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Cross-Products and Rotations
in 2- and 3-Dimensional Euclidean Spaces

Notes for Math. H110

V(=1) in Euclidean 2-Space (a Summary and Review)
The operator —I reverses vectors. In two dimensions it has a skew-symmetric square root

J:= {(1) —01} determined uniquely but for its sign by the two equati(?rs ~0and J=-J. This

operator J rotates the plane through a quarter turn; whether clockwise or counter-clockwise
depends upon the respectively left- or right-handed orientation of the coordinate system. More
generally, ex®-J) :=l-codf) + J-sin@) turns the plane through an andgle To construct a

vector of length Ui =V(u'u) perpendicular to any given vectar in the Euclidean plane,

form di. Forany 2-by-2 matrix B :m[v] we find that BJB = Jv'Ju = J-det(B) , which

implies Adj(B) = -JBJ . (Recall Adj(B) := det(B)-B when det(B¥ 0 .)

Because J is unchanged by rotations of coordinates, it can produce ostensibly coordinate-free
solutions for many geometric problems in the Euclidean plane. For instance, the equation of a
line throughv perpendicular tav is w'(x-v) = 0 ; the equation of a line through parallel to

u is u'Jx-v) = 0. However, not every orthogonal change of basis (coordinates) leaves J

unchanged; &ReflectionW = W1=W' #+| changes J to WJW = W JW = J-det(W) = -J ,
which reminds us that reflection reverses orientation in the plane. (Do you see why sucha W
must be a reflection? Why it must have the form W =ww2w'w for a suitable vectow ?

Can you confirm all the unobvious assertions in the summary above?)

In many ways, but not all, J is tothe Euclidean plane what/(-1) is to the complex plane. J operates upon
vectors in the plane but is not a vector in that plane, wharéasimultaneously a multiplicative operator and a

vector in the complex plane. The two planes are topologically different, though often confused; roughly speaking,
the complex plane has just one point at infinity best visualize8tbyeographicallyprojecting the complex plane

upon a sphere, whereas the Euclidean plane has a circle (or at least a line) at infinity. We won't pursue this here.

Cross-Products and Rotations in Euclidean 3-Space
Now bold-faced lower-case lettegs q, 1, ..., X, Y, Z stand for real 3-dimensional column-

vectors. Then row vectop' :=[p; p, psl is the transpose of column vector, and p'.q is the
scalar productpeq of row p’ and columng . Euclidean lengthpj] :=V(p'-p) .

Do not confuse the scalar’-q=q'p with the 3-by—3 matrices (“dyadsp)q’ #q-p’ nor
with the vector cross-produgixq = —-gxp . As we shall see, cross-products are important

enough to justify introducing a notatigs? , pronounced “p-cross,” for a 3-by-3 skew-
symmetric (%" = -p®) matrix defined by the vector cross-product thusg = p®q . Explicitly

0 —py p
3 P2

the matrix p® := p; 0 -p,| . We shall see whence this comes after we see why we like it.
Py Py O
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The advantage of a matrix notation for these geometrical entities is that matrix multiplication is
associative

p'-q®r = ("% r =p"-@“r) =ps(gxr) and p®qr = E%q%)r =p®(@"r) = px(gxr)
unlike scalar and cross-productged)-r Z p-(Qer) and pxq)xr z px(gxr) . Besides legibility,
a matrix notation promotes simpler expressions, shorter proofs, and easier operator overloading
in programming languages.

kkkkkkkkkkkkkkk
For Readers Reluctant to Abandon « andx Products
( Other readers can skip to the next string of asterisks.)
We’re not abandoning familiar locutions; we’re just writing most of them shorter. Compare the
following classical formulas with their matrix equivalents for succinctness and ease of proof:

Triple Cross-Product:  pXg)xr = q-psr—p-ger vs. p*q)*= qp’ —p-q"

Jacobi's Identity:  px(gxr) +gx(rxp) = - x(pxq) vs. p*q®—q®p® = (*q)*

Lagrange’s Identity: tku)e(vxw) = tev-usw —uevitew vs. (¢-u)T-(%w) = det(f u]™-[v w])
Some things don’t change muchuxq = —-gxp becomesp®q=-q%p, sop®p =0 (the zero
vector ), andpe(gxr) = p'-g%r = det(p q r]) .

The notations’ difference becomes more pronounced as problems become more complicated. For
instance, given a unit vectdr (with |fij| =1) and a scalap, what orthogonal matrix

R = (R)™ rotates Euclidean 3—space through an aggledians around the axis? In other
words, Rx is to transform a vectox by rotating it through an angl¢g about an axidi fixed
through the origino .

An ostensibly simple formula R := exp(®) uses the skew-symmetric cross-product maifix
defined above. Here exp(...) mot the array exponential that is applied elementwise, butis
the matrix exponential; think of R = () as a matrix-valued function ap that solves the
differential equation dRfp= %R = Ra® starting from R(0) =1, the identity matrix. We can
obtain R from® and ¢ explicitly: R = | + 2-(cog(2)-1+ (sin(p/2)-0%) )-(sin{p/2)-0%) .
Rewriting this expression with solely ¢ and products doesn’t improve it. Try that!

In what follows the formulas above will be first derived and then applied to a few examples.

kkkkkkkkkkkkkkhk

A Derivation of Cross-Products in Euclidean 3-Space

What operators in Euclidean 3-space are analogous to the quarter-turn J in 2-space? Every
rotation of 3-space is characterized byatds, a line left unchanged by the rotation, and its
angle of rotation about that axis. Letbe a nonzero vector parallel to such an axis. Analogous

to —I in 2-space is the operatev'/v"v — |, which projects arbitrary vectors into the plane
through o perpendicular toy and then reverses the projection throwgh That operator’s skew-
symmetric square root, determined (as we shall see) uniquely but for its signibythe
analog of J, but different for every different direction However, as a function of that

square root has a 0/0 singularityvat 0. To avoid it, we define the operatm‘F to be one of
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the solutionsv® := +S of the equations

P=w'-vvi| and S=-5
To see why these equations determine S uniquely but for sign, choose an orthonormal basis with
V/|\v|| as its first basis vector and find a matrix representing S in that coordinate system. Every
such matrix S must satisfyvS 0, as will be demonstrated now: EvidentivS o, so
det(S¥=det(?) = 0, and so B8=0 for somez#o0; butthen & =0, and this implies that
is a scalar multiple ot/ , whence follows $=0 as claimed. Consequently, in the foregoing
orthonormal coordinate system, every skew-symmetric solution S is represented by a matrix
whose first row and column contain only zeros, whereupon the remaining 2-by-2 principal
submatrix must betJ-|y|| . Thus, S is determined uniquely but for sign.

0 -{n _
n Z o0 _] of the equations=8 and S =-§;

4 N & 0

this € =w' —v'v:l too, which combines with the previous paragraph to invfly +S . Its
sign could be chosen arbitrarily but we sét:= +S , thereby classifying the coordinate system
as “right-handed”. Note now that® is a continuous function of . In summary, ...

Given v = , consider the solution S

For every vector in Euclidean 3-space, the linear operatbris a continuous linear

function of v determined but for sign by the equation®){=w' —v'v:I and ¢%)"=~*°.
Its sign is determined for every by its sign for any one # o and by continuity.

The notation forv® , pronounced “vee-cross”, is inspired by the relatibw = vxw , where
the latter cross-product coincides with the one defined in texts on vector analysis. Here are four
of its properties:
viw =0 just whentv and w are parallel; this was proved above.
viw Ov  becauser'viw = —¢*)'w=0'w=0.
viw Ow  becausev™vfw = wvw)T =wT(v®w = -wTvfw =0.
VWP = [VIE IW|F = v"W)? because it is w' (v¥)?w , etc.

Combining the formulav™w = |V||-|||-co&](v, w) with the last equation proves that
VW] =] I -sir (v, w)
with a sign that depends upon the orientation assigned to the aifglev) , presuming that
Ll(v, w) = LI(w, v) . Anyway,
|vow| :| the area of a parallelogram with adjacent sideand w | .

From the foregoing properties we infer by symmetry thé must be one ofv®w whenever
they are nonzero because they are vectors with the same length and perpendicular to the same two

nonparallel vectorsy andw . Trials with basis vectors for and w show that

wh = —vlw
and this equation must persist for allandw since both sides are continuous bilinear functions.

This anti-commutativeproperty is a good reason to prefer the notatibm over vxw ; and
later the preference will be strengthened when we find the triple cross-pramtuetssociative

Besides, we shall need in isolation later to describe rotations.
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Triple Products
T, ¢

The scalar expression’ v*w is linear in each vector separately, and reverses sign when any two
vectors are swapped; this follows from anti-commutativity wkkeand w are swapped, from

skew-symmetry ofv®* whenu andw are swapped; and whenandv are swapped it follows

from uTvlw = -wTvlu =w'u®v = -vTu®w . Compare this with the characterization of the

determinant det{{ v w]) as a functional, linear in each column of § w] separately, that

reverses sign when any two columns are swapped. It followsifvdv/det(u v w]) must be
a constant provided the denominator does not vanish. Setting matvxw{ =1 determines
that constant to be 1, whereupon we deduce an important formula:
u'véw = det(u v wi) .
This formula can be confirmed by direct but tedious algebraic manipulation, and also by the
following geometric argument:

Let parallelogramP have adjacent sides and w so that its areaP| = |{/*w]|| . Next letQ be
a parallelepiped whose sides emanating from a vertex,ave and w ; then its volume is
|Q| = det(l v w]) and also

Rl = PI|| projection ofu onto the unit-normal td® ||

= |V*w]| - || projection ofi onto véw/|NV*w|| || = WTvEw]| .

Now to confirm thatuv®w = +det(y v w]) try any three vectorsi, v andw, say the basis
vectors, and then invoke continuity.

Almost as important as that determinantal formula istth@e cross-product formula

ux(vxw) = u®'w = vau'w—w-uTv = w' —wvTu .

To prove this, note that it must be perpendicular to a vadter perpendicular to botlv and

w, and hence must lie in the planewfandw . Thereforeu®v%w =v-R —w-pu for some scalars
R andp . Premultiplication byu' reveals that 0 &'v-B —u'w-u and therefore some scalar
functional f =uv/u=u'w/R exists satisfyingi®*w = (v-u'w —w-u'v )/f . Since both sides
of this equation are linear in eachof v and w separately, f can vary with none of them; it
must be a constant. Its value f =1 can be found by substituting one basis vegt@nidmw
and a second basis vector for. Alternatively, brute-force manipulation by a computerized
algebra system lik®erive, Maple, Mathematicaor Macsymacan be used to confirm the triple

cross-product formula. It is easier to remember in page 2's faffw)*(=wv" —vw' .

That formula shows thatukv)xw = u®)®*w = -w®u® = vu™ —uv")w # ux(vxw) ; the cross-

product is not associative, though matrix multiplicatids associative: (v®w = u®(v®w) .

That formula also confirmdacobi’s Identity

u®ow +viwlu +wlu®v =o, or (*)®=u®*-v

and helps to prové.agrange’s ldentity

t®u)T(v®w) = tTvaulw—u'vit'w =detf u]'[v w]).
You should work out the proofs of these identities, which figure in both classical and Quantum
mechanics.

¢ ¢

u-,
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Rotations R about an Axis v in Euclidean 3-Space

If skew-symmetric matrix S = ISis constant, the unique solution of the initial-value problem
R() =1 and dRM=SR forall t

is a matrix Rf) that must be orthogonal;'"R R because d(fR)/dt = R'STR+R'SR =0

and therefore RR =1 for all T. This implies det(R)=1 and then det(R) = +1 because it is
continuous for allt . Thus, RY) is a proper rotation;— no reflection. It has a power series too:

R(T) = exp(-S) =5 koo T<-SYK! .
Now, every 3-by-3 skew-symmetric matrix S determines a vactsuch that S ¥*; then
sv=o0, L=w'— |y, S=—W;-S, $=—WF-F, ..., K= (yPK-S" for m>0.
By taking odd and even terms separately in the series forr-e‘%;p(/ve condense it to
R() = expfv®) = I +(1 - cost:|V)- 0 |MIY + sing: V) v*/| |

= |+ 2sin-|MI2) sin-[VIV2) v/l + cost:IvIV2)-1) vl
thus providing a relatively simple and verifiable formula for the operator that rotates Euclidean 3-
space through an angie|y|| about a given axig # 0. Its 1-derivative is fairly simple:

d exp-v®)/dt =v®-exptv®) = expg-v®v® .
(Its v-derivative would require an explanation too complicated to exhibit economically here.)

The converse problem is this: Given an orthogonal matrix KL fRat effects a proper rotation
because det(R) = +1, how can its axi®e determined? What seems the simplest way at first is

to compute R-R= 2-sin(-|p||)v¢/||v|| , which works provided sm(y||) is not so tiny that
roundoff in R obscures the desired result. Generally a more reliable procedure is to apply
Gaussian elimination to solve the equation (R=Ip for av# o, or alternatively to compute

an appropriate (not too small) column of Adj(R—I) = (some scaar)- This procedure works
only if R-I is singular (to within roundoff) with rank 2 ; how can we know this to be so?

Consider any eigenvalug of R ; thisp may be complex, in which case its eigenveaas
complex too, and we shall writg* for its complex-conjugate transpose. Next we find that
WPz*z = (RD)*(Rz) =z2*RTRz=7z*z> 0, whereuponu|=1. Now, R has three eigenvalues
K, the roots of the characteristic equation det(R) = 0 . Because its coefficients are real, any
of the three eigenvalues that are not real must come in complex-conjugate pairs whose product,
their squared magnitude, must equal 1. The product of all three eigenvalues is det(R) = +1 too.
Two cases can arise:
* If R has a non-real eigenvalye then p* is another and the third is i) =1 .
» Otherwise all three eigenvalues are real, namdly and then +1 appears among them

an odd number of times because their productis +1 too.
Thus R-I must be singular; the axisis an eigenvector of R belonging to eigenvalue +1 .
Problem (hard): Show that Adj(R-I) = (3 — Trace(R/)F/||v||2 provided proper orthogonal Rl .

Must each proper orthogonal R = exfif) for some real and unit vectori (with |fif| = 1) ?

Yes, andd =v/|v|| wherev is the axis found above. To see why, change to a new orthonormal
coordinate system witli as its first basis vector. The matrix representing R in this new basis
has [1 0 0] and its transpose as first row and column. (Why?) The last principal 2-by-2
submatrix must be exp{) because it is proper orthogonal too; thus determined. After

changing back to the original basis we find R =#x6) . (We'll explain the+ sign later.)
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Constructing Rotations out of Reflections in a Euclidean Space of any Dimensi®i2
Foranyw # o in any Euclidean space, W := | w@&"/|w|f is an orthogonal reflection.
Problem: Verify that W = W=w1, thatw =W is reversed by the reflection, and that it preserves the
(hyper)plane of vectorg orthogonal tow . Thus the reflection’s mirror satisfies the equaﬁer =0. Verify too
that det(W) =-1 by applying the formula det(lv—T) =1-v'u. Can you prove this last formula?

Suppose distinct nonzero vectotsy, s andt are given with X]| = |y|| and {| = [t|| and

s'x =ty . (This last equation says thafi(5, x) | = [J(t,y) | .) We wish to construct a proper
orthogonal R thatrotates to R« =y ands to Rs=t. We shall construct this R := HW as a
product of two orthogonal reflections: W := lw@&"/|w|f and H := I —Bh"/|jh|P in which

w:=x-y andh:=Ws-t, exceptthatif W=t thenh may be any nonzero vector orthogonal
to bothy andt provided such a vector exists. ( R might not exist in 2-space; why not?)

Problem: Verify that W swaps andy, andthat H swaps $\Vandt while preservingy , so that R moves the
pair &, x) to the pair t, y) while preserving their lengths and angle. Verify too that R is proper orthogonal.

Problem (harder): Prove that every rotation in Euclidean 2- or 3-space is a product of two orthogonal reflections..
(The proof must ensure that both reflections exist.) How many suffice in Euclidean N-space?

Changing to an Orthonormal Basis with Opposite Orientation
The vectorvxw = v®w is sometimes called pseudo-vectobecause of how an arbitrary change
of orthonormal basis may affect it. For any orthogonal = Qve shall find that

(QV)*(Qw) = Qv*w-det(Q) , or equivalently (@F = Qv*QT-det(Q) .

Of course det(Q) =1 ; its appearance in the formula above is what deserves an explanation.

If det(Q)=+1 then Q is a proper rotation and our geometrical intuition may well persuade us thatvotatohg

w together as a rigid body must rotathv the same way, which is what the formula in question says. Otherwise
det(Q) =-1, in which case Q combines rotation and reflection; in this case the formula in question, in the form

(Qv)¢Q = Q/¢-det(Q) , will take some work to be confirmed. A comparatively simple proof is provided by ...

David Meredith’s Identity: Adj(L")v® = (Lv)®-L for any 3-by-3 matrix L and vectar in Euclidean 3-space.

Into this identity substitute L :=Q and usd ©Q* and Adj(J) = (Q")Ldet(d) = Q-det(Q) to get the formula
in question. What remains to be done is to prove the identity:

For all 3-vectorsu, v andw regarded as columns of a matrix W, u] , we find that
det(L)u"v%w = det(L)-det(y, w, u]) = det(L-}, w, u]) = det([Lv, Lw, Lu]) = (Lu)T(Lv)*Lw =uTLT(Lv)*Lw .
Consequently det(ly® = LT(Lv)’L . Into this equation substitute det(L)-I = dé}L= LT-Adj(LT) when [T is

nonsingular to get first 1LAdj(LT)v® = LT(Lv)®L, and then the desired identity. It is a polynomial equation in the
elements of L and therefore valid also when L is singu@aE.D.

When det(Q) = -1 the formulas just proved remind us that reflections reverse sense, changing right-handed triad

(v, w, v®w) into left-handed triad (@ Qw, Qv®w) , whereas (@ Qw, (Qv)*(Qw)) is right-handed. (Look in a
mirror to see why.) Consequently the last two triads’ last elements must be oppositely directed.

Question: Why, when you look in a mirror, do you $e and right
reversed there but natp and down?

Answer: That’s not what you see. (What you do see is described on the next page.)
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Answer: What are actually reversed by a mirror Bmevard and back.

Applications of Cross-Products to Nearest-Point Problems

Cross-productgpxq, or p¢-q in our matrix notation, figure prominently instead of determinants
to provide neat textbook solutions of many commonplace geometrical problems. For example,

given the equationspT-x =1, b'x=0B,w'x=Q of three planes, they intersect at point
z= (rtb®w + RBw®p + Qp®b )/(pT-b%w) .

Neat formulas are more memorable and therefore more likely to be used by programmers than are
ugly numerical algorithms like Gaussian Elimination even if the latter are numerically more
stable. Gaussian Elimination is also faster than the foregoing formula; but a programmer can
easily fix that by rewritingz = ( %w)-t+p®(©-Q - w-R) )/p'-(0®w)) and reusing a common
subexpression. Still, this is not so stable numerically as is Gaussian Elimination with pivotal
exchanges.

Like Beauty, the neatness of a formula and often its speed lie more easily in the eye of the
beholding programmer than does numerical stability. Textbook formulas don’t show off roundoff.
The reader will not easily determine which are numerically unstable among the next page’s neat
solutions for seven commonplace geometrical problems each of the following Nearest-Point
kind:

Given a pointy and specifications for a geometrical obj€&ct
we seek a poinz in G nearesty .

y

We expect the line segment joinirng and z to stick out of G perpendicularly.

If two formulas for z are offered below they suffer differently from rounding errors; the first
formula suffers less than the second whenewey|| k< |y|| and the second less than the first
whenever 1]| << ||| . Unless parentheses indicate otherwise, associative prédBet

should be evaluated in whichever ordek-B)-C or A-(B-C), requires fewer arithmetic
operations; doing so below diminishes roundoff too. An exercise for the diligent reader is to
confirm the mathematical correctness of these formulas, even if roundoff may destroy their
validity; casual readers will find their confirmations on pages 10-11 .

(“Numerically stable” solutions for these seven “linearly constrained least-squares” problems may be found in
some works on numerical linear algebra; but no known stable solution is simply a rational formula.)
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1. Given the equatiom’x =1t of a plane[], the pointz in [] nearesty is
z=y-p@E"y-miplF = (pr—p“p®y )ipIF .

2. Given three pointai, u+v and u+w through which one plang] passes, the poirgt in []
nearesty is z=y—p-p - —u)|p|f = u-p*p®* —u)/|p|f wherein p=vtw.

3. Given three pointss, v andw through which one plan§] passes, the poirg in []
nearesty is
—v_nnT.f _ 2 — it = v — ey —
z=y—pp"-y—ulplf = u—p®p®—u)lplf wherein p=(v—-u)®w-u).
The order ofu, v andw is permutable in each formula separately. To diminish roundgdf in
chooseu to maximize Y|—wl||; inz chooseu to minimize |} —ul| in the first formula, y||
in the second.

4. Given two pointsu and u+v through which one lin€€ passes, the poirt in £ nearesty
is z=y+VOOy-uivP = (vvTy-vEVEu)IMP = u+vvTy —uyvIF .

5. Given two pointsu and u+v through which one lin€ passes, and two poinys and y+w
through which another lin& passes, the point neardsin ¥ is x = y —w-p'-v*-(y —u)/|]p|P
whereinp =v®w . Nearest¢ in £ is z= x—p-p" -/ —u)/|p|f = u—-vp w® —u)/|p|P.

6. Given two pointsu andw through which one lin€€ passes, the poirg in £ nearesty is
z=y+V&OS iy —u)|VP = (vvTy=vEvEu)VP = u+vvT-(y —u)/|Vv|P wherein
v=w-u. Sinceu andw are permutable, choose to minimize || —u]| in the first and last
formulas, and to minimizeu|| in the middle formula, which is best if|||k< ||| too.

7. Given the two equationp”x =1 andb":x = 8 of a linef, the pointz in £ nearesty is

2=y +Vo(p-(BHTy) —b-(epTy) VIMF = (vvTy +v*(p-B-b1) )IMIF
wherein v =p%b . Of course we assumez o in order thatE be determined uniquely.

An Example

It is not at all obvious that the last formula, say, is numerically unstable, but in fact all figures
carried can be lost if too few are carried. Try this data all stored exactly as #elwgte :

p' =[ 38006, 23489, 14517, t=8972, b'=[23489, 14517, 8972, R=5545, andy'=[1, -1, 1].

This data define€ as the intersection of two nearly parallel planes, so tiny changes in data cdn afterz

drastically. More troublesome numerically are the many correlated appearances of theaddta in the formulas

for z in problem 7. Though mathematically crucial, these correlations can be ruined by roundoff. Evaluating both

formulas above forz naively in float  arithmetic yieldsle=[ 1, 1, -1 and 22T=[ 1, 1, -15]; butz;
lies farther from both planes than8Q andz, ... 0.6 . End-figure “errors” in data can’t account for those gaps.
This naive arithmetic produces geometrically impossible results

The correct pointzT =[ 1/3, 2/3, —4/3 is computed correctly rounded when all intermediate results ( sub-
expressions and local variables ) are evaluatedbimble before z is rounded back téloat . Naively
computedz, and z, are not so far fronz as to be obviously wrong # were unknown, but unacceptably too far

for most purposes. The neat formulas are almost surely acceptably accurate if computed extra-precisely.
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WHY ?

Bilinear forms vulnerable to roundoff followed by cancellation occur frequently:

[b

Scalar products:  psb = p'b = p, [b, + p, (b, +py oy .

Py (B- b1 Ot
Linear combinations: p-3 -b-1t = P, [(B- b2 Ot
P3 (B- b3 Ot

P, by —pg b,
1~ P1 03

by

Cross products:  pxb = p*b = |p,[b
p, [b

27 Py

These entities argeometrically redundantthey are so correlated thap-[§ —b-1)+(pxb) =0

forall data f, m b, B} . Evenif data are “accurate” to few sig. digits and computed entities to
fewer, their geometrical redundancy must be conserved as accurately as possible. We can tolerate
slightly inaccurate results interpretable as realizable geometrical objects slightly different from

our original intent, but not geometrically impossible objects like<h too far from orthogonal

to p and b because of roundoff. Supposeis the roundoff threshold, meaning that sums,

differences and products are computed accurately within a fatgor Hor instanceg = 51010

for arithmetic rounded to 10 sig. dec. Then the angle between the desired cross prbduct
and its computed version will be typically abadsin(J(p, b)) and can be proved (see. p. 12)
never to get much bigger. This shows how roundoff degrpdbsas p and b approach
(anti)parallelism.

Therefore these bilinear forms and other matrix products should be computed carrying somewhat
more precision than in the data, thereby preserving geometrical redundancy despite “losses” of
several digits to cancellation. At any precision, prolonged chains of computation risk losing
geometrical redundancy. The wider is the precision, the longer is that loss postponed and the
more often prevented, provided that extra-precise arithmetic does not run intolerably slowly.

And extra precision usually costs less than error-analysis.
This is not said to disparage error-analysis; it is always the right thing to do if you know how and
have the time. But to know how you have to take advanced classes in numerical analysis since
elementary classes hardly ever cover error-analysis well enough to be useful. To spend enough
time you have to believe that the results being (in)validated by error-analysis are worth the time.

For further discussions of these and similar computational issues see ...
“Marketing versus Mathematicgittp://www.cs.berkeley.edu/~wkahan/MktgMath.pdf
“How Java’s Floating-Point Hurts Everybody Everywhere” ibidJAVAhurt.pdf
“Miscalculating Area and Angles of a Needle-like Triangle” ibid(Triangle.pdf

A good book about Error-Analysis is N.J. Highamscuracy and Stability of Numerical Algorithrad ed. (2002)
Soc. Indust. & Appl. Math., Philadelphia; but it is about 700 pages long.
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Confirmations of the seven formulas on p. 8:

1. Given the equatiom’-x =1t of a plane[], the pointz in [] nearesty is

z:=y-p@ETy-miplf =s:= @m-p*p®y)IpIf .
To confirm these formulas we must verify thalt-z =, puttingz in [, and thatp is
(anti)parallel toz—y so that it is perpendicular g . And then we must verify that=s. Only
the last is unobvious:

9 |pIP =y:|pIP —p- "y - — (pt—p*p®y ) =0 since p®%=p-p" - |pIf-I .

2. Given three pointsl, u+v and u+w through which one planf] passes, the poirzt in []
nearesty is z:=y—pp'-(y—u)|plf =s:=u-p*p® —u)/|p|F wherein p:=vtw .
These formulas follow from problerh because the plane’s equatiorpisx =T:=p'-u .

3. Given three pointsi, v andw through which one plan§] passes, the poirg in []
nearesty is

z:=y—pp -y —ulplf =s:=u—p*p®(y—u)iplf wherein p:= v -u)®w-u).
These formulas follow from proble after itsv and w are replaced by—u and w—u .

4. Given two pointsu and u+v through which one lin€ passes, the poirg in £ nearesty
isz:= y +VevO(y —u)|NP =s:= (vvTy =vEvEu )|VIP =t:= u+vvT-y —u)|Vv|f To
confirm these formulas we must verify thatu is a scalar multiple of , which places on £,
and thatv'(z-y) = 0 so thatz-y is perpendicular t& . Since (®)2=vv' — |1, we find
that z—u =v-v'-(y —u)/||P =t—u is a scalar multiple of/ and, incidentallyz=t. And
vT(z=y) = 0 follows fromvTv® =o' . Finally s=t follows from the expansion ot/%? .

5. Given two pointsu and u+v through which one lin€ passes, and two poinys and y+w
through which another lin¥ passes, the point nearésin ¥ is x := y —w-p'v®(y —u)/|]p|P
whereinp =v®w . Neares&in£ is z:=x—pp -y —u)|p|F =s:=u—-v-p"wey —u)/|p|F.
To confirm these formulas, we confirm first tixaties in ¥ becausex—y =w-(scalar) , and that
s liesin £ becauses—u =v-(scalar) . Therz =s because

lpIf-@-9) = (IpIF-I =pp" —w-pTv® +vpTw)(y —u)
= (-pH%2 +wvTp®—vwTpH(y—u) becausevfp)T = —p*v)" etc.
= (" +wv' —vw)p®y-u) = Op®y-u)=o

because of the triple cross-product formpfa= (/*w)® =w-v" —v-w" on pages 2 and 4.

Finally, z—x =p-(scalar) is perpendicular to both lingsand £ .
6. Given two pointsu and w through which one lin€€ passes, the poirg in £ nearesty is

z=y+VSO iy —u)|VP = (vvTy=vEvEu)|VP = u+vvT-(y —u)/|Vv|P wherein
v=w —u. These formulas follow from problewh.
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7. Given the two equationp”x =1 andb":x = 3 of a linef, the pointz in £ nearesty is

z:=y +V5(p-(BHTy) —b-(epTy) VIMF = s:= (vvTy +Vv®(p-B-b) JIVIP
wherein v=p®b # 0. Thisv is parallel tof because it is perpendicular to the normals of both
planes that intersect ii. To confirm thatz is the point inf nearesty we must verify thatz
lies in both those planes and thaiis perpendicular ta—y . In other words, we must verify that

plz=m, bTz=R,v'-(z=y) =0 ands=z. This was done with DERIVE, a computerized
algebra system; and we shall do it by hand too:

v-@z=y) =vT v (p-(BbTy) =b-p y) Y|V =0 because/"v¢=0".

pl-z—m=ply—mt+p v*(p-(Bby) —b-(rep ) J|VIP
=ply—-mi—p"'v®b-(ep y)/|VvF because'vtp=0,
=ply-m+vip®b-mp y)|V|E becausep’v¢b=-vTp%b,
=ply—m+v v @ep y)|VvE =0.

bTz—R=b"y—R +b"v%(p-(B-b"y) —b-(ep"y) )/|VIF
=bTy—-RB+b"v®p-(R-bTy)/|v|E becauseb’v*b=0,
=bTy—RB—v"b%p-(Bb"y)/|VvF becauseb”vt-p=-T-b%p,
=bly—R+v v-(R-bTy)/|VF =0.

(-9 IMIP = @7Vl =vaT)y +VE(p-(BbT ) ~b-(epTy) ) -v*-(p-B-b1)

=~y +V"(p-(R-b"y) ~b-(p"y) - (p-B-bT) )
= V& (¥ —pbT+bpT)y = v&(+ ("D)*)y =o0.
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Confirmation of the error-bound on p. 9:

It asserted that the angle between the desired cross prpdoicand its computed version never
much exceeds/sin(J(p, b)) , whereine is the roundoff threshold for individual arithmetic
operations. This means that executing an assignment statement “ x :=y-z” actually computes
and stores some rounded value x *€fly-z, which is how an unknown number between
(1-€)-y-z and (18)-y-z shall be described. Likewise “x:=y-z” actually stores a number

x = (1x€)-(y—z) . In special circumstances more than this can be said about x ; for instance, if
1/2<y/z< 2 then “x:=y-z " actually stores x =y-z exactly on almost all today’s computers.

Problem: Perhaps aided by a calculator, explore and then confirm the last assertion, and then find examples that
would violate it if “ 1/2” were diminished or “2 " increased.

In any event,e is very tiny. For the 8-byte wide floating-point arithmetic used by Matlab,
£ = 1/2°%=eps/ 2 = 1.12/10'® . Consequently terms of ordef will be ignorable below.

A stricter assertion of the error bound is thatwifis the column vector computed fpxb from
p #Z0 and b # o using floating-point arithmetic whose roundoff threshold jsthen
|sin((w, pxb))| < p-el/[sin(p, b))| for some constant < 4V3 = 2.3094 . A proof follows.

To reduce the strain on aged eyes, subscripts and superscripts will be avoided wherever possible.
Set column-vectorp =[x, y, z] andb:=[e, f, g], sopxb=[y-g-zf, z-e-x-g, x-f-y‘e]
Here a prime' is used in place of a superscript T to dertod@spose The computed cross-
product w has elements of which the first is typicake)X(1+€)-y-g — (*¢€)-z-f) . Ignoring
second-order terms ia, this amounts to y-g-z#2¢-(|ly-g| + |z-f|]) at worst. Consequently
|w —pxb |< 2e-pY%-b| elementwise; herp® is the skew matrix that producgé-b = pxb .
Therefore, using the Euclidean norwi| |EVV'v , we conclude that

|lw —pxb | < 4e2-p| -p*?-p| < 4e2-|p|P-( the biggest eigenvalue gi%| )%,
since p% is a real symmetric matrix. It€haracteristic Polynomialturns out to be

f(\) = detA\l — p% ) = A3 = |p|PA — 2|x-y-z| whereinp|f = x% +y2 + Z > 0.
To locate its zeros, the eigenvaluesf | we shall repeatedly use tAeithmetic-Geometric
Means Inequality which says that &+ y? + 2)/3=3V(x%y?-7) ; it will be invoked in the
equivalent form |x-y-d |p|f/V27 . Then substitution of trial arguments reveals that

f(=2IplIN3) <0< f(-pPIIM3) , and f(Ok 0< f(2|plIV3),
so all three zeros of f (the eigenvaluespf)| lie between+2|p||~/3. From this we infer that
llw —pxb [|< (4N3)€:|pl|-bll -

A diagram consisting of a triangle establishes that—-{pxb ||= [sin(J(w, pxb))|-|pxb]| ; and
we know that fixb|| = |p||-|b||{sin(p, b))| . Putting the last three relations together completes
the proof.

Actually p can be replaced by V8 whenever sif(p, b)) is very tiny since then all the elementspfb are tiny
because of cancellations during subtractions, which must then be exact, which removes one of thetfgctors (1
from each element ofv .
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