since its inverseimage in the product is
Lagrangian for product symplectic forms.

If the ® and | intersect transversally then the two tori Te; T- also
intersect transversally. Each intersection point can be written as

X = (X15::05 Xg); Xk 2 &\ Ty, kK= 100000 Ya2 Sy

The tra jectory spaces M (x;y): Fix a complex structure j on 8 and
considerthe corresponding complex structure J = Jy on the symmmetric
product My. Given two intersection points x;y 2 Te\ T- the elemens
in M (x;y) are the J-holomorphic strips u : R£ [0;1] ! Mg from x to
y satisfying the conditions of (1.3). The domain R £ [0; 1] is conformally
equivalent to the closedunit disc D in C with the two boundary points §i
removed. Thus Ozsvith{Szab® think of the strips as cortin uous maps

u:D! Myg;
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that are holomorphic in the interior int D and take the left boundary @D\
f< z < 0g to Te and the right boundary @\ f<z > Og to T-. Continu-
ousmapsA: D! Mg that satisfy these boundary conditions but are not
necessarilyholomorphic are called Whitney discs from x to y.

Onecande ne acomplexwhoseverticesare the intersectionpoints Te\ T-
and whose boundary map is given as in equation (1.2) by courting the
number of elemers in the 0-dimensionalcomponerts of M (x;y)=R. As we
explain in more detail below (cf. equation 2.1)), the mapsu : D! Mg in
this moduli spacelift to holomorphic mapsw : F ! §, whereF ! Dis
a suitable g-fold branched cover. Thus the discsu can be understood by
looking at their lifts to §, a fact which makesit possibleto analyse the
boundary map from a geometric point of view.

However, this complex cortains no interesting information: its homology
dependsjust on Ha(Y). Therefore Ozsvith and Szahy add two piecesof
extra structure. Firstly, they obsened that this complex decomposesinto a
direct sum of subcomplexesthat are indexed by the Spin°-structures® s on
Y. Secondly they work in a suitable covering B of the path spaceP (Te; T-)
with ded transformation group Z. By taking the action of the generatorU
of this group into accourt asin Remark 1.2, they de ne various di®erer,
but related, chain complexes

CF! (Vi) @F(Yis); CF'(Yis) CFI(Y:s); CFreg(Y;9):

Whitney discs and Spin ¢-structures:  Givenx;y 2 Te\ T- we denote
by ¥(x;y) the setof homotopy classesf Whitney discsfrom x to y. Recall
from Example 1.1 that ead intersection point ® \ ¢ lies on a unique f -
gradient trajectory in Y that connectsan index 2 critical point gx to anindex
1-critical point pj. Thusthe point x 2 Te can be thought of asa g-tuple of
sudh gradient °ow lines connecting ead p; to someg. The corresponding
1-chain °y in Y is called a simultaneous tra jectory .

When g > 1 there is a Whitney discA: D! Mg from x to y only if the
1-cycle®yx i °y is null homologous. To seethis, considerthe commutativ e
diagram

F A Qg
(2.1) #o Yotk
D " symds:

whereF | D isasuitable (possiblydisconnected)branched g-fold cover (the
pullback of ¥sby A.) Denote the componert functions of Rby & : F ! §.
The inverseimagesof the points §i 2 @ divide the boundary of F into arcs
that that are taken by the & alternately into subarcsof the ® and ~ curves

6This gives a point of contact with the Seiberg{Witten invariants, which depend for
their very de nition on the choice of a Spin°®-structure.
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joining the intersectionsin x to thosein y. Each such subarcin an ® -curve
extendsto a triangle in Y consisting of f -gradient °ow lines in the stable
manifold W*(p;). Similarly the subarcsin | extend to triangles in the
unstable manifolds W"(qk), and it is not hard to seethat the union of these
triangles with the surfaces& (F) form a 2-chain with boundary °x i °y: see
Fig. 5.

%4r

WY(q,)
9

+

S
pg W (pj)

Figu e 5: Whitney disc gives chain in Y wit h boundar y gl- g¥

We sa that two intersection points x;y are equivalent if Yp(x;y) is
nonempty. Using the Mayer{Vietoris sequencefor the decomposition Y =
Y1[ Y2 onecan ched that the di®erencesy | °y generateH(Y;Z). Hence
theseequivalenceclassedorm an atne spacemodelled on the nite abelian
group H1(Y;Z). The set of Spin® structures on Y is also an atne space
modelled on H1(Y;Z) 2 H2(Y;2).

We now explain how the choice of a point z 2 § that doesnot lie on any
® or  curve determinesa natural map

s, Te\ T-! Spin%(Y)
sudh that s;(x) = s,(y) i®°xj °y = 0.
A Spin®-structure on Y may be thought of as a decomposition of the
(trivial) tangent bundle TY into the sumL © R of a complexline bundle L

with atrivial real line bundle,” and so correspondsto a nonvanishing vector
“eld »onY (a sectionof R) that is well de'ned up to homolagy.® Therefore

A Spin®-structure on Y is a lift of the structural group SO(3) of the tangent bundle
TY to the group Spin®(3) := Spin(3) £ 7=z S* = SU(2) £ z-o; S*.

8Two nonvanishing vector elds are called homologousif one can be homotoped through
nonvanishing vector “elds to agreewith the other except on a "nite union of 3-balls.
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to de ne s;(x) we just needto assaiate a nonvanishing vector eld ¥ to
x that is well de ned modulo homology But z lies on unique f -gradiert
trajectory °, from maxf to minf. This, together with the simultaneous
trajectory °y, pairs up the set of critical points of f. Since ead pair has
index sum 3, the gradient vector eld r f of f can be modi ed near these
trajectories to a nonvanishing vector eld ¥s. Then % = r f outside a
union of 3-balls and sois well de ned up to homology. We therefore set

Sz(X) = [%] 2 Spin®(Y):

De nition of CF! (Y;s): Givena Spint-structure s, denoteby S % Te\
T- the corresponding set of intersection points. We de ne CF1 (Y;s) to
be the free abelian group with generators[x;i] 2 S £ Z and with relative
grading ; ¢
or GiLLY;i] =2 (AT 200 1+ n(A):

Here Ais any Whitney discfrom x to y, n,(A) is its intersection number with
the generatorf zg£ Sym% 1(8) of Han; 2(Mg) and t (A) is its Maslov index,
that is, the expected dimension of the set M (x;y;A) of all componerts of
the trajectory spaceM (x;y) that cortain elemernis homotopic to A. One
can shaw that the number t (A) j 2n,(A) is independert of the choice of A.
We then de ne the bo;ndary opt;(rator + by:

1 ([x;i]) = n(Gy;A) [y;ii nz(A);
y2S  A2¥%(x;y):t (A)=1

wheren(x;y;A) denotesthe (signed) number of elemeris in
R (x;y;A) =M (x;y;A=R:

For the reasonsoutlined in Example 1.4, (! )2 = 0. HenceCF*! (Y;s) is a
chain complex.

Deniton of CF8(Y;s) and éF(Y; S). Since the submanifold fzg £
Sym? 1(8) is a complex hypersurface,any holomorphic trajectory meetsit
positively. In other words, n,(A) . 0 whenewr M (x;y;A) is nonempty.
Therefore the subsetCF i (Y;s) generatedby the elemerts [x;i] with i < 0
forms a subcomplex of CF! (Y;s). We de ne CF*(Y;s) to be the quotient
CF! (Y;s)=CFi (Y;s), i.e. the complex generatedby [x;i], i , 0. All three
complexesare Z[U]-modules where U acts by

Uelx;i]= [x;ii 1]
reducing grading by 2. Finally we de ne @F(Y; s) to be the complex gen-

erated by the kernel of the U-action on Cé):* (Y;s). Thus we may think of

@F(Y; s) asgeneratedby the elemens x ;x 2 S; with di®ererial
- ® X X - ®
Bx = nix;y;A vy ;
Y A2¥(x;y):t (A)=1;nz(A)=0
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i.e. we court only those trajectories that do not meet f zg £ Sym9 1(8).
The corresponding homology groups are related by exact sequences
(2.2)

il HEL(YG9) il HEL (e il HE* (e if
it HBE(Y;s) it HEY(Y:9) iY HF*(Y:s) !

There is yet another interesting group, namely H F.o4(Y;s), the cokernel of
the above map % This vanishesfor the 3-sphereand for lens spaces.Later,

we will usethe fact that there is a pairing HF* - HFi | Z; that induces
a pairing

- ®
(2_3) q; ¢ . H Fred = H Fred I Z.

The following result is proved in [24].

Theorem 2.1. Each of theserelatively Z-graded Z[U]-modulesis a topolog-
ical invariant of the pair (Y;s).

The proof that these homology groups are independent of the choice of
almost complex structure j on §, of isotopy class of the loops ®; ; and
of basemint z, usesfairly standard argumens from Gromov{Witten{Flo er
theory. To seethat they remain unchangedunder handleslidesof the curves
in ®,  one usesthe naturality properties of Lagrangian Floer homology
de ning a chain map by courting suitable holomorphic triangles; cf. the
discussionfollowing equation (2.4) below. Finally the fact that they are
invariant under stabilization of the Heegaardsplitting usesa \stretc h the
nek" argumert.

At st glanceit is not at all clear why one needssuc a variety of homol-
ogy groups. However, if we ignore the action of U and consideronly HF*
we get very little information. Thus, for example, it is shonvn in [24] that
when'Y is a rational homology 3-sphere

HFL(Y;s) 2 Z[U;UT Y

for all choicesof s.° In fact the di®erert complexesHF are just ways of
encading the subtle information given by the basemint z. For they may all
be de ned in terms of the chain complex CFi (Y;s) of Z[U]-modules:

2 CF1!(Y;9) is the \lo calization" CFi (Y;s)- Z[U;Ui 1],
2 CF*(Y;s) is the cokernel of the localization map, and
2 @F(Y;s) is the quotient CFi (Y;s)=U ¢CFi (Y;s).

The relations between these complexesare reminiscert of those occurring
betweenthe di®ereri homology groups of a spaceX with S* action. This

9A similar phenomenon occurs in the Hamiltonian Floer theory of the loop spaceof a
symplectic manifold M. The resulting homology groups FH«(M ;H;J) are always (addi-
tiv ely) isomorphic to the homology of M, but one gets interesting information by Ttering
by the values of the action functional.
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is no accidert: the group M F is intended to resenble the ordinary homol-
ogy of an S'-spaceX with a single xed point, while HF* is analogous
to its equivariant homology H§1(X). The secondexact sequencein (2.2)
then has the form of the Gysin sequenceof the bration S*! X ! Xagu,
where Xs1 := ESL£4: X is the spacewhosehomologyis HS (X). In the
conjectured equivalencebetweenHeegaardFloer homology and the Seiberg{
Witten{Flo er theory of Y (which is an S'-equivariant theory), the elemer
U corresponds to the generator of H,(B S?), although the underlying geo-
metric reasonfor this is not yet fully understood: seelee [17].

Example 2.2. Considerthe caseY = S°. We saw in Example 1.1 that this
hasa Heegaardsplitting consistingof a torus T2, with a single® and a single
~ curve intersecting oncetransversally at x: Denote by s the unique Spin ¢-
structure on S3. Then the complex CFi (S3;s) has generators[x;i];i < O;
and trivial boundary map (this hasto vanish sincethe relative gradings are
even). This determines all the other groups; for example, d F(S®) 2 Z.
There are many other Heegaardsplittings for S3. Ozsv4th{Szab§ give an
examplein [28, x2.2] of a gerus 2 splitting where the di®ereriial @depends
on the choice of complex structure j on 8,. This might seemparadaxical.
The point is that the di®erertial is given by counting holomorphic discsin
Sym?(8), but asin diagram (2.1) thesecorrespond to courting imagesin §

of somebranched cover F of the disc, and theseimagescan have nontrivial

moduli. This shows that Heegaard Floer theory is not ertirely combina-
torial: the next big advance might be the construction of combinatorial

invariants, possibly similar to Khovanov's new knot invariants [16]. For
recert work relating Khovanov homology to Lagrangian Floer theory and
HeegaardFloer theory, seeDun eld{Guto v{Rasmussen[4], Manolescu[19]
and Seidel{Smith [33].

One can make various additional re nements to the theory. For example,
when Y is a rational homology sphereit is possibleto lift the relative Z-
grading to an absolute Q-grading that is respected by the naturality maps
we discussbelow: see[x3.2][29. Ozsvdth{Szab§ also de ne knot invariants
in [26] and usethem in [27] to give a new obstruction for a knot to have
unknotting number one. HeegaardFloer theory has many other interesting
consequenceor knot theory: seefor examplerecen papersby Ekterkary [5],
Livingston{Naik [18], Plamenevskya [29], and Rasnussen[30].

2.2. Prop erties and Applications of the invarian ts. The power of Hee-
gaard Floer theory comesfrom the fact that it is well adapted to certain
natural geometric constructions in 3-manifold theory, such asadding a han-
dle or performing a Dehn surgery on a knot, becausethese have simple
descriptions in terms of Heegaarddiagrams. Here is the basic geometric
construction.

Supposegiventhree sets®; ;° of g disjoint curveson the Riemannsurface
§ g that arethe attaching circlesfor the handlebodiesUg; U-; U-. Then there
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are three assaiated manifolds
Y®;_= U®[ U-; Y®;° = U®[ U ; Y_;o = U_[ Uo:

We now construct a 4-manifold X = Xg—- with these three manifolds as
boundary componerts. Let ¢ be a triangle (or 2-simplex) with vertices
Ve, V—; Ve and edgeseg; e-; e (Where ep lies opposite vg), and form X from
the four pieces

.E )

Yag= Us E Uy

Figure 6: The 4-manifold X abg (with Sre presentedasanin terval)

i ¢ i ¢ ¢ ¢

CE8 t epE Upt ee£U-t e £ U
by making the obvious identi cations along @ £ § and then smoothing. For
example,the part eg £ § of @ £ § isidenti ed with ep £ @QJe: seeFig. 6.
The resulting manifold has three boundary componerts, one corresponding

to ead vertex, with Yg.~ lying overve = ep\ e- for example. One can orient
X sothat

@ =i Yo i Y+ Yer:
This elemenary cobordism is called a pair of pants cobordism. Counting

holomorphic triangles in Mg with boundaries on the three tori Te; T—;Te
givesrise under good circumstancesto a map

(24)  f' :CF! (Yoriser) - CF!' (Y=ris)! CF! (Yeriser):

(Here the Spin® structures are assumedto extend to a common Spin°® struc-
ture son X.)

There are someinteresting special casef this construction. For example,
the proof of handleslideinvariancefollows by taking ° to be a setof Heegaard
circlesobtained from ® by handleslides. The construction canbe alsousedto
obtain a long exact surgery sequence which is very useful in analysing
the e®ectof rational Dehn surgerieson Y. Here we shall concerirate on
explaining someof the corresponding naturalit y properties of the theory.

Maps induced by cobordisms: Supposethat Y is obtained from Yy by
doing a O-surgery along a framed knot K. This meansthat we choose
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an identi cation ° of a neighborhood N (K ) with S £ D2, attach one part
@2 £ D2 of the boundary of the 4-ball D2 £ D? to Y; via the obvious map

A:@?£D?! S'£D?" N(K) %Yy
and then de ne Y; to bega smoothed out version of the union
Y= YinintN(K) tx(D2£ SY;

where A identi'es the boundary torug S'£ Slin D2£ S!to @ (K). Note
that the 4-manifold W = '[0;1]£ Y; t 5 (D?£ D?) is a cobordism from Y;
to Y, obtained by adding a 2-handleto [0;1]£ Y; along N (K) %2f1g£ Y;.

Givenaknot K in Y, onecanalways choosea Heegaarddiagram (8§ ;®; )
for Y, sothat K liesin the surface§ j > ¢¢¢ 4 (and is giventhe obvious
framing) and intersects ; oncetransversally. Pushing K into U-, one sees
that this is equivalert to requiring that K is disjoint from the discsD; with
boundary ; for j > 1 and meetsD; transversally in a single point. Hence
onecan construct a suitable diagram by starting with a neighborhood N (K )
of the knot and then adding 1-handlesto obtain U-. Sincedoing 0-surgery
along K adds a disc with boundary K, it is easyto ched that

Yo = Yoo, °:=1K; 20005 g0
Further Y-- is a connectedsum #( S? £ S') of copiesof S? £ S, and sois

standard. Pairing the map f 1 in equation (2.4) with a canonical elemert
in HF® (Y-.) one obtains a map

f1 o HFL (Yois)! HF! (Yorsp)

for suitable s;.
This construction can be extendedto any cobordism.

Lemma 2.3. Suppmsethat X is an oriented connected colordism from Y;
to Yo, wher each Y; is an oriented connected 3-manifold. Then, for each
Spin®¢ structure s on X there is a natural induced map

Fx.s :HFY (Yy;s1) ! HF! (Yas0);
where s; is the restriction of s to ;.

There are corresponding maps for the other groupsHF 8 ; d F and soon,
that are well de ned up to an overall choice of sign. All of them have the
obvious functorial properties, behaving well for exampleunder compositions
of cobordisms. Another important property is that the image of the induced
map

Fis :HF  (Yiis1) ! HF' (Y2;5)

107his is called a framing of the knot. It corresponds to choosing a pair of linearly
independert vector “elds along K that trivialize its normal bundle. Note that any knot
in S® has a canonical framing: becauseH»(S®) = 0, K bounds an embedded surface S in
S® and one can choosethe Tst vector eld to be tangent to S.
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is contained in HFrq if by (X) , 1. (This is the st appearanceso far
of this condition!! on b5 which is so ubiquitous in Seiberg{Witten theory.)
In other words, im F>i(;S is cortained in the image of the boundary map
+:HF* ! HFI in the long exact sequencg2.2).

Thesefunctorial properties are the basisfor most applications and calcu-
lations: seefor example, N&methi [21], Owens{Strle [23].

A 4-manifold invariant: We now de ne an invariant ©x.s of a closed
connected 4-manifold X with Spin®-structure s. Conjecturally it agrees
with the Seiberg{Witten invariant. Its construction illustrates the use of
the di®eren groupsHF.

Supposethat X is a closed connected 4-manifold with by (X) > 1 and
Spin®-structure s. (For example,any symplectic 4-manifold has a canonical
Spin®-structure.) An admissible cut of X is a decomposition of X into
two piecesX 1; X 2, ead with b’Z'(Xi) ., 1,alonga3-manifold Y := X1\ Xo.
We assumealso that the restriction map

H2(X) ! H*(X1) ©H?(X2)
is injective. Delete small 4-balls from the interior of ead piece X; and
consider them as giving cobordisms from S3 to Y. Denote g := [x;j 1] 2
HFi (S%) (cf. Example 2.2%). Then consider

— il i
©X S T + inl;sl

W, 2Z;

X2;82

where we usethe pairing (2.3) on H Feq(Y;s). This elemen turns out to be
independen of choicesand nonzerofor symplectic manifolds. (In this case
it can be calculated using a decomposition of X coming from a Donaldson{
Lefschetz pencil.) Hencein any admissible cut of a symplectic manifold,
H Freq(Y) must be nonzero. Ozsvith{Szab§ concludein [25] that:

Prop osition 2.4. A connected closel symplectic 4-manifold X has no ad-
missiblecut X = X1[ X2 suchthat Y := X1\ X5 hasHFq(Y;s) = 0 for
all s.

The st proof of this wasin the caseY = S® and is due to Taubes[34].
He combined the well known fact that gaugetheoretic invariants vanish on
connectedsumstogether with his proof that the Seiberg{Witten invariants
do not vanish on symplectic 4-manifolds.

Rational homology 3-spheresY for which HF* hasno torsion and where
HFeq(Y;s) = O for all s are called L-spaces in [28, x3.4]. All lens spaces
are L-spaces,but not all Brieskorn homology spheresare: §(2;3;5) is an
L-space,but 8§(2;3;7) is not (seeRustamov [31]). The classof L-spacesis
not yet fully understood, but it has interesting geometric properties. For
exampleit follows from the above proposition that L-spacesdo not support

11Given a connected, oriented 4-manifold X , b, (X) is the number of positive squares
in the diagonalization of the cup product pairing on H?(X;@X). The relevant fact here
is that when by (X ), 1 there is a closedsurface C in X with self-intersection C ¢C , 0.
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any taut foliations, i.e. foliations in which the leavesare minimal surfacesfor
someRiemannian metric on Y; for if Y supports such a foliation then results
of Eliashberg{Thurston [7], Eliashberg [6], Giroux [13] and Etnyre [8] about
contact structures allow oneto construct a symplectic manifold X that has
an admissiblecut with Y = X1\ X».

As a nal corollary, we point out that similar argumerts imply that Hee-
gaard Floer theory candetect the unknot in S3. This meansthe following.
Supposethat K is a knot in S* and denote by S3(K) the result of doing
O-surgeryalong K with the canonical framing described above.

Corollary 2.5. If HF(S3(K)) = HF (S3(unknot)) then K is the unknot.

Sketchof proof. Let Y = S3(K). Supposethat Y 6 S3(unknot) = S? £ St
By a deepresult of Gabai [12], Y admits a taut foliation. As above, this
implies that HFeq(Y;s) 6 0 for somes. But HF.q(S? £ S';s) is always
0. o

Ac knowledgemen ts. | thank Zoltn Szalland Jacob Rasnmussenfor help-
ful commerts on the rst draft of this note.
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