INTERPOLATION AND SAMPLING HYPERSURFACES FOR THE BARGMANN-FOCK
SPACE IN HIGHER DIMENSIONS

JOAQUIM ORTEGA-CERD\, ALEXANDER SCHUSTER, AND DROR VAROLIN

ABSTRACT. We study those smooth complex hypersurfddes C" having the property that all holomorphic
functions of finite weighted.” norm onW extend to entire functions with finite weightdd® norm. Such
hypersurfaces are called interpolation hypersurfaces. We also examine the dual problem of finding all sampling
hypersurfaces, i.e., smooth hypersurfadésn C" such that any entire function with finite weight&d norm
is stably determined by its restriction 1.

We provide sufficient geometric conditions on the hypersurface to be an interpolation and sampling hyper-
surface. The geometric conditions that imply the extension property and the restriction property are given in
terms of some directional densities.

INTRODUCTION

Letw = /—109|z|? denote the standard Euclidean formdn. Fix a smooth closed complex hypersur-
faceW c C™ and a plurisubharmonic functian such that for some contant§ C’ > 0,

Cw < \/—_18&0 < C'w
in the sense of currents. For brevity, such an estimate will sometimes be de,l‘}e_ﬂeiﬁcp ~ W,
Forp € [1,00), let
BFT(C") == {F e 0(C"); / |F|Pe ™ PPu" < +oo}
and
o2 i= {7 € oWy [ [Peraunt < ool

denote the generalized Bargmann-Fock spaces of weighitdtblomorphic functions o™ and W re-
spectively. Wherp = +o0o we replace the integrals by suprema. The classical Bargmann-Fock space
corresponds to the cagéz) = |z|2.
Definition. LetW be a uniformly flat smooth hypersurfaceGfi. (See section 2.)

() We say¥ is an interpolation hypersurface if for eaghe bfl, (W) there existd” € B3%,(C") such

that F/|W = f.
(i) We saylV is a sampling hypersurface if there is a constafit= M (p, W) such that for allF’ €
BIL(C"),
1
1) — |F|Pe PPu™ < / |F|Pe PPt < M |F|Pe PPw"

whenp < +o00, or a similar estimate involving suprema in place of integrals when cc.

The goal of this paper is to find geometric sufficient conditions for a uniformly flat hypersuiifaicebe
interpolating or sampling. A key concept is given in the following definition.
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The second author is partially supported by NSF grant DMS0400909 .
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Definition. LetT € ¢(C™) be a holomorphic function such thét = 7-!(0) anddT is nowhere zero on
W. Foranyz € C" and anyr > 0 consider the (1,1)-form

o - 1 0” log [T ,, i —j
Tw(z,r):= Z-]Zl <V01(B(z,r)) /B(”) 9Ci0c w (C)) V—1dz" N dZF.
Remark. Clearly the definition offyy (z,7) is independent of the choice of the functiBrdefining V.
Moreover, ifOy, is the current of integration associated Yo thenYyy is the average 0By in a ball of
centerz and radiusr > 0:

100,
Vol(B(0,7))’
wherel 4 denotes the characteristic function of a setind x is convolution. Thus, in particular, the trace
of Tw (z,r) is precisely the average area Bf in the ball of radius- and center..

Tw = Ow *

A useful concept in the study of interpolation and sampling for smooth hypersurfaces is the density of
these hypersurfaces. Let
_ Apon e
T Nol(B(0, 1))

Definition. The density ofV in the ball of radius- and center: is

Ty (z,7)(v,0) - o
V—100p,(v,v)’ € Iens {0}}

D(W, z,r) := sup {

The upper density di is
DY (W) :=limsup sup D(W,z,7)

r—oo zeCn
and the lower density di is
D= (W) :=liminf inf D(W,z,7).

r—oo zeCr

Remark. Observe thaD (W, z,r) < (1 — ¢) for somec > 0 if and only if
Tip(z,7) < (1 — )V =100,(2).

On the other hand, a lower bound fdp(W, z,r) tells us only that the largest eigenvalue of the form
Tw(z,7) — /—100p,(2) is uniformly positive.

Our main results can be stated as follows.

Theorem 1. Let W be a uniformly flat hypersurface. B (W) < 1 thenW is an interpolation hypersur-
face.

Theorem 2. Let W be a uniformly flat hypersurface. B~ (W) > 1 thenW is a sampling hypersurface.

Remark. Strictly speaking, we prove Theorem 1 only for the cases p < oo. We omit the range

1 < p < 2 because of the absence of a suitable referencd fogstimates for solutions @f in this range.
However, the needed estimates are known in dimension 1 (in even greater generality) and in certain special
cases, and they must surely hold in general. We give a proof for the large < 2 modulo the required
estimates.

The hypotheses in Theorems 1 and 2 have a geometric interpretation. For simplicity, consider the classical
Fock space, which correponds¢o= |z|2. ThenYy(z,7)(v,v) is the average number of intersections of
the manifoldi?” with a complex line of directiom in the ball of center and radius. ThusD* (W) < 1
means that in any point and in any directiorv the average number of intersecting points between the
manifold and a complex line in the direction ofis smaller than some critical value. On the other hand
D~ (W) > 1 means that for any pointthere is a directiom (which may depend on the poip} such that



INTERPOLATION AND SAMPLING IN HIGHER DIMENSIONS 3

in the ball of radiug- and center: the average number of intersections betw8érand the complex line
with directionv is bigger than some critical value.

Intuitively speaking, the interpretation of our theorems is that if we WErib be interpolating it must be
sparse in all points and all directions, but if we want it to be sampling it must be dense in all points, but only
in one direction for any given point.

Interpolation and sampling problems in the generalized Fock space have been studied previously. In
dimension one there is a full description given in [BO-95] that corresponds to our Theorem 1 and Theorem 2.
In dimension 1 the conditions we require are also necessary. This was proved in [0S-98]. It seems plausible
that this is also the case in higher dimensions, but the question of necessity remains open.

In several complex variables, there have been many partial and related results. See for instance [BT-82],
[Ber-83] or [Dem-82]. In these works hypotheses are placed on the furittionO(C™) definingW =
Z(T) in order thatW be interpolating in the sense of Berenstein-Taylor,that is to say, any holomorphic
functionh defined onlV and satisfying a growth condition

[h(2)] < Cexp(Cp(2))

can be extended to an entire function satisfying similar bounds (perhaps with a different constant). For
instance a result can be found in [BT-82] stating thais interpolating in this sense if

|0T|| > Cexp(—C) onW.

Our results do not involve the defining functi@n appealing instead directly to the current of intergration
definingl¥. In this sense our results are more geometric in nature.

The organization of the paper is as follows. In Section 2 we define and discuss the notion of uniform
flatness. In Section 3 we define a non-positive function that is singular along the Jérigkg in [BO-95],
this function is used to modify the weight of the Bargmann-Fock space in order to apphytheahider-
Bombieri-Skoda technique in the proof of Theorem 1. A central point is the use of the Newton potential
in the construction. In Section 4 we prove Theorem 1. We begin withi.thease. Our approach is to
first extend the candidate function to small neighborhoods, and then to patch together these local extensions
using the solution of a Cousin | problem wifl¥ bounds. To pass tb” we use results of Berndtsson a#
bounds for minimalL? solutions ofd. In Section 5 we prove Theorem 2. Finally, in Section 6 we give a
simple application of our results to improve on known sufficient conditions for sequences to be interpolating
or sampling inC™, n > 2.

Acknowledgement. The authors would like to thank Tamas Forgacs, Jeff McNeal and Yum-Tong Siu for
stimulating and useful discussions. Some of this work was done while the first author was visiting the
University of Wisconsin, the second author was visiting the University of Michigan, and the third author was
visiting Harvard University and the University of Michigan. The authors wish to thank these institutions for
their generous hospitality.

2. UNIFORM FLATNESS

We shall be interested in smooth hypersurfadésatisfying the following assumption.
(F1) There is a positive constan such that the Euclidean neighborhood

N, (W) :={z € C"; dist(z,W) < &}
is a tubular neighborhood &% in C™.

Remark. In condition (F1) we mean thav., (W) is diffeomorphic to a neighborhood of the zero section
in the normal bundle téV in C™.

Definition. A smooth hypersurfadd” satisfying(F1)is said to be uniformly flat.
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If we want to extend functions 6", uniform flatness seems a reasonable condition; we don’t want points
that are very far apart iV to be very close to each other in the ambient space. Wherl, 1 is a discrete
set, which is uniformly flat if and only if it is uniformly separated.

Proposition 2.1. LetT" be a holomorphic function i€” such thath’ = {z € C" ; T'(z) = 0} anddT|W
is never zero. Fog, sufficiently small, the map

2 (z,t) = z+t-dT'(2)

gives a diffeomorphism of the sgt:,t) € W x C; |t - dT(z)| < €,} onto N, (W), that is holomorphic in
the fiber variablet. In fact, for anys < ¢, we have

N W)={z+t-dT(z); ze W, |[t-dT(2)| < €},
and thusN. (W) is foliated by linear analytic disks with Euclidean circles for boundaries, and of aréa

Proof. Choosep, € dN., (W). SinceW is a tubular neighborhood, there is a unique painsuch that
dist(p,, W) = dist(po, o). The line connecting, to z, is perpendicular tdV. Indeed, ify(z) is a curve
on W with v(0) = 2,, thenf(z) = |y(z) — po|*> has a minimum at = 0. By differentiating atr = 0 we
have

2Re<’7/(0)7 2o — po> =0,
and the real part of the Hermitian inner product is the Euclidean inner product. By rotational invariance of
the Hermitian inner product, the whole complex line passing thrgygdnd z, is orthogonal tdd. Thus
the pointsz, 4+ ¥~ (p, — z,) all minimize the distance froN., (W) to z,. Now, the vectodT () is
orthogonal tdlyy .. Indeed, ifv € Ty ., consider any curvg(x) such thayu([—4,6]) C W, u(0) = z,
andy/’(0) = v. Differentiation atz = 0 yields

_4d
dx 20

0 T (@) = (v, dT())-

It follows that any point on the circle

{zo +t:dT(2) ; |t - dT(20)| = €}

is of minimal distance to z,. It is now clear that the maf:,t) — =z + tdT'(z) is a diffeomorphism onto
N, (W). O

For eachw € W, denote byl the tangent space 1" atw and byn,, a unit normal tdlyy,, in the
Euclidean metric. Note that,, is determined uniquely up to a unimodular constant. Write
Dy (w, ) := (Tw,w N B(w, €)) x {¢nw ; [¢| <&}
for the product of the-ball centered at the origin iy, with thee-disc centered at the origin @i 4,
and perpendicular t@yy,.
Proposition 2.2. LetW C C”" be a uniformly flat hypersurface, and kgtbe such thatv. (W) is a tubular
neighborhood. Then the following hold.

(A) Assumer > 2. Forall w € W, W N Dy (w,¢,) is given as a graph ovefyy,, N B(w,¢,) by a
functiony = f(x), wheref : Ty, N B(w, e,) — C satisfies

jz?

|[f(w +2)| <

€o

(B) For eachR > 0 there is a constant’z > 0 such that for allz € C™,
Area(W N B(z,R)) < Cg.



INTERPOLATION AND SAMPLING IN HIGHER DIMENSIONS 5

Proof. (A) We may assume that = 0. Let us write the coordinatesin C" asz = (x,y) wherez € Ty
andy € Cng. LetA., = B., x D, whereB., = {|z| < &,} andD., = {|y| < ,}. We claim first that
W n A, is agraph oveB,,. To prove this claim, writéV N A, = W, U W, whereW, is the component
of W N A., containing0, andW = (W N A.,) \ W,. All of the points(0, eV~1%¢,) are of distance at least
e, from W, and thug¥ is confined to the “hourglass-shaped” region

{(z,y) € Ac, ; 2> + |y — eV e, > > 2 forall § € R}.

It follows that ¥ cannot intersecB., x dD.,, and must enter and exit., throughdB., x D.,. Thus there
must be a tangent t that is vertical. (Indeed, the straight line containing the entry and exit poirit§ of
is a vertical secant, which we can translate towards the origin until it becomes tangent. It must eventually
become tangent becausé lies outside the hourglass, and thus does not meet the{flisk D.,). The
normal to the point of vertical tangency is therefore horizontal, and must meet th¢(disk D.,. We
thus have two normals ¥ meeting at a distance less tharto the points o4’ from which these normals
emanate. We therefore contradict the assumption¥hgti?’) is a tubular neighborhood, unleBsis empty.
Similarly, if W, is not a graph then it has a horizontal normal, and we arrive at the same contradiction.

Now supposéV N A., is the graph of some functiofi: B., — D, . (The values off are bounded by
€, Since as we notedy N A., must remain outside the hourglass). Then any p((b]'moe\/‘_w) must be of
distance at least, from W, so witheV~1¢ = f(x)/|f(z)|, we have

2
o

2
|z + eo% — f(x)
= |z +|eo — | f(2)]]?
= |zP+e2+ |f(2)? — 2| f(2)]

< o + el — ol f(2)],

3

IN

and thus

1,2
) < 2E

€o

The proof of (A) is complete.

(B) Fix w € W, which we identify with the origin iflyy,,. Leta < 1 be a positive number to be chosen
shortly. From (A) we know thakl” is a graph oveflyy,, N B(w, ¢,). Let us estimate the volume of a "thin
slab” of N, (W) lying over a small neighborhodd| < § of the origin inTyy,,, for 6 << ae. To be more
precise, we are estimating the volume of the region

Si(eo) = {<x7f<x>> +i(=df(2). 1) |o] <[t < m} |

wheref is the function given by part (A). Leb(x, t) = (z, f(z))+t(—df (x), 1). By the change of variables

formula, the volume we seek is
/ /‘ B*dV (. 1).
[t|<aeo x| <6

1/_]_ n _
dV(a:,t) = <( n'Q") ) dri Ndxi N ... Ndxp_1 NdZTp_1 AdtAdt.

Now,
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Furthermore,
n—1
* 8<I>z 1 i A 6<I>1 ¥
O*dr; = Smiday + G dt+z 2z, + G di
j=1
n—1
— doi— (L) at Zt(awrk>dxk+o
k=1
and similarly
n—1
d*dt = SLda + dt
j=1
n—1
O'dr; = Yy %g;jdxj +di; — SLdi, and
j=1
n—-1 _
o'di = 3 (L) duy+di
k=1

It follows that®*dV = J(x,t)dV, where

af 92 f
6ij - (8_51:2) —t (8@8@-) 0
of
o 1 0 0
J(x,t) = det
f . of
_t Gxiaa:j O 52] - 81’1‘
af
! ! (#) |1

is the Jacobian determinant @f In view of the estimates offi established in part (A), fof sufficiently
small the Jacobiad is bounded away from zero by a constant that is independant trideed, ag — 0,
J converges to

-
5 |o| (%) | o
82
5” t(axlafmj>
0 1 0 0
det = det
>f g
“faen | g ’ ~tovds 0ij
A
0 0 0 1
Now, from (A) we have the estimate
o2 |? _ 9
Ox;i0xj|,_, ~ €2’
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which can be obtained by simple estimates applied to

2 ) ) A )
o°f (0) = Tim f(he; + hej) — f(he;) — f(hej) +f(0).
6xi8xj h—0 h?2
(Recall thatf (0) = 0.)Thus by choosing: > 0 sufficiently small, we have the bound

J(:E’ t) > C’o

form someC, > 0 for all |z| < J, providedd is small enough. Note that sueh > 0 can be chosen
independent ofv. We have thus shown the following. L&t; = {(z, f(x)) ; |z| < 6}. Then foré
sufficiently small, there exists a consta&rit> 0, depending only on the dimensian such that

Vol(Ss(e,)) > Ce? Area(Ws).
This inequality can now be used to estimate from below the volume of much larger piedgs, 0¥1") by
breaking upiV into very small pieces. We thus have the estimate

Vol(B(z, R+ ag,)) > Vol(Nge,(W) N B(z, R)) > Ce? Area(W N B(z, R)).

The proof of (B) is complete. O

Remark. It is not hard to see that the graph of any polynomial(in— 1)-variables is a uniformly flat
hypersurface. There are also many non-algebraic examples.

3. SNGULARIZATION OF THE WEIGHT

As is now standard irL.? interpolation problems in several complex variables, one needs to define a
strictly plurisubharmonic weight similar t@ with singularities along the divisoi#’. For the sampling
problem, one must smooth out this weight nBay while maintaining global bounds away froii.

Our scheme for singularizing the weight follows the method of [BO-95]: we add to our weight
functions,., called the singularity, to be defined below.

To obtain good properties of the singularity, one needs to use potential theoretic aspects of the ambient
spaceC”. For our purposes, the Newton potential plays a key role. Recall that the Newton potential is the
function

G(2.¢) = —c(n)]z — ¢[>7",

where )
e(n) = 72 (n — 1)’

For each; € C", this function is harmonic if©” — {(} and has the property that
V—100G (-, ¢) Aw™ 1 = 1.
(C'n,

The key feature making our approach possible is that this last identity involves only the trgeel 6DG.
It is this fact precisely that links the fundamental solutiomofo holomorphic functions on hypersurfaces.

The singularity. Consider the function

FT(Z, C) = (G(z, C) - VO](Bl(Z,’I“)) /B(z,r) G(Ca x)wn(l‘)> :

SinceG(z, () is harmonic in each variable separately when- | > 0, one sees immediately thAtis
supported on the neighborhood— ¢| < r of the diagonal ifC™ x C". We define the singularity

s(2) = [ Te0" Q) A (VET0010gIT)) <)
-/ T 0O A (V100108 T1) <)
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By the Lelong-Poincdridentity, we have

©) () =7 [ G010 -7 [ ( G<c,:c>w“<x>> w1(Q),

W B(z,r)
where
W.,=WnB(zr) and V(r)= / w".
B(z,r)

Proposition 3.1. LetT € ¢(C") be a holomorphic function such thit = {7" = 0} andd1" is nowhere
zero onWW. Then

se(2) =108 1) = gy [ 108 T(QW(©)

and thus

- 1p(0,n)
v—1 — _ I L
00s, = Oy — Oy * oI(B(0,1)

Proof. Let « : [0,00) — [0, 1] be a smooth compactly supported function which is identically 10om).
Then forR >> r, we have

sr(z) = V=1091og|T(¢)| A (T(z,¢)w" (<))

Cnrn

_ /C a(R2|¢ — 2[2)v/=10010g |T(C)| A (T(z, O 1(0)) ,

where the second equality follows from the fact théat, z) is supported orB(z, ). Integrating by parts
and lettingR — oo, we have

5e(2) = / log [T(C)IA (V=108):G(2,¢) A w1 (C)
B(z,r)

— L —190 x ot w(x
(v .., [WFomrcm0 o0l |

— log |7(2)] - { ], s (Tl() B(A§G<x,ow”<x>) w”(@}

=log|T(2)| — {/B(lo)ng(C)| <4V1(r) B(ATG(x,C)w"(a:)> w"(C)}

1 n
=108 [TC) ~ g [ sl

as desired. O

We will make use of the following lemma.

Lemma 3.2. The functions,. has the following properties.

(a) Itis non-positive.
(b) For eachr,e > 0 there is a constant’,. . such that ifdist(z, W) > ¢, thens,(z) > —C,...
(c) The functiore=2*" is not locally integrable at any point ¥/

Proof. By the sub-mean value property for subharmonic functidhss 0, from which (a) follows. Prop-
erty (c) follows immediately from Proposition 3.1.
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Next, we verify that there is a constabt. such that for all € B(z,r),

1 n
B Sy OGP =D

For this, it suffices to bound the integral
he0= [ 6@
B(z,r+1)
Lettingp = r — |(|, we have

L(,0) = / G, o)) + / G 2)" (@),
B(¢,p+1) B(z,m)—B((,p+1)

Now,

/ —G(Gwi(z) = cln) / [yl =22 (y)
B(¢,p+1) BO.p+1)

p+1
= 2¢(n) / tdt
0

= &n)(p+1)? < &n)(r+ 1)
On the other hand,
-G r)w"(z) < c(n)/w",
B(Z,T‘)—B(C,p-‘rl) B(Z,T’-‘rl)
which demonstrates the bound B,

If we now look atz such thatz — (| > ¢ for all { € W, (b) follows from the above bound fdy. together
with formula (3). O

4. INTERPOLATION: THE PROOF OFTHEOREM 1

Since we assume tha{—199y ~ w, it follows that|y, — ¢| < C, and therefore the spacexs?, and
BgY, are the same space with equivalent norms. The same happensjlviéind bi?, . Therefore the
manifold W is interpolating (or sampling) foBgY, iff it is interpolating for BFY, .

By definition of the density hypothesis, there is a sufficiently large that

5 ]-B(O r)
4 V-1 y— ——— 2 ylog|T| ) ~ Id.
) 00 (9" Vol(B(0, ) * o811 ) = 1d
We fix thisr for the remainder of the proof. In principle, rahter than (4) we should be using

a 1B(0 r)

-1 ——— —xlog|T| | ~ Id.
V100 (& sy < oelTl) =14

Thus we will actually prove thalt” is interpolating forB3%, and by the comment abov#& is then inter-
polating forB37..

Local extension. Let ¢ be a plurisubharmonic function i@i* with v/—199p < Mw for someM > 0.

Proposition 4.1. Let W be uniformly flat with a tubular neighbourhood of thickness bigger thgrand
choosep € (0, oo]. Then there is a constat = C'(M, p, €) such that the following holds. For any € W
and any functiory that is holomorphic o/’ N B(w, 2¢) there exists a functiod’ that is holomorphic on
B(w, ¢), coincides withf on W N B(w, €), and satisfies the estimate

/ [FlPePoum < C fPe w1,
B(w,e) WnNB(w,2e)

For any0 < p < oco. (If p = o0, then the integrals should replaced by suprema.)
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Proof. For anyw € W, after a rotation, we may assume that in the @&ltv, 2¢) the manifold is given
by the graph of a functiop = f(z — w') + wy,, wherew’ = (w1, ..., w,_1), andf : C*~t — C with
estimatesf(z)| < C|z|?, by Proposition 2.2(A). For any pointin the ball B(w, 2¢) we denote byr(z) the
point in W with coordinatesz’, w,, + f(x — 2’)). The mapr is holomorphic. Let). be the inverse image
of B(w,2¢) N W underr. Clearly B(w,e) C Q. C B(w,3¢). We shall now exteng from W N B(w, ¢)
to a functionF' that is holomorphic irQ). and satisfies the estimate

(5) / |F|Pe PP < C |f|Pe PP,
e WnNB(w,2¢)

The extension is constructed as follows.Bifw, 3<) there is a bounded plurisubharmonic functiosuch
that

() wis bounded inB(w, 3¢) by a constant depending only dd ande, and

(ii)
V—100u = v/—100¢.
(For the proof, see [Lin-01, Lemma 6].) Defihe= ¢ — u. Sinceh is pluriharmonic there is a holomorphic
function H on B(w, 3¢) such thaRe H = h. Now, for anyz € Q. let F(z) := f(n(z))efl(H)~H(x(2),
ThenF is holomorphic orQ., F|(W N Q.) = f, and for allz € Q. we have
|F(2)[Pe ) = | f(m(2))[” exp(ph(z) — ph(r(2)))e P¥1?)
= |f(m(2))I” exp(—pu(2) + pu(r(2)) — po((2)))
CONEa

Integrating both sides ové). gives (5), and the proof is complete. O

IN

Local holomorphic functions with good estimates.

Lemma 4.2. Lety be a function in the unit disR such that

1
c< Ap < —.
c

Then there exist a constagt > 0 and a holomorphic functio € ¢(D) such thatH (0) = 0 and
[Re H — ¢+ ¢(0)] < C.

Moreover, ify depends on a parameter in such a way that the bound @iis independent of the parameter,
then H can be taken to depend on this parameter in such a wayGhddes not.

The proof of this lemma, by now well known, can be found in [BO-95].

Construction of the interpolating function. We fix f € bff,(W) ande < £0/2, wheres is as in Condition
(F1). Take a sequence of distinct poigits; ; j = 1,2,...} C W such that

N:(W) C U {B (w;, %6)}wi€W
i—1

and each point oV, (W) is contained in at most a fixed, finite number of the sets

B(wj, 25).
(We say that the cover is uniformly locally finite.) For convenience of notation we \Bjite B (wi, %5)
We add to the cove{B;};>; another open seB, = C" \ N%E(W). Thus{B, ; j > 0} is a uniformly

locally finite open cover ofC". Let {¢;};>¢ be a partition of unity subordinate to the coves;}, i.e.,
0 < ¢; <1,supp¢; € B;and) , ¢; = 1. Moreover we can assume thay; ||d¢;|| < C.
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Let F; denote the extension tB; of f|IWW N B(w;, 2¢) given by Lemma 4.1, and sé} = 0. Since the
covering{ B; } is uniformly locally finite, we have

/ S wilBlPe 0 S / |fPePen,
cn 5 w

wherey; denotes the characteristic function®f and, as usual, the symbglmeans that the left hand side

is bounded above byuniversalconstant times the right hand side. We want to patch together the extensions
F; and construct a single holomorphic extensionf f whose norm remains under control. In the standard
language of several complex variables, we want to solve a Cousin | problend#vithunds. The setup of

the problem is as follows. For any pair of indiceg > 0 we define a functioids;; in B;; := B; N B; by

Gij = FZ — Fj
Observe that
GiilWnB;;=0 and G+ Gjr+ G =0in B;N B; N By.
Finally

/ > Xix;|GijlPe PP < / |flPe PP
cr 1%
We seekG; € 0(B;) such thaty;; = G; — G; in B;;, G;|W N B; = 0 and

/ > xilGifPePPw™ < / |f[PePewn T
If we find such functiong7;, then the functiorf’ defined by
F(z) = Fi(z) — Gi(z) z€B;

is an entire function. (It is well defined because—- F; = G; — G on B;;.) Moreover we have
Flw=f and |FPe”PPu™ < / | fIPe PPwn L.
cn w

We define(y; € C*°(B;) by G; = Zj ¢;G;;. These functions have all the properties we seek, except they

are not holomorphic. We shall now correct the functiéisby adding to each of them a single, globally
defined function. - - B

To this end, note that i3;; we havedG; = 0G;. Thus there is a well defineg-closed(0, 1)-form A
such that

Moreover, observe that

IRl <~ [|0¢]| - Gl
]
Lemma 4.3. One has the estimate
/ Hthe_p(‘”S’")w” < C’/ | f|Pe PPt
cn w

Proof. Recall that ify is a weight function on the unit disk such thatAy) < K, then there is a constaft
such that for any € ¢(D),

[ e e,
|z|<1 1/2<|z|<1
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Indeed, the inequality is elementary in the case= 0. Since the Laplacian ab is bounded, there is by
Lemma 4.2 a non-vanishing holomorphic functigrsuch thatg| ~ ¢¥. Thus we obtain

[ oaperes [ < N N
|z|<1 |z|<1 1/2<|z|<1 1/2<|z|<1

With this one variable fact it is possible to prove that

/ ’Gij‘pe—p(<ﬂ+sr) < / |Gij‘pe—p(so+sr)
B;NB; (BLQBJ)\N%E(W)

/ |GijlPe™??
(BiNBj)\Ny (W)

Le

[ e
(B;UB;)NW

Only the first inequality is non-trivial. To see how it follows, [Etbe any entire function that vanishes
precisely on// such thatiT does not vanish ol#/. Then by the definition of,,

12

B 1p00,r)
Sy = lOg ‘T’ — W * ].Og |T‘

Therefore

‘Gij|pe—p(¢+sr) ~ |Gij/T‘p€—pwr,
where L

B(0,r)
r=p— —— e log|T).

Y=~ om0, n) 18!

It follows by the density hypothesis that
V—=100v, ~ Id.

Since the functiorz;; /7" is holomorphic inB; N B;, we may apply the one dimensional result above. Let
U = B;;NW. ThenB;; ~ U x D(0, ). We integrate along the slices and apply the one-dimensional result
in each disk. O

By the density hypothesis, one has the inequality100(p + s,.) > cw > 0. We will deal first with the
casep = 2. It follows from Hormander’'s Theorem that there is a functioauch that

ou=h and uf2e= 2 Fsr)yn < C’/ |f|2e 2w L,
cn w
Moreover, the local non-integrability ef 2(#+57) on W guarantees tha{ |’ = 0. Finally, sincep > o+s,.,

we have that
/ |u\262@w"§/ |u|2672(“’+‘”)w".
n (Cn

It follows that the holomorphic functions; = G; — u have the desired properties.

Next we treat the case € (2,00]. For ease of reading, let us wrige:= ¢ + s,. Assume first that
h € L%*(e~%) N LP(e%). Letu be the function of minimal norm if2(e~¢) such thatbu = h. Then a
Theorem of Berndtsson [Ber-97, Ber-01] states thaatisfies

lue™#||ze < Cpllhe™ e, p € [2, 0],

provided the right hand side is finite. (We point out that the constapts Berndtsson’s Theorem depend
only onp and on the upper and lower bounds {6+100¢.) This gives the desired bounds. Moreover, since
|he=¢|| 2 < 400, Hormander's Theorem and the minimalitywofell us that||ue=¢|| 2 < +oc. Thus again
u|lW = 0.
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This proves the result fdr € L?(e=¢) N LP(e~¢). To pass to the general case, instead of approximating
h we modify the weightt. To this end, take any sequencg — 0. Sincer is identically zero on a
neighborhood of andhe¢ € LP, we havehe™¥ € LP. Thus once agaihe™ % € L™, and by the support
of h we havehe ¢ € LP. It follows that for allj, he=¢~<ill#II” € L2, As before, the solution; to du; = h
with minimal norm inL2(e~¢-<5l12II") vanishes o and, by Berndtsson’s Theorem, satisfies

luje e~ 1= || Lo < Cpllhe 65171 |, p e [2,00],

where the constantS, are independent of. It follows thatu; — u € LP(e™%). Thus we can construct
holomorphic functiong’ that extendf and satisfy the estimates

/|Fj|pe—p<p—p6j2|l2 < Cp/ |f|PePe.
w

By a normal family argument we can take a subsequéticeonverging toF’ € LP(e~¥). The convergence
is unifom over compacts and thiisextendsf.

Finally we come to the cage € [1,2). Sinceh is supported away from the singularity §fa look at
the definition ofh (in particular, it is constructed from certain holomorphic data and cutoff functions) shows
that, sinceh € LP(e~¢), h € L>®(e %). It follows thath € L?(e~¢). Letu be the function of minimal
norm in L?(e~¢) satisfyingdu = h. Unfortunately, we were unable to find a reference for the analog of
Berndtsson’s Theorem in the rangie< p < 2. Such a theorem must certainly be true. It is true in the
classical Fock space, and in dimensior= 1 is a theorem of M. Christ [Ch-91]. (See also [MMO-03].)
However, since we are unable to point to a specific reference, at the moment our proof of interpolation in
the rangep € [1, 2) is true only modulo this result.

Let us proceed with the proof assuming that Berndtsson’s Theorem holgsfr, 2). Since||he¢||»
is finite forp € [1,2] andv/—100p ~ w, v/—100¢ > cw ands, < 0, the hypothetical case of Berndts-
son’s Theorem fop € [1,2) gives the right bounds for the solution. Moreover, sifjpe |2 < +o0,
Hormander’s Theorem and the minimalitywofell us once more thdfue=¢|| ;2 < +o0, and thusu|W = 0.

Remark. In the L? case, it is possible to give an alternate proof of Theorem 1 using a modification of the
method of Ohsawa-Takegoshi to the case at hand. The advantage of this approach is aesthetic; as opposed
to the local approach taken in this paper, one can extend a holomorphic function from the hyper$lirface

is one step. However, since in this paper we are interested inttoase for genergp € [1, co|, we will not

carry out the Ohsawa-Takegoshi type proof here. For a version on the unit ba[Fgeib].

5. SAMPLING

In this section we prove Theorem 2. As in section 1, we replabg

Aoy xe
T Nol(B(0, )

in the definition of the density and thus in the hypothesis of Theorem 2.

Restrictions and the upper sampling inequality.

Proposition 5.1. If W is a uniformly flat hypersurface, then there is a const@nt- 0 such that for all
F € BFL(N:(W)) one has

CEQ/ |FPe Pem! §/ |F|Pe PPw".
W N-(W)
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Proof. By Proposition 2.1)N.(W) is foliated by linear analytic disks with circular boundary, each of which
is transverse td as well as to the boundary of. (1), has arears? and meetsV at a single point. LeT’
be a holomorphic defining function fé¥. Making use of the diffeomorphism

et - dT'(2)
|dT'(2)]
which is holomorphic in the second variable, we work on the protct D.
Let H(x,t) be the function, holomorphic ity given by Lemma 4.2. That is to say,

H(z,00=0 and  |Re(H(,t)) — ¢(z,0) + p(z,t)| < C
for some positive constant, since we have assumed théﬁaégo is bounded above. We then have

£2|F (z,0)[PeP?@0) = 2 ‘F(x,O)eH(x’O)‘p e~ Pe(@,0)

WxD> (2,t) — z+ e N (W),

IN

2w D

IN

C / |F(z,t)[P e PP@0 X 0
D

e / |F|PePPuw,
Ly

wherel, = {z +t-dT(z); |t-dT(x)| < e} denotes the disk through Integration ove#V yields

52/ |FlPe o™ < C |F[Pe™P? Aw",
W N:(W)

and the proof is complete. O
Corollary 5.2. If W satisfiegF1)then there is a constar/ > 1 such that for every” € BF%(C"),

/ |F|Pe PPt < M |F|PePPum.

w cn

The proof of Theorem 2.

The proof will be an almost immediate application of the following sequence of definitions and lemmas.

Definition. A sequence of complex hypersurfatisis said to converge weakly to another complex hyper-
surfacelV if the corresponding currents of integrati@yy, converge t®yy in the sense of currents.

Lemma 5.3. If W is a uniformly flat complex hypersurface, then for any sequence of translatjotise
sequencéV,, = 7,,(W) has a subsequence converging weakly to a uniformly flat complex hypersurface
Moreover,V has a tubular neighborhood of at least the same thickness as tli#t of

Proof. We denote byOyy, | the trace of the currertdyy, . This is a positive measure that dominates all the
coefficients of®yy,,. By the uniform flatness ofV it is clear that for any balB, sup,, |Ow, |(B) < C

for some constant’ depending only on the radius &. A standard compactness argument produces a
subsequence that converges to a positive closed cuirdbtremains to show that the limit currefitis a
current of integration on a manifold. This is proved in [B-64], again under the assumptions that for any
fixed ball B the masg$Oyy, |(B) is bounded. Moreover, in this situation the suppor®ef, converges td”

and in any ball the tubular neighborhoods of g N B converge to a tubular neighborhoodiofh B. [

Definition. A sequence of plurisubharmonic functiansis said to converge weakly to a plurisubharmonic
functione if the corresponding currentg’—100¢,, converge to/—109y in the sense of currents.

Lemma 5.4. If o satisfies/—100¢ ~ w, then for any sequence of translations the sequence,, = o,
has a subsequence converging weakly to a plurisubharmomind /—199¢y ~ w, with the constants in
the estimates/—100v ~ w controlled by the constants in the estimate 100y = w.
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Proof. This is proved in dimension 1 in [0S-98]. The same proof apphesgatis mutandiso we content
ourselves with but a sketch. L&t = /—199y,. In view of the hypothesis/—199, < w, we see that
10.|(B(z, R)) < C% whereC?, is independent of, and there are functions, such that/—199v,, = 6,

¥, (0) = 0 andy/—190%,, is uniformly Lipschitz. By a normal family argument we can take a subsequence,
still denotedy,,, such that),, — v uniformly on compacts, ang—190v,, — /—100% as currents. [

Definition. Given a pair(W, ¢) whereW is a uniformly flat complex hypersurface apde PSH(C")
with /—100¢ ~ w, we denote by<* (W, ¢) the collection of all pairgV, ) for which there is a sequence
of translationsr,, such thatr,, (1) converge weakly t& and ¢ o 7,, converge weakly tg.

Lemma 5.5. If the pair (W, ¢) satisfiesD; (W) = o then all pairs(V, ¢)) € K*(W, ¢) satistyD,, (V) > «

Proof. By hypothesis, for ang € C™ ande > 0 there exists' > 0 andv € C™ of unit norm such that
/ Ow(v,v) > (1 —¢)a V—190¢ (v, v).
B(z,r) B(z,r)

We fix an arbitraryz € C". Take a sequence of translationssuch thatiV,, = 7,,(W) andy,, = 7¢
converge td/ ands respectively. By definition oD (W) = «, for anye > 0, there is an- > 0 and unit
vectorsy,, such that

/ Ow,, (Un,vn) > (1 — &) V—=1000y, (Vn, V).
B(z,r) B(z,r)
By compactness there is a subsequence ofth@nverging to with ||v|| = 1. By Hurwitz's theorem
lim inf/ Ow,, (Vn, vp) < / Oy (v,v),
n B(z,r) B(z,r)

and sincey/—100¢ ~ w,

lim V—=190¢,, (v, vn) = V—=1900¢ (v, v).

" JB(z,r) B(z,r)

([l

Definition. The pair(V, 1) is said to be determining if for anf € B (C"), f|v = 0 implies thatf = 0.
Lemma 5.6. The manifoldV is sampling forB337 if all pairs (V, ) € K*(W, ¢) are determining.

Lemma 5.6 was essentially proved by Beurling in [Be-89, pp. 341-365], so we omit the proof. This is a
key result because it allows us to determine fvais sampling simply by checking the more easily verified
condition thatl” is determining.

Lemma 5.7.1f D (V) > 1 then the pair(V, ) is determining.

Proof. Without loss of generality we assume tida¢ V. In order to arrive at a contradiction, assume there
exists ant’ € BFZ with F|V = 0 andF'(0) = 1. By hypothesis there is a directiersuch that the density
of V' in the direction ofv is greater than 1. We will work on the lile= Cv. Write f = F|¢ and¢ = ¢|,
and letl’ = V N /. Thenl is a uniformly separated sequence with density with respect to the weigh.
Recall that the one-dimensional lower density is

lim inf inf #(I'0 D(z R)) .
R—oo z€l fD(z,R) A¢
By hypothesisf(0) = 1. Now, if n(0, s) denotes the number of zeros pfn D(0, s), then

6) liminf OB
R—o0 fD(O,R) A
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Applying Jensen’s Formula t, we get

R 1 21
/ n0:5) 45 < —/ log | f(Re¥"1%)| d6.
1 S 2 0

Sincelog | f(ReY~1)| < ¢(ReV~1%) 4+ K, we obtain

R 21
/ n0:5) 45 < 2i d(ReV~19)db + K.
1

S ™ Jo

Now, by Green’s Theorem we have

27 R 1 21 o
d(ReV1Ydo = / - / (s—(b(se‘/__w)cw) ds
0 o S.Jo aS

R Ao
_ 4/ fD(o,s) ds.
0 S
and thus

R R A
/ n0.8) 4o < 2 / Jpes89) +K.
1 S ™ Jo S

Thus sincef}, , ) Ad =~ R?,

0,R)
R n(0,s)
L__s <1+ K/R%.
f()R fD(o,s,S)(A@ ds - /

which contradicts (6).
O

Lemma 5.8. If W is a uniformly flat sampling hypersurface f&g?” then there is a uniformly separated
sequenc& C W thatis sampling fof857".

Remark. The definition of a sampling sequence is given in Section 6 below.

Proof. Any set F' that is sampling fofB83Z" contains a uniformly separated sampling sequence. This is
proved in [Lin-01, Proposition 19]. (For the 1 dimensional case, see [0S-98, Proposition 2].) O

Lemma5.9. Let1 < p < oo. If ¥ is a uniformly separated sampling sequence&§
sampling sequence f®837..

oie|-2 thenitis a

Proof. Denote byB&OO’O the closed subspace &g

oele? 2 consisting of functiong such that

(o0}

ptelz
. A 2
lim |f|e=?~l*" = 0.
Zz— 00

The restriction operator

. 00,0 00,0
R B cpage = Lotepape

sendingf to { (o) },ex is a bounded linear operator. Sintds sampling,R is onto and has closed range.
Thus R defines an isomorphism betwéB@Z‘jf;'Z‘2 and its image. For any € C™ the weighted point
evaluation

f o fz)e PR)—elel’

is bounded oB83>", _,. Thus, for every: there is a sequend€ z, o) such that
ptelz

(7) Fz)ee@)—elsl” = Z k(z,0) f(o)e @ —elo

ceEY
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for all functions f € %Sw 12|
arbitraryg € B, andz € C",

, and such tha}’ |k(z,0)| < K uniformly in z. We fixp € [1,00). For an

J(w) = glw)e* =l
belongs tdB§"" + 122 and thus we may apply (7) to obtain

g(z)e—w(z) = f(2) —so(Z) elz|? Z k(z,0) —so(cr)—a\ol?
oES
Thus
]e“ﬂ < Z |k(z,0)||g(o \e_W(“)e_dz_UP.
oES
This together with the inequality” |k(z,0)| < K implies that

/| ’pefpgo <Z‘g )|Pe~ pp(o
" oEY

and that

sup|g(2)e”?*) < sup |g(o)|e ).
oED

O

Lemma 5.10. Let W be a uniformly flat hypersurface. LEtbe a uniformly separated sequence contained
in W. If ¥ is a sampling sequence f@3”, thenlV is a sampling hypersurface f@3?..

Proof. We only need to prove that for anyc W, the inequality
® Fper <0 [ ifEperDe i),

holds, whereD, = W N B(z,¢), and the constar®’ may depend on the radiasof the ball but not on the
centerz. For if (8) holds then for any functioi € B3~,

15 S e @ 5 3 [ spereat< [ ipperaa

ceY

In order to prove (8) we need the hypothesis that100p ~ w. Under this hypothesis we may again
invoke the existence of a non vanishing functibne & (B(z,¢)) such thate¥ ~ |h| in B(z,¢) with
constants independent of Thus, we may replace ¥ by ! in (8) and get the result if we prove that

w<c/ P (z)

If D, is a hyperplane then the latter estimate holds for all holomorphic funcgidaysthe sub-mean value
property. In a general uniformly flat hypersurface the estimate holds because the distortion introduced in
w™ ! upon rectifyingD, by a change of variables is uniformly bounded due to property (A) in Lemma 2.2
for uniformly flat hypersurfaces. 0

Finally, we are ready to prove Theorem 2. To this endglet 0 be such thaD_ (W) > 1 +¢. We
start by proving thatV is a sampling manifold fo®337’, wherep. = ¢ + e|z|?. In order to do so, we
use Lemma 5.6. We need to check that for any pein)) € K* (W, ¢.) the pair(V, ) is determining.
This is true in view of Lemmas 5.5 and 5.7. Now we take the sequEncelV given by Lemma 5.8. This
sequence is a sampling sequence f#57, and thus it is also sampling f@3?, by Lemma 5.9. Finally
by Lemma 5.10 we conclude thEt is a sampling manifold fo®33%,. O
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6. AN APPLICATION TO SEQUENCES IN HIGHER DIMENSIONS

Let » be a plurisubharmonic function i@ such that for some > 0

= 1
cw < V—=100p < —w.
c

LetT" be a uniformly separated sequence of poini€'in We consider the space

KZ(F) = {{a'y}’yef‘ cC; Z ‘a7|p6—p<p(’y) < —I-OO} .
r

Recall thaf is an interpolation sequence if for eafln, } < ¢5(T') there exists” € BF%(C") such that
F(ry) = a’yv ’Y € F)
and thafl” is a sampling sequence if there is a consfent> 1 such that for all" € B2 (C")

i)
— |F|Pe PP < |F(7)|Pe PP < M/ |F[Pe™PPu",

Sufficient conditions are known for a sequence to be interpolating, and also sampling. There are also
(different) necessary conditions. However, all the known conditions involve only the number of points of
the sequence contained in a large ball. It has been known for some time that such a condition could not
possibly characterize interpolation and sampling sequences, since it does not take into account how points
are distributed relative to one another. For example, consider the situation of interpolation. If all the points
of a sequence lie on a line, then to be interpolating there must be atmost points in any ball of radius
r. On the other hand, the number of points of a lattic€fnlying inside a ball of radius is O(r*"). Thus
any condition for interpolation that takes into account only the number of points of the sequence lying in
a ball of radiusr would not suffice to conclude that any lattice, no matter how sparse, is an interpolation
sequence. Similar reasoning shows that analogous problems arise in the case of sampling conditions.

The present paper and the paper [SV-03] suggest an approach to studying interpolation and sampling
sequences by induction on dimension. In [SV-03] two of us tackled the 1-dimensional case. The present
paper tackles the problem from the other end. In this section, we show that the results of the present paper
already improve what is known for sequences in higher dimension.

6.1. Applications to interpolation. For simplicity, we restrict to the case of sequence€t As men-
tioned, at present rather poor density conditions are known in the general higher dimensional case. How-
ever, in a very symmetric situation there is a characterization of interpolation and sampling sequéices in
Suppose the sequentds of the form

I'= Fl X FQ,
wherel'y, 'y are sequences i@d. Suppose, moreover, that the weighsplits:

p(z,w) = p1(2) + p2(w),
whereAy; ~ 1, j = 1,2. Then the following is true:

Claim. T'is interpolating (resp. sampling) with respect to the weight and only if for bothj = 1 and?2,
I'; is interpolating (resp. sampling) for the weight.

This result can be recovered from the 1-dimensional characterization of interpolation and sampling estab-
lished in [BO-95] and [OS-98].
We shall now generalize this result to the case of arbitrary sequences lying on a family of parallel lines in
C2. Tothisend, lel’ = {v;},A1 = {1}, A2 = {\9;}, ... be sequences i@. Define
E = {('7j7>\jk) 3 j,k = 1,2,}

As a corollary of our main results, we have the following theorem.
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Theorem 3. Suppose that for some fixed> 0, eachA; has density< 1 — ¢, with respect to the weight
(75, ), and that

#TND(z,7)  det(v/—100p(z,w))
r2ALo(z,w) T ALp(z,w)App(z,w)

(9)

for all z,w € C. ThenX is interpolating for%&f;(@z).

Proof. Let W = T" x C. We first calculate the density &F. To this end, lefl’(z, w) = o(z), whereo is
a holomorphic function whose zero set, counting multiplicity,' iSThen the zero set &f in C? is W, and
one sees easily that

) 5, Area ({7} x €)1 B(z,r)
DOV.2.r) = S0 B, 1) (Bop(a) + Bup@) 2 + 2 Re(pon))
>_jArea(({v;} x C)n B(x,r))

)2
Vol(B(z, ) (Aep(e) — o)

Zj Area ({PY]'} xCnN B(x7 T)) AZSO(J:)AMJSO(J;)
Vol(B(x,r))ALp(x) det (vV=189¢(z))

Since we are going to takan sup asr — oo, condition (9) implies thall is an interpolation hypersurface.
Now suppose given a sequence of val{ies, } such that

Z Z ‘ajk’pepso(w,kjk) < +00.
ik

Fix j. SinceA; is interpolating, there is a functiay (w) such that

5) = a and [ lg;)Pe OV dAw) < €3 fagePereti e
C k

for some absolute constafit (This is not immediate; one has to use the fact that an interpolation operator
can be constructed with norm depending only on the density of the sequence. The uniforaiityoof
follows because the density 4f; is bounded away from 1 uniformly i)

Define the functiory € (W) by

f(vj,w) = gj(w).

Then the estimates on ti#& norms ofg; imply thatf € bff,(W). By Theorem 1, there exisfs € SBS{;((CQ)
such thatF'|IW = f. Thus

F(vj, Aje) = F (05, Aje) = {aji}
and the proof is complete. O

We note that, unlike the case of lattices mentioned above, the condition (9) is not necessary in general,
even for sequences that lie on parallel lines. To see this, consider the wéight) = |z|? + |z + w]|?. Let
> = {0} x T, wherel  is a sequence with density betwekand1. Thenl is interpolating in/’ = {0} x C
andV is interpolating inC2. (In fact, the density of¥ is zero.) But the reader can check that condition
(9) does not hold. This observation suggests that perhaps the previously mentioned inductive approach is
lacking another, possibly deep ingredient.

6.2. Application to sampling sequencesLet X be a sequence of the form described before the statement
of Theorem 3. By analogy with Theorem 3, we have the following application of Theorem 2 to sequences.
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Theorem 4. Suppose that for some fixed> 0, eachA; has density> 1 + ¢ with respect to the weight
©(v;,-) and that, for some > 0,

#I'ND(z,7r) S det(v/=100¢(z,w))
r2Azo(z,w) © Azp(z, w)Awp(z, w)
forall z,w € C. ThenX is sampling for33% (C?).

(10)

Proof. Let W = T" x C. The upper sampling inequality holds sinidé is uniformly flat and> C W is
uniformly separated on each line Bf.
Next, letF' € %&Z((CQ). Condition (10) implies thalV’ is sampling, and thus

/ |F|Pe PPuw? < C’l/ |F|Pe P w.
C2 W

Now, since each\; is sampling with density bounded away framuniformly in j, we see that there is
C > 0 such that for each,

[ PP mda) < € 3T PGy AplPe PO,
{xC k
Summing overj, we have

[P0 < 6 Gy AP PO
w -
Jik

This completes the proof. O
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