
n

C1 
(x+h,y)C1 (x,y)

C4

(x,y+h) C3 (x+h,y+h)

C2 Uh 

Let )),(),,((),( yxvyxuyxF =  be a vector field on  . Let hU  be a square region with corners on 

),(),,(),,( hyhxyhxyx +++  and ),( hyx + .  

Prove that F
h

h  Div
)Area(U
)(UFlux lim F

0h
=

→
. 

Proof) By definition, 

 ( )dsnF
hUh ∫∂ ⋅=)(UFluxF .  

hU∂ , the boundary of hU , consists of four lines  

C1,C2,C3 and C4 as shown right. 

The outward unit normal vector n  for each line is 

 (0,1)(1,0),(0,-1),  and (-1,0) respectively.  

Therefore, 

∫∫∫∫ −⋅+⋅+⋅+−⋅=
4321

))0,1(())1,0(())0,1(())1,0(()(UFluxF
CCCC

h dsFdsFdsFdsF  

∫∫
++

⋅+++−⋅=
hy

y

hx

x
dtthxvthxudtytvytu )0,1()),(),,(()1,0()),(),,((  

∫∫
++

−⋅+⋅+++
hy

y

hx

x
dttxvtxudthytvhytu )0,1()),(),,(()1,0()),(),,((  

∫∫∫∫
++++

−++++−=
hy

y

hx

x

hy

y

hx

x
dttxudthytvdtthxudtytv ),(),(),(),(  

Applying the first fundamental theorem of calculus (i.e. ∫
+

→
=

ha

ah
afdttf

h
)()(1lim

0
) we get: 

),(),(),(),()(Flux1lim
0

yxuhyxvyhxuyxvU
h hh

−++++−=
→

. 

Hence 
h

h
h

h
h

h

h
)(UFlux1

 lim)(UFlux lim
)Area(U
)(UFlux lim

F

0h2
F

0h
F

0h →→→
==  

        
h

yxuhyxvyhxuyxv ),(),(),(),( lim
0h

−++++−
=

→
 

h
yxvhyxv

h
yxuyhxu ),(),( lim),(),( lim

0h0h

−+
+

−+
=

→→
F

y
v

x
u Div=

∂
∂

+
∂
∂

=  

(QED) 


