Final Exam Practice Problems

Problem 1. Let the sequence (z,) be defined as follows: z; = 1,29 = 2 and x,,2 =
%(zn + x,41) for any n € N. Prove that 1 < z,, <2 for any n € N.

Problem 2. Let S be a nonempty subset of R that is bounded above. Prove that sup S =
—inf{-s: se€ S}.

Problem 3. Find the infimum of the set A = {1 + =22~ Smn \ n € N}.

Problem 4. Prove

1 1 1
lim + doi e —] =1
va(VM%ﬁ_ Vn? +2 \Mﬁ+n)

Problem 5. Let (a,) be a positive sequence such that lim,,_, a:ﬁ = 0. Prove that (a,) is
unbounded.

Problem 6. Assume that lim,,_, x,, = +o0. Prove that

lim L2 + = +o00.

n— o0 n

Problem 7. Suppose f(z) is a strictly increasing function on [a,b] and (z,) C [a,b] is a
sequence such that lim, ., f(z,) = f(a). Prove that lim, . =, = a.

Problem 8. * Let f be a function defined on (0, 1) such that for any c € (0,1), lim, o f(£) =
0. Can we conclude that lim, o+ f(x) = 07

Problem 9. Assume that the function f is continuous at 0 and f(0) > 0. Prove that there
exists a > 0 such that f(z) > 0 for any |z| < 6.

Problem 10. For any function f, we define w,(0) = sup{|f(z)— f(y)| | |z —a| < dand |y —
a| < §}. Prove that f is continuous at a if and only if lims_,o+ w,(d) =0

Problem 11. Suppose there exists a constant L > 0 such that for any z,y € [a,00) we

have

[f(x) = f(y)| < Llz = yl.
If a > 0, prove that ( ) is uniformly continuous on [a, c0).
Problem 12.



Let the function f be defined as

x? if r € Q;
0 if v ¢ Q.

Prove that f is differentiable at 0.

Problem 13. Suppose |f(x)]| is differentiable at a and f(a) = 0, prove that f’(a) = 0.

Problem 14. Assume there exist constants M and a > 1 such that for any z,y € R,
[f(@) = f(y)| < M|z —y|*.

Prove that f is a constant.

Problem 15. Let f(x) and g(x) be convex functions and f is increasing. Prove that f(g(z))
Is convex.

Problem 16. If f defined on [0,1] is a continuous and [ f = fxl f for all z € [0,1]. Prove
that f(z) =0 for any z € [0, 1].



Problem 1

We prove \97 anduction wmn v

©® Bose case

n=1 , %=1 ond IS %X €2
h=2, X2=2 and I's X2 £2

@ TInductive step -

ossume it is true for ey 2k <h

“then 1S Xpoy <2 and IS Xn €2

~

Zn + Xa—|

Hence. IS Zan = . <

Therefore i also  holds for

n+y +

Problem 2.

Denote, A= SwpS  and B =inf ?

-s: s¢Sy  We need +to
show That A= -—-R

By defimition of swp s = A . ¥se S

-S = —A , ¥seS
= B:’tv»{-{—g:SeSH

>
> -A = Az-B8 @O

Bd defraition U+ /Cn:F-



Problem 3

Lsrn,n)z
First we notice that .‘Q;V:'fn T = o0
This is because
. L
0 (sinn) < 1
R - 2 st )
Since ;\?_.::: W =© ) b)/ Squeeze -theorem , L, C_\/E_ =

Ve N / 4 (S =1

= Therefore 1 is a lower bsund
of the set A . We claim thet 1 is the greatest lower
bound,
SMFPDS-Q, there exists €, > 0 Such “hat
1+ QS;;»_{CL_)‘ > 1+ €o ¥ neN

By +he comparison Pproperty of Limits
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Therﬂfore wwf A =1 :H:

[ A|+erha+ively ohe C3n orame, V €£>o0 3N =21 such “+hat

/

| < @\(_—,’l/ll+i<8+l
N

“therefore b): Lemma 2.3.4
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Notice that for each <A Ssn

|

| | |

Y < < —
N =T R
]
n_ A | n
.[__s,r‘_"'"""_‘ < —=1
~therefore o = o v
S | - L ' = = =1
Tnce Ty = T —
N300 Vn=n n—uve I+ 1+0 ’
by Squeeze “theorew we have
-Q,Trw | + v+ | ) =1 _ﬁ:
nosvs \ V%) (%
Problem 5
an N
Since Diwm =o0 for €= there exists N
R / 2 /
Such  that for- n> N we have
/
an 1
<
\ o z
Stnce an >0 for each n we have
]
Qv > 200 for nrN
n-N
Therelore Qn > 2 -0y for- >N

We can  conclude thot Oy 1S Uunbounded because

-~
Lim 2" oy = = ‘H:
n— 0o



Problem b First proof

To  show Lien Qi+ -+ 0n = oo we meed *o show et
N n ]
for omy A >0 there exists N 21 such -+t when n >N
4 ’

0+ - +0Qn

> A

v
Eor any A >o be couse i ay = +oo +here exists N} 24
/ n-ea /
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n- 0o n
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=2h > A

ﬂere-‘:ovﬁ by -the property of Lomit , there exists Ny >|
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al -+ Oy + (V\-N:)ZA

> > A

Hence if we choose N-= max { Ny, Na§ / for n>N we have
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Problem b Second  proof

\V( A >o ; we need +o choose N such  Fhay
when W >N T+ et -t Xn S A
! w
@ S\_“Ce Lim, X = +0= there exists N, sSudch +et
/
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Problem 7/

We will Prove by Controdiction

Suppose fien Xn F a +then there Exists €s >0
n-s o0 /
and o subsequence (Xmg)c [0,b]  Sudh +het | % —a) > €0
/
in PBP‘HCU&?V‘ XV‘h > 0+ €

Since T 4s a stricty increasing Function
)

(%) T Xag) > Flare) V¥ k=21

Because Lren Ftxn)  exists
N=)vo 7
Liwa -F(?(nk\ = Lim Frxp) = ‘F(A)
kR =0 r-2=

From (%) we know —+het

Diwe Tt ) = 0= €0)
k—=>0e

IV\, Poarticwler <this xw?Q:es +that
-f—(o\ > -F(o«-t-i.,\

But this Controdicts with the fact that  f is strictly
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must have Qive Xn = 0, H
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Problem 3 _
Riw 400 =0

Y
Here {s the construction o o  Counter—example

We connot conclude -that

Because (0,1) 45 uncountable we can cChoose & number b € (o)
I

sudh  tHhat Vthl R ¢ Q

(For exam\;le b can be cChosen to be ony transcendenta

numbec Like J‘E or ‘-J,E ) .

Let  Fia= | 1 # x= bt Froseme k2l

‘ 0 else .

We Wil sShow thst -r-('xﬁ Sotisfies

O ¥ cewn | Lim F5) = o
nN>vo
® Lw F0 #0

xX-0™

(D) Let ce (o,1) be any rexl hu-mlae.r} +then there is ot

such that % = b For Some k=2l

most one {ntetazr n

Swuppose this is net “true and  thee exists i, Na such Hoat

Sl wm et e kesk
k2-R LN
=> bhl'nl = bbz'n_L $ bl : = N & Q

This contradicts the Choice o+ b,



for wn
B-\/ “+he defrnitron 4— -F we have +( %—\ =0

Tkerﬁ‘Fore lar%r. enov:jk, ,

Thus Lime %‘\

n->oe

Contradictiton

will prove Qrm+ F +o ij

X0

@ We

R
% is  not eﬂ_lA>‘Q ‘o Qny b )

Suppose_ Jim f(x) =0 , then  for ony  Sequemct  En
X0t
Such  Fhet Lrwn Xn =0 we must have Lre Fixa) =0
wove / N> o=
w
Le'E Xn = bV\ Since b < j_ pjvw 7<V\, = R’Tw\ b =0
/ N n-3pQ
But Liw F(x) = Lim H ™) 4 =4 #o0
N n— o o oo
Therefore RQiwm F130 #0
X0t

The conclusion is  —+het -f- is

a Crunterexawmple
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