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Any Riemannian 2-manifold is conformally flat.
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y) [dx⊗ dx + dy ⊗ dy]
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Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
dx2 + dy2

]
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∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
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]
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
dx2 + dy2

]
on this neighborhood, for some f (x, y) > 0.

Gauss (1822)

Korn, Lichtenstein (1916)
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
dx2 + dy2

]
on this neighborhood, for some f (x, y) > 0.

Lamé (1833): “isothermal coordinates”
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A better name might be “conformal coordinates”.
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
dx2 + dy2

]
on this neighborhood, for some f (x, y) > 0.

A better name might be “conformal coordinates”.

Distort distances, but not angles.

Example. Let (M, g) be the unit 2-sphere in R3.
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Sterographic Projection (from North Pole)
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Sterographic Projection (from South Pole)
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Sterographic Projection (from South Pole)
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Composing with branch of the complex logarithm
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Composing with branch of the complex logarithm

z 7→ log z
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Composing with branch of the complex logarithm

z 7→ log z
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Composing with branch of the complex logarithm

z 7→ log z
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Composing with branch of the complex logarithm

z 7→ log z

and then multiplying by −i then yields. . .
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Mercator Projection
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Oriented case: z = x + iy complex coordinate.
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
dx2 + dy2

]
on this neighborhood, for some f (x, y) > 0.

A better name might be “conformal coordinates”.

Oriented case: z = x + iy complex coordinate.

Any such z and z̃ related by holomorphic function.

Makes M into a Riemann surface.
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Any Riemannian 2-manifold is conformally flat.

Given (M2, g) and any p ∈M ,

∃ coordinates (x, y) on a neighborhood of p s.t.

g = f (x, y)
[
dx2 + dy2

]
on this neighborhood, for some f (x, y) > 0.

A better name might be “conformal coordinates”.

Oriented case: z = x + iy complex coordinate.

Any such z and z̃ related by holomorphic function.

Makes (M, g) into a Kähler manifold.
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Any Riemannian 2-manifold is conformally flat.
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Any Riemannian 2-manifold is conformally flat.

But not true for (Mn, g) of dimension n ≥ 3!
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Any Riemannian 2-manifold is conformally flat.

But not true for (Mn, g) of dimension n ≥ 3!

Generic g not locally Euclidean times function!
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Any Riemannian 2-manifold is conformally flat.

But not true for (Mn, g) of dimension n ≥ 3!

Generic g not locally Euclidean times function!

Usually, @ “isothermal coordinates”. . .
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To make this precise. . .
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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : TpM →M
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Let (Mn, g) be a Riemannian n-manifold, p ∈ M .
Metric defines locally shortest curves, called geodesics.
Following geodesics from p defines a map

exp : TpM →M

which is a diffeomorphism on a neighborhood of 0:
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p v

exp(v)r
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exp(v)r

Now choosing TpM
∼=→ Rn via some orthonormal

basis gives us special coordinates on M .
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In these “geodesic normal” coordinates, the metric
has components given by
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In these “geodesic normal” coordinates, the metric
has components given by

g =

n∑
j,k=1

gjkdx
j ⊗ dxk
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In these “geodesic normal” coordinates, the metric
has components given by

g = gjk dx
j ⊗ dxk
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.

Uniquely determined by the above expression for
gjk once one also requires Bianchi identities

Rj`km = −R`jkm = −Rj`mk

Rj`km +Rjkm` +Rjm`k = 0
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In these “geodesic normal” coordinates, the metric
has components given by

gjk = δjk −
1

3
Rj`kmx`xm + O(|x|3)

where theRj`km are exactly the components of the
Riemann curvature tensor at the reference point p
represented by ~x = 0 in these coordinates.
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.
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In these “geodesic normal” coordinates the metric
volume measure is given by

dµg =
[
1− 1

6 rjk x
jxk + O(|x|3)

]
dµEuclidean,

where r is the Ricci tensor rjk = Rijik.
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Finally, the scalar curvature is the trace of Ricci:
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Finally, the scalar curvature is the trace of Ricci:

s = r
j
j = Rijij.
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Finally, the scalar curvature is the trace of Ricci:

s = r
j
j = Rijij.

volg(Bε(p))

cnεn
= 1− s ε2

6(n+2)
+ O(ε4)

r......................................................................
................... ε
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.
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be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

As punishment . . .
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for some constant λ ∈ R.

λ called Einstein constant.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

λ called Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

λ called Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.

s = nλ
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Any Riemannian 2-manifold is conformally flat.

But not true for (Mn, g) of dimension n ≥ 3!

Generic g not locally Euclidean times function!

Usually, @ “isothermal coordinates”. . .
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On Riemannian n-manifold (M, g),
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On Riemannian n-manifold (M, g), n ≥ 3,

Riemann = Weyl⊕ Ricci
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On Riemannian n-manifold (M, g), n ≥ 3,

Riemann = Weyl⊕ trace-free Ricci⊕ scalar
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On Riemannian n-manifold (M, g), n ≥ 3,

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]
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cd +

4
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r̊
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[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)
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+
2
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b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

W a
bcd unchanged if g  ĝ = u2g.
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On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

W a
bcd unchanged if g  ĝ = u2g.

But ∃u such that r̂ = 0 at any given p ∈M .
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On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
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b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

W a
bcd unchanged if g  ĝ = u2g.
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On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

Proposition. Assume n ≥ 4. Then
(Mn, g) locally conformally flat ⇐⇒ W ≡ 0.

83



On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

84



On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

Warning: When n = 3, story is different.

85



On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +

4

n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

Warning: When n = 3, story is different.

W always 0, but g usually not conformally flat.

86



On Riemannian n-manifold (M, g),

Rabcd = W ab
cd +
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n− 2
r̊

[a
[c
δ
b]
d]

+
2

n(n− 1)
s δa[cδ

b
d]

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

Warning: When n = 3, story is different.

W always 0, but g usually not conformally flat.

Cotton tensor C = ∇∧ (̊r − s
12g) obstruction.
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For metrics on fixed Mn, Weyl functional

W ([g]) =

∫
M
|W g|n/2dµg

only depends on the conformal class

[g] = {u2g | u : M
C∞−→ R+}.

Power n/2 is necessary for scale invariance!
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For metrics on fixed Mn, Weyl functional

W ([g]) =

∫
M
|W g|n/2dµg

only depends on the conformal class

[g] = {u2g | u : M
C∞−→ R+}.

W : GM/(C∞)+ −→ R
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For metrics on fixed Mn, Weyl functional

W ([g]) =

∫
M
|W g|n/2dµg

only depends on the conformal class

[g] = {u2g | u : M
C∞−→ R+}.

Measures deviation [g] from conformal flatness.

Basic problems: For given smooth compact M ,

• What is inf W ?

• Do there exist minimizers?
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called Bach tensor.

Solutions called Bach-flat metrics.

Bianchi =⇒ Any Einstein (M4, g) is Bach-flat.

111



Dimension Four is Exceptional

For M4,

W ([g]) =

∫
M
|W g|2dµg

Euler-Lagrange equationsB = 0 elliptic mod gauge.

Here

Bab := (∇c∇d +
1

2
r̊cd)W acbd

called Bach tensor.

Solutions called Bach-flat metrics.

Bianchi =⇒ Any Einstein (M4, g) is Bach-flat.

Of course, conformally Einstein good enough!
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has degenerate Euler-Lagrange equation

|W g|(n−4)/2(∇∇·W + · · · ) = 0

when n > 4.
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By contrast:

For Mn,

W ([g]) =

∫
M
|W g|n/2dµg

has degenerate Euler-Lagrange equation

|W g|(n−4)/2(∇∇·W + · · · ) = 0

when n > 4.

Einstein metrics are usually not critical points.
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The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.
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s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′

130



Thus (M4, g) Einstein ⇐⇒

131



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

132



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

133



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

134



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .

135



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .

136



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .

137



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .

138



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .

139



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .

140



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 r̊

r̊ W− + s
12

 .

141



Thus (M4, g) Einstein ⇐⇒

R : Λ2→ Λ2

commutes with

? : Λ2→ Λ2 :

R =


W+ + s

12 0

0 W− + s
12

 .

142



Corollary. A Riemannian 4-manifold (M, g) is
Einstein ⇐⇒ sectional curvatures are equal for
any pair of perpendicular 2-planes.
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Corollary. A Riemannian 4-manifold (M, g) is
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ
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Here τ (M) = b+(M)− b−(M) defined in terms of
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( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
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Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,
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Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms. Then

b±(M) = dimH±g .
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms. Then

b±(M) = dimH±g .
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms. Then

b±(M) = dimH±g .
The subspaces H±g are conformally invariant:

Same for g and any ĝ = u2g.
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

3
〈p1(TM), [M ]〉

= 〈p1(M), [M ]〉
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

166



For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) =

∫
M
|W g|2dµg
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) ≥ 12π2τ (M)

with = ⇐⇒ W− ≡ 0. “self-dual”
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) ≥ −12π2τ (M)
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) ≥ −12π2τ (M)

with = ⇐⇒ W+ ≡ 0. “anti-self-dual”
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Signature
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) ≥ −12π2τ (M)

with = ⇐⇒ W+ ≡ 0. “anti-self-dual”

Reversing orientation  

self-duality ←→ anti-self-duality
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) ≥ −12π2τ (M)

with = ⇐⇒ W+ ≡ 0. “anti-self-dual”

1985-1995: ∃ self-dual/anti-self g on many M4.
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

W ([g]) ≥ −12π2τ (M)

with = ⇐⇒ W+ ≡ 0. “anti-self-dual”

1985-1995: ∃ self-dual/anti-self g on many M4.

Poon, L, Donaldson-Friedman, Taubes . . .
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

Proposition (Atiyah-Hitchin-Singer). The Fubini-
Study metric on CP2 is self-dual. Consequently,
minimizes Weyl functional.
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

Theorem (Poon ’86). Up conformal isometry,
the Fubini-Study class is the unique self-dual con-
formal class on CP2 with Y ([g]) > 0.
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Y ([g]) = inf
ĝ=u2g

∫
M sĝ dµĝ√∫

M dµĝ

;
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Y ([g]) = inf
ĝ=u2g

∫
M sĝ dµĝ√∫

M dµĝ

;

If g has s of fixed sign, agrees with sign of Y [g].
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

Theorem (Poon ’86). Up conformal isometry,
the Fubini-Study class is the unique self-dual con-
formal class on CP2 with Y ([g]) > 0.
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For (M4, g) compact oriented Riemannian,

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

= 〈p1(M), [M ]〉

Proposition (Atiyah-Hitchin-Singer ’78). The Fubini-
Study metric on CP2 is self-dual. Consequently,
minimizes Weyl functional.
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Osamu Kobayashi ’86:
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Osamu Kobayashi ’86:

What about S2 × S2?
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No self-dual metric!
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Osamu Kobayashi ’86:

What about S2 × S2?

No self-dual metric!

Would be conformally flat, because τ = 0.

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ
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Osamu Kobayashi ’86:

What about S2 × S2?

No self-dual metric!

Would be conformally flat, because τ = 0.

Also π1 = 0.
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Osamu Kobayashi ’86:

What about S2 × S2?

No self-dual metric!

Would be conformally flat, because τ = 0.

Also π1 = 0.

Kuiper ’49: ∴ Round S4! ⇒⇐

189



Osamu Kobayashi ’86:

What about S2 × S2?

No self-dual metric!

Would be conformally flat, because τ = 0.

Also π1 = 0.

Kuiper ’49: ∴ Round S4! ⇒⇐
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Osamu Kobayashi ’86:

What about S2 × S2?
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .

Gave weak evidence:
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .

Gave weak evidence:

Local minimum.
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .
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Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .

Commonality between CP2 and S2 × S2?
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What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .

Commonality between CP2 and S2 × S2?

Kähler-Einstein, with λ > 0.
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .

Commonality between CP2 and S2 × S2?

Kähler-Einstein, with λ > 0.

Kähler-Einstein means Einstein, and also Kähler.
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .

Commonality between CP2 and S2 × S2?

Kähler-Einstein, with λ > 0.

Kähler-Einstein means Einstein, and also Kähler.

Kähler means there exists an almost-complex struc-
ture J that is invariant under parallel transport
with respect to g:

∇J = 0.
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Natural Generalization:
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Del Pezzo surfaces:
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Blowing up:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added

r
N

M
............................................................................................................... ..........

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

........

.......

.......
.......
.......
.......
.........
....

212



Conventions:

CP2 = reverse oriented CP2.
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Conventions:

CP2 = reverse oriented CP2.

Connected sum #:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 5 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 1983 Siu, Tian-Yau, Tian, Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński 1986 Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu 1987 Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu, Siu 1990
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

2016
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Odaka-Spotti-Sun Son 2008
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87 , L ’12.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87, L ’12.
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One reason this seems satisfying. . .
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: exactly the Del Pezzo surfaces.
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: exactly the Del Pezzo surfaces.

For known g, can take ω harmonic self-dual 2-form.
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: exactly the Del Pezzo surfaces.

For known g, can take ω harmonic self-dual 2-form.

But this is not needed in above result.
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Osamu Kobayashi ’86:

What about S2 × S2?

Conjecture (Kobayashi). The Kähler-Einstein
product metric on S2 × S2 minimizes the Weyl
functional W .
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Natural Generalization:
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Natural Generalization:

Conjecture. On any del Pezzo surface (M4, J),
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Natural Generalization:

Conjecture. On any del Pezzo surface (M4, J),
the conformally Kähler, Einstein product metric
minimizes the Weyl functional W .

Persuasive partial results.

But problem still not settled!
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Theorem (Gursky ’98). Let M be a smooth com-
pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies

i.e. represented by metric with s > 0.
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Y ([g]) = inf
ĝ=u2g

∫
M sĝ dµĝ√∫

M dµĝ

;

266



Theorem (Gursky ’98). Let M be a smooth com-
pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies

267



Theorem (Gursky ’98). Let M be a smooth com-
pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

268



Theorem (Gursky ’98). Let M be a smooth com-
pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔ [g] contains Kähler-Einstein ĝ
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with s > 0.

In particular, any K-E g with s > 0 minimizes
restriction of W to s > 0 metrics.

270



Theorem (Gursky ’98). Let M be a smooth com-
pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔ [g] contains Kähler-Einstein ĝ
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But applies in much greater generality.
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pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔ [g] contains Kähler-Einstein ĝ
with s > 0.

In particular, any K-E g with s > 0 minimizes
restriction of W to s > 0 metrics.

Big step towards generalized Kobayashi conjecture.

Hence says nothing about “most” conformal classes.
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pact 4-manifold with b+(M) 6= 0. Then any con-
formal class [g] with Y ([g]) > 0 satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔ [g] contains Kähler-Einstein ĝ
with s > 0.

Method: Weitzenböck formula

0 =
1

2
∆|ω|2 + |∇ω|2 − 2W+(ω, ω) +

s

3
|ω|2

for self-dual harmonic 2-form ω.
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A different use of self-dual harmonic forms
yields a complementary result.
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such that ω 6= 0 everywhere.
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√
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A different use of self-dual harmonic forms
yields a complementary result.

Definition. A conformal class [g] on a compact
oriented 4-manifold M is said to be of symplectic
type ⇔∃ self-dual harmonic 2-form ω on (M, g)
such that ω 6= 0 everywhere.

Implies ω is orientation-compatible symplectic form.

Every symplectic 4-manifold arises this way.

Choose g ∈ [g] so that |ω| ≡
√

2.

Then (M, g, ω) is almost-Kähler manifold:

∃J s.t. ω = g(J ·, ·)
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A different use of self-dual harmonic forms
yields a complementary result.

Definition. A conformal class [g] on a compact
oriented 4-manifold M is said to be of symplectic
type ⇔∃ self-dual harmonic 2-form ω on (M, g)
such that ω 6= 0 everywhere.

Open condition in C2 topology on metrics.
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A different use of self-dual harmonic forms
yields a complementary result.

Definition. A conformal class [g] on a compact
oriented 4-manifold M is said to be of symplectic
type ⇔∃ self-dual harmonic 2-form ω on (M, g)
such that ω 6= 0 everywhere.

Open condition in C2 topology on metrics.

(Harmonic forms depend continuously on metric.)
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any conformal class [g] of symplectic type on M
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∃ conformal classes of symplectic type with

Y ([gj])→ −∞.

Inequality not limited to the positive Yamabe realm!

296



Theorem (L ’15). Let M be the underlying smooth
oriented 4-manifold of a del Pezzo surface. Then
any conformal class [g] of symplectic type on M
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔[g] contains a Kähler-Einstein
metric g.

297



Theorem (L ’15). Let M be the underlying smooth
oriented 4-manifold of a del Pezzo surface. Then
any conformal class [g] of symplectic type on M
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔[g] contains a Kähler-Einstein
metric g.

Same technique covers conformally Kähler, Einstein
cases among classes with fixed T 2 symmetry.

298



Theorem (L ’15). Let M be the underlying smooth
oriented 4-manifold of a del Pezzo surface. Then
any conformal class [g] of symplectic type on M
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔[g] contains a Kähler-Einstein
metric g.

Method: Almost-Kähler geometry:

3

∫
M
W+(ω, ω) dµ ≥ 4πc1 • [ω]
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Theorem (L ’15). Let M be the underlying smooth
oriented 4-manifold of a del Pezzo surface. Then
any conformal class [g] of symplectic type on M
satisfies∫

M
|W+|2dµ ≥

4π2

3
(2χ + 3τ )(M),

with equality ⇔[g] contains a Kähler-Einstein
metric g.

However, only works for M del Pezzo.

This is apparently not an accident!
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Kobayashi’s conjecture concerned S2 × S2.

But Gursky’s theorem also works for (S2 × S2)#(S2 × S2).

And indeed for all iterated connect-sumsm(S2 × S2).

What happens there in the Yamabe-negative realm?
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Key facts used in proof:

Wall ’66: If Y andZ are homotopy-equivalent simply-
connected smooth compact 4-manifolds,

then Y#`(S2×S2) ≈ Z#`(S2×S2) for all `� 0.

In proof, we apply this to

M = (k + `)(X#X)#(k + 2`)(S2×S2)

where X simply-connected minimal complex sur-
face of general type with τ (X) > 0.

Such X now known to exist in profusion!

Roulleau-Urzúa ’15: ∃ sequences with τ/χ→ 1/3.

→ Miyaoka-Yau line! Can choose spin or non-spin!
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