Let F(X,Y)=(u(x, Y),v(X,y)) be a vector field onR*. Let U, be a square region with corners on

(X, y),(x+h,y),(x+h,y+h) and (x,y+h).

Prove that IimM
h-0 Area(U,)

=DivF.

Proof) By definition, (xy+h) S (x+h,y+h)

Flux.(U,) = §auh (F-fi)ds.
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oU, , the boundary of U, , consists of four lines N
C4,C,,Cs and C,4 as shown right. n
The outward unit normal vector i for each line is (x,y) C (x+h.y)
1

(0,-1),(1,0),(0,1) and (-1,0) respectively.
Therefore,
Flux_(U, ) = j (F - (0,~1))ds + j (F - (1,0))ds + j (F-(0,0)ds + j (F - (~1,0))ds

C, C, C, C,

= [t ) - Ot kb (e h.0)- A0t
+ [ty +h) vty + h)) - (0D dt+ LM U(x,1),v(x,1))- (~10)dt
—-["v yydee ] uteeh e [y yde- [ uex et
Applying the firstfundamental theorem of calulus i | igg% [ f @t =1 (@) we get

Ling%Flux(Uh) =—v(X,y)+u(x+h,y)+v(x,y+h)—u(x,y).

1
—Flux.(U,)
Hence lim XM _ iy FIWXe(Un) _ o h” 7707
h—0 Area(Uh) h—0 h h—0 h

lim =YX Y) Fu(x+h, y) +v(x, y +h) —u(x, y)

" h>0 h

=lim u(x+h y)-ux.y) +lim v,y +h)=vx.y) =a—u+@=DivF
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(QED)



