MAT341 Practice Final

1. Let D be a bounded domain in R® with a simply connected piecewise
smooth boundary 9D.
a) Prove the Green’s identity

0 0
[ sg-gngav= [ g9 sdo
D op on n

using the Gauss divergence theorem

/V-FdV:/ F - ndo.
D D

Here, n is the outward unit normal vector to the boundary 9D and f and
g are functions from R? to R. Also, F is a vector field on R3.

Proof. Apply the divergence theorem with F = fVg — gV f to get

/ V- (fVg— gV )dV = / (fVg — gV f) - ndo.
D oD
Now,
V- (fVg—gVf)=Vf -Vg+ fVig— (Vg Vf+gV>f)

= V29— gV2f = fAg — gf.
Hence
L.HS. = / fOAg—gANfdV
D

while using the identity V fn = a% f, we have

0 0
RIS~ [ f(9g-n)=g(Vf-mo.= [ filo—gilpie

b) Prove that if f is a solution to the partial differential equation
Af=f (D)

f=0 (ondD)



and g is a solution to the partial differential equation
NAg=2g9 (inD)

g=0 (ondD)

/ngdV = 0.

Proof. Using the Green’s identity of part a) gives us

then

/ng gAfdV = /Oxg—Oxafdazo
oD On

since both f and g vanish on dD. Now, using Af = f and Ag = 2g, we
have

L.H.S.:/D2fg—gde:/ngdV
O

a) Prove that the only solution to the following Dirichlet problem is
0.

Au=0 (inD)
u=0 (ondD)

Proof. Before we go on to the proof, I mention that in this problem, we
tacitly assume that u is continuous. We start from the first Green’s identity

/Vf VgdV = / fagda—/ngdV.

Setting f = g = u, we have

/Vu-VudV:/ uauda—/ uANudV
D ap On D

On the right hand side, the first integral vanishes because v = 0 on 9D and
second integral vanishes because Au = 0. Also Vu - Vu = ||Vu|[?. Hence

/ [Vul|>dV = 0.
D

Now, suppose there was any point p in D such that Vu(p) # 0. Then
[[Vu(p)||? > 0 and by continuity of u, we actually have ||[Vu|[? > 0 in some



small neighborhood of p. Then we will have [, ||[Vul|?dV > 0., which
contradicts the above formula. Therefore, Vu must be zero everywhere on
the disc. Hence u = C for some constant C, and by continuity to the
boundary, u = 0. 0

b) Prove the uniqueness theorem for the Laplace equation with Dirichlet
boundary condition.

Proof. Suppose the Dirichet BVP
Av=0 (inD)

v=f (ondD)

had two solutions v; and v9. Then u = v — vy satisfies
Au=NAv;—wvy) =0 (inD)

u=vi—ve=f—f=0 (ondD)

which brings us to the equation handled in part a). In part a) we proved
that u = 0. So v1 — vy =0, i.e. v1 = vg. O

3. a) Find the divergence of F = (x + y, 2?).
Solution)

0 9, o
V‘F_a—x(x+y)+8—y(a:)_l

b) Compute the following integral

/ F - nds
dD(0,¢)

where D(0,¢€) is a disc of radius € centered at the origin and n is the outward
unit normal vector.

Solution) Note: I should have added ”without using the divergence theorem”
for this problem, because this problem itself is about understanding why
divergence theorem works. Here is how you do it without using divergence
theorem. First, we take polar coordinates because the integral is over a
circle. On the boundary of the circle of radius e,

x=¢€cosf , y=esind.



Hence
F(z,y) = F(ecosf, esinf) = (ecosf + esinb, € cos? 0)

Also, draw the picture of the circle and a point (z,y) on it to convince
yourself that the direction of the outward normal vector is parallel to (z,y),
ie.

n = (cosf,sin6).

The measure for the disc is rdrdf and from this we can read off that the
measure around the circumference is rdf with r = € in our context. (If you

/ 2
don’t like this argument, you can also use ds = (‘;—3)2 + (%) df which

you learned from vector calculus.)
So

2m
/ F - nds = / (ecos + esinb, e? cos® f) - (cos B, sin ) edf
0D(0,¢) 0

2
= 62/ cos? 0 + sin  cos @ + € cos® 0 sin 6 edf = we>
0

Note that in computing the above integrals, we need to use cos?§ = % +
%COS 20. Using the orthogonality relations for the Fourier series simplifies
the computation greatly.

c¢) Find the limit

1
lim / F - nds.
e—0 Area(D((), 6)) 9D(0,¢)

What is it equal to? Does this happen for any vector field F? (Yes or no.)
Solution)

1 1

lim —— F - nds = lim —7e? = 1
Py Area(D(0,€)) /8D(0,e) nas= e’

This is equal to the divergence of F at (0,0). For any vectorfield F, the

divergence is equal to the limit of the flux divided by the area. So the

answer is ’yes’.

4. Verify the divergence theorem for the unit ball in R? with the vector
field
F = (zy,yz, 2x)



Solution)

)
\% ax(xy)—l— y(yZ)+ Z(zx) y+z+z

In spherical coordinates
x=pcosfsing ,y=psinfsing ,z = pcos¢

and hence
™ 2 1
/ V-FdV = / / / (cos @ sin ¢+ p sin @ sin ¢+ p cos ¢) p? sin pdrdfde = 0
B o Jo Jo

by using the fact that fo% cosfdf = 0 and other similar facts. Since the
question asks us to verify the divergence theorem, we need to compute

/ F -ndo
0B

Convince yourself that the outward normal vector n at point (z,y,z) is
parallel to (z,y,z). So we need to normalize (z,y,z) to make it a unit
vector, but (z,y, z) is on the unit sphere and therefore it is already a unit
vector. (If you are not happy with this approach, another way to do this
is to think of the unit ball as a level surface of some function and take the
gradient of that function.)

So

n = (x,y,z) = (cosfsin ¢, sin O sin ¢, cos ¢)

Therefore,

™ 2w ™ 2w
/ F-ndo = / / (xy,yz, zz)-(x,y, 2) sin pdfdp = / / (z2y+1° 2+2%2) sin pdfde
0B o Jo 0o Jo

™ 2
= / / (COS2 6 sin® ¢ sin § 4 sin® @ sin? ¢ cos ¢+ cos? ¢ cos O sin ¢) sin pdOde
o Jo

4 T 1—cos2
—/ 0+7rsin3<z§cos¢+0d¢—/ ﬂ%(bsinqﬁcosqﬁd(b
0 0

_/”Fl—cos2q§ " sin2¢d¢:0
0 2 2

Therefore, the divergence theorem

/ F-ndo:/V-FdV
oB B

5




holds!

5. Let D be the unit disc. Solve the following boundary value problem
Au=0 (inD)
u=f(0) (ondD)

where
cos) 0<6 <.

f(9):{ 0 otherwise

Solution) Changing everything into polar coordinates, we have

19 (0 1 0
u(1,0) = f(0) (2)
u(r,0 +2m) = u(r,6), (0<r<1) (3)
u(r, 0) is bounded as r — 0 + . (4)

Use separation of variables as u(r, ) = R(r)Q(#) and equation (1) becomes

r ,,,.R/ !/ 1
oY L@,

R Q
So both terms must be constant. Now %/ = —\2 because if it were a positive
constant we will get an exponential function not a periodic function. So we
obtain

Q// + )\2Q =0
QO +27) = Q(0)

which has the general solution Q () = A cos(A0)+ B sin(A0) and the periodic
condition forces

A=\, =n, n=1,2,3,...

For R we have
r(rR')Y —n*R =0

R(r) is bounded as r — 0 + .

This equation is called Cauchy-Euler equation which it is known that it has
the solution of the form r%. Plugging in R = r% we get

(afla—1)+a—n?)r* =0



and we obtain & = n, —n. So the solution is R(r) = Cir"™ 4+ Caor~", but the

bounded condtion as r — 0+ forces Cy = 0. Hence u(r, ) = R(r)Q(6) is of
the form

1, r"cos(nf), r"sin(nd)
therefore the solution u in general are the superpositions of these solutions,

i.e.

u(r,0) = ap + Z anr" cos(nb) + Z by, r™ sin(nd).
n=1

n=1

Now, it remains to find what a,, and b,, are. We use the boundary condition
at =1 to get

f(0) =u(1,0) = ao + Z an cos(nd) + Z by, sin(n).

n=1 n=1

This is nothing else than the Fourier series, and hence we have

1 [7 1 [7
= — 0)do = — 0df =
W= or /7r 1) 27?/0 €08 0

1T 1 C[(1/2 n=1
an = — /_7r f(0) cos(nh)dd = 7T/0 cos(f) cos(nf)df = {0 otherwise
1 (7 ) 1 (7 )
b, = — f(0)sin(nd)dd = / cos(0) sin(né)do
™ J_n m™Jo
™ 7271' =
= % /0 %(Sin(n& +6) +sin(nf — 6))do = { (n261)7rn :nOd;Wn

5-11. Let D be the rectangle given by
D={(z,y)|0 <z <2, 0<y<3}.

Consider the following wave equation

82
u=0 (ondD).
Use separation of variables and find the five lowest harmonics of this system.
Solution) Putting u(x,y,t) = ¢(x,y)T(t) we get
Lo _T7
o T



So both sides must be constant. Since we are looking for harmonics, which
are solutions that are periodic with respect to time, we let TTN = —)\2, so
that
T"+NT =0
which yields T'(t) = Acos A\t + B sin At.
Now let ¢(z,y) = X (2)Y (y). Then A¢ = —A2¢ becomes
Xl/ Y/l

i ¢
X Y

which implies that each term XTH and Y7” are constants. Now the boundary

conditions imply that

So in order to have nontrivial solutions, the constants need to be negative,

i.e. ” "
X _ 2 Yy' o 2

X _ILL 9 Y =V
These differential equations along with the boundary conditions yield
X =Cisinpx, Y =Cysinvy
where p = ji,, = 5" and v = v, = .
Hence the periodic solutions u(z,y,t) = X (x)Y (y)T'(¢t) have the form

u(z,y,t) = sin g sin vy (A cos Ayt + B sin A\ppt)

where the frequency \2,, = p2 + v2 = (%)2 + (%r)2 = (9m? + 4n2)§—2.
Therefore the lowest five harmonics corresponds to the above solution u(z, y, t)
with (m,n) = (1,1),(1,2),(2,1),(1,3) and (2, 2) (in increasing order respect
t0 Amn)-

6. Let D be the unit disc. For the heat equation

_ o
ot

u=0 (ondD),

Au (in D)

we want to find a solution of the form u(r, 6, t) = ¢(r,8)e .

a) Write down the differential equation and all the boundary condition that



¢ has to satisfy.
Solution)

10 [ 09 1 0% 5
— - — L = <
ror <r87“> r2 920 A (0sr<ld)

¢(r,0 +2m) = ¢(r,0), (0 <r<1)
é(r,0) is bounded as r — 0+

b) Setting ¢(r,0) = R(r)Q(f), write down the differential equation and
all the boundary conditions that R and () needs to satisfy.
Solution) Pluggin’ in ¢(r,0) = R(r)Q(0) we get

(T'R/)/ Q// B
rR r2Q
R(1)=0

QU0 +27) = Q)
R(r) is bounded as r — 0+

— )2

The differential equation above can be written as

r(ri’)’ 2,2 Q"

A2 = %

R + A%r 0
Since the left hand side only depends on r and r}/ght hand side only depends
on 6, they must both be constant. So we let Q= —p?, where minus sign

was chosen because we have that () must be periodic. Hence the differential
equation for @) is
Q" +p*Q =0
Q6+ 27) = Q(0)
and the differential equation for R is
r(rR) + X?R = 1®R
R(1)=0
R(r) is bounded as r — 0+

¢) Solve the equations for R and (. (You may use the fact that the
general solution of the differential equation

d [ dy 2,2 2\ _
dx <$dm>+()\$ Wy =0

9



is y = C1Ju(Ax) + C2Y,(A\x) where J,(x) and Y, (x) are Bessel functions of
first and second kind respectively.
Solution) For @,

Q(6) = Acos(ub) + Bsin(ub)

where the periodic condition forces p = p,,, = m.
For R,
R = ClJH()\T) + CQYu()\T) = OlJm()\’l”) + CQYm()\’I").

But the condition that R(r) is bounded as r — 0+ forces Cy = 0. Also, the
condition R(1) = 0 forces J,,,(A) = 0. So A must be zeros of J,,(x). So if we
name Qup,, as the n-th zero of J,,(z), then A = Ay = @y, Hence

R = C1J,(otmnT)

7. Suppose u is a function that depends only on the radius r, and it is
unbounded at 0. In addition

Au=0 (inR?—{0}).

Find w.
Solution) In polar coordinates, the Laplace equation is

1o (o, 10
r Or T@r r2 920

. 2
since u does not depend on 6, % = 0 and so we have

10 (0u) _,
ror rﬁr -

Multiplying by r and integrating by r we have
ou
T _C
"or
Now divide by r and integrate to get
u(r) =Clar+C’

Since we want unbounded solutions, this means C # 0.

10



8. Let D be the unit disc. Let u be the solution of the Dirichlet boundary
value problem

Au=0 (inD)
u(z,y) =2*> (ondD).

Find «(0,0). (Hint: use the mean value theorem from the last homework
(equation (13) in page 278)
Solution) The mean value theorem says that

circumference

w(0,0) = — = /W u(1, 0)(radius)dd — 2i /7r u(1,0)d6

—r T J—x

:1/ :c2d0:1/ cos20de=1
2 J_, 2 2

—Tr

Note: Final Exam Location: Harriman Hall 112 (8AM-10:30AM)
You are REQUIRED to know the first and second Green’s identities and
also the formula for mean value theorem. The following will be given on the
exam sheet and therefore you do not have to memorize them
1. Polar and Spherical formula for the Laplacian A.
2. sinz = %, cos® x = W
3. Product to sum formula for trigonometric functions. (e.g. sin Acos B =
1(sin(A+ B) +sin(A — B)).)
4. Equation (2)-(5) on page 62.
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