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Theorem. A compact complex surface (M4, J)
admits an Einstein metric g which is Hermitian
with respect to J ⇐⇒ c1(M4, J) “has a sign.”
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Theorem. A compact complex surface (M4, J)
admits an Einstein metric g which is Hermitian
with respect to J ⇐⇒ c1(M4, J) “has a sign.”

More precisely, ∃ such g with Einstein constant
λ ⇐⇒ there is a Kähler form ω such that

c1(M4, J) = λ[ω].

Moreover, this metric is unique, up to isometry,
if λ 6= 0.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Theorem. Any Del Pezzo surface (M4, J) ad-
mits an Einstein metric h which is conformal to
a J-compatible Kähler metric g. In particular,
this Einstein metric h is Hermitian with respect
to J .
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Rough strategy of proof:

Find Kähler metric which minimizes

g 7→
∫
M
s2dµg

among all Kähler metrics g.

Here s = scalar curvature.

Note that Kähler class [ω] of g allowed to vary!

Corresponding problem with [ω] fixed:
Calabi’s extremal Kähler metrics.
So minimize among extremal Kähler metrics.

Minimizer g has s > 0.

Einstein metric is h = s−2g.
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Theorem A. There is a conformally Kähler,
Einstein metric h on M = CP2#2CP2 for which
the conformally related Kähler g minimizes the
functional

g 7−→
∫
M
s2dµg

among all Kähler metrics on M . Consequently,
h is an absolute minimizer of the functional

h 7−→
∫
M
|W |2h dµh.

among all conformally Kähler metrics on M .
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Theorem B. This minimizing Kähler metric g
on CP2#2CP2 is conformal to an Einstein met-
ric. Moreover, there is a 1-parameter family

[0, 1) 3 t 7−→ gt

of extremal Kähler metrics on CP2#3CP2 s.t.

• g0 is Kähler-Einstein, and such that

• gtj→g in the Gromov-Hausdorff sense

for some tj ↗ 1.
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So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling h = s−2g is
Einstein courtesy of transformation rule

r̊(u2g) = r̊(g) + (n− 2)uHess0(u−1) .

This conformal rescaling trick due to Derdziński.

Warning. h undefined where s = 0!
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So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling h = s−2g is
Einstein courtesy of transformation rule

r̊(u2g) = r̊(g) + (n− 2)uHess0(u−1) .

This conformal rescaling trick due to Derdziński.

Warning. h undefined where s = 0!

Lemma. For any extremal Kähler g on any Del
Pezzo M , scalar curvature s > 0 everywhere.
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Explicit lower bound:

Any Kähler (M4, g, J) satisfies

1

32π2

∫
s2dµg ≥ A([ω])
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Explicit lower bound:

Any Kähler (M4, g, J) satisfies

1

32π2

∫
s2dµg ≥ A([ω])

with = ⇐⇒ g extremal, where

A([ω]) :=
(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

where F is Futaki invariant.
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Explicit lower bound:

Any Kähler (M4, g, J) satisfies

1

32π2

∫
s2dµg ≥ A([ω])

with = ⇐⇒ g extremal, where

A([ω]) = T ([ω]) + B([ω])
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Explicit lower bound:

Any Kähler (M4, g, J) satisfies

1

32π2

∫
s2dµg ≥ A([ω])

with = ⇐⇒ g extremal, where

A([ω]) = T ([ω]) + B([ω])

Lemma. For all [ω] on any Del Pezzo M ,

B([ω]) <
1

4
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Theorem 1. Let M = CP2#2CP2 be the blow-
up of CP2 at two distinct points, and let [ω] be

23



Theorem 1. Let M = CP2#2CP2 be the blow-
up of CP2 at two distinct points, and let [ω] be
a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 3.25.
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Theorem 1. Let M = CP2#2CP2 be the blow-
up of CP2 at two distinct points, and let [ω] be
a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 3.25.

Then there is an extremal Kähler metric g on
M with Kähler form ω ∈ [ω].

25



Theorem 2. Let M = CP2#3CP2 be the blow-
up of CP2 at three non-collinear points, and let
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Theorem 2. Let M = CP2#3CP2 be the blow-
up of CP2 at three non-collinear points, and let
[ω] be a Kähler class on M for which
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K
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H1,1(M,R) = H2(M,R)
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(c1 · [ω])2

[ω]2
≤ const
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.
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sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold
(of same dimension).
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.

Smallest constant such that

‖u‖2
L4 ≤ CS

(
‖∇u‖2

L2 + V −1/2‖u‖2
L2

)
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.

Smallest constant such that

‖u‖2
L4 ≤ CS

(
‖∇u‖2

L2 + V −1/2‖u‖2
L2

)

CS ≤
max(6, smaxV

1/2)

Y [g]

Generalizes work of Anderson
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex orbifold.

Generalizes work of Anderson/Tian-Viaclovsky

38



Definition. On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).
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Definition. On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).

Recall:

(2χ+3τ )(M) =
1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg
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Definition. On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).

Gauss-Bonnet =⇒

Y 2
[g] ≥ 64π2

(
3

2
c1

2 −A([ω])

)
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Definition. On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).

Gauss-Bonnet =⇒

Y 2
[g] ≥ 64π2

(
3

2
c1

2 −A([ω])

)

Since

A([ω]) = T ([ω]) + B([ω])

< T ([ω]) +
1

4
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Definition. On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).

Gauss-Bonnet =⇒

Y 2
[g] ≥ 64π2

(
3

2
c1

2 −A([ω])

)

Since

A([ω]) = T ([ω]) + B([ω])

< T ([ω]) +
1

4
have Sobolev bound on convex cone

T ([ω]) ≤ 3

2
c1

2 − 1

4
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS.

44



Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

45



Theorem. Let gi be an arbitrary sequence of
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• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or
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non-trivial ALE scalar-flat Kähler manifold.
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• ∃ subsequence which C∞ converges modulo dif-
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• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

Theorem (LeBrun-Simanca). Set of [ω] ∈ K con-
taining extremal Kähler metric is open.
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

Theorem (LeBrun-Simanca). Set of [ω] ∈ K con-
taining extremal Kähler metric is open.

Suggests continuity method. . .
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on Del Pezzo
M which satisfy

T ([ω]) ≤ 3

2
c1

2 − 1

4
Then ∃ subsequence which Gromov-Hausdorff con-
verges to an extremal Kähler metric on a com-
pact complex 2-orbifold.

Difficulty: rule out deepest bubbles.
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Lemma. If M is toric, any deepest bubble (X, g∞)
must be toric, too, with H2(X,R) 6= 0 generated
by holomorphic CP1’s.
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Lemma. If M is toric, any deepest bubble (X, g∞)
must be toric, too, with H2(X,R) 6= 0 generated
by holomorphic CP1’s.

Moment map profile:
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• Bubble arises by rescaling region of manifold by
scales ↗∞.
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

60



• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with

[S] · [S] = −k < 0
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with

[S] · [S] = −k < 0

c1 · [S] = 2− k
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• Bubble arises by rescaling region of manifold by
scales ↗∞.

• Limit X has negative intersection form.

• Limit holomorphic CP1 arises from symplectic
S2 ⊂M .

Lemma. For toric Del Pezzo M , if bubbling oc-
curs as [ωj] → Ω in controlled cone, then there
exists [S] ∈ H2(M,Z) with

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

[ωtj ] · [S] > 0

[S] · [S] = −k < 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

[ωtj ] · [S] > 0

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0

70



Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

(ujc1 + vjΩ) · [S] > 0, ∃uj, vj > 0

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

+()ujc1 · [S] > 0, ∃uj > 0

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

c1 · [S] > 0,

[S] · [S] = −k < 0

c1 · [S] = 2− k
Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
with

[S] · [S] = −1

c1 · [S] = 1

Ω · [S] = 0
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Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
represented by holomorphic (−1)-curve with

Ω · [S] = 0

75



Now suppose that c1 ∈ K on toric Del Pezzo M
represented by extremal Kähler metric. Suppose
that [ω] satisfies

T ([ω]) ≤ 3

2
c1

2 − 1

4
Consider line segment

[ωt] = (1− t)c1 + t[ω]

of Kähler classes, and suppose extremal metric ex-
ists for t ∈ [0, t). If bubbling occurred for tj ↗ t,
then, setting Ω = [ωt], would have [S] ∈ H2(M,Z)
represented by holomorphic (−1)-curve with

Ω · [S] = 0

It follows that bubbling off cannot occur!
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Theorem 2. Let M = CP2#3CP2 be the blow-
up of CP2 at three non-collinear points, and let
[ω] be a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 2.75.

Then there is an extremal Kähler metric g on
M with Kähler form ω ∈ [ω].
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Theorem 2. Let M = CP2#3CP2 be the blow-
up of CP2 at three non-collinear points, and let
[ω] be a Kähler class on M for which

T ([ω]) :=
(c1 · [ω])2

[ω]2
≤ 3

2
c1

2 − 1

4
= c1

2 + 2.75.

Then there is an extremal Kähler metric g on
M with Kähler form ω ∈ [ω].

Also works when approaching boundary of
Kähler cone, but can bubble off (−1)-curves.
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Theorem 3. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .
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Theorem 3. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric g in Ω,
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Theorem 3. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric g in Ω,
and a 1-parameter family

[0, 1) 3 t 7−→ gt

of extremal Kähler metrics on CP2#3CP2 s.t.
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Theorem 3. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric g in Ω,
and a 1-parameter family

[0, 1) 3 t 7−→ gt

of extremal Kähler metrics on CP2#3CP2 s.t.

• g0 is Kähler-Einstein, and such that

• gtj→g in the Gromov-Hausdorff sense

for some tj ↗ 1.
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Theorem 3. Let Ω be any Kähler class on CP2#2CP2
for which

T (Ω) < 8.75 = c2
1 + 1.75 .

Then there is an extremal Kähler metric g in Ω,
and a 1-parameter family

[0, 1) 3 t 7−→ gt

of extremal Kähler metrics on CP2#3CP2 s.t.

• g0 is Kähler-Einstein, and such that

• gtj→g in the Gromov-Hausdorff sense

for some tj ↗ 1.

Uniform bound B([ω]) < 1/4 now implies that

A = T + B
has minimizer [ω] represented by conformally Ein-
stein Kähler metric. But is it unique?
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Theorem C. Let (M4, J) be a compact complex
surface, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then either

• (M,J, h) is Kähler-Einstein; or

•M ≈ CP2#CP2, and h is a constant times the
Page metric; or

•M ≈ CP2#2CP2 and h is a constant times
the Chen-LeBrun-Weber metric.
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Uniqueness:

Theorem C. Let (M4, J) be a compact complex
surface, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then either

• (M,J, h) is Kähler-Einstein; or

•M ≈ CP2#CP2, and h is a constant times the
Page metric; or

•M ≈ CP2#2CP2 and h is a constant times
the Chen-LeBrun-Weber metric.

Exceptional cases: CP2 blown up at 1 or 2 points.
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Theorem D. Let (M4, J) be a compact complex
surface. Then there is an Einstein metric h on
M which is Hermitian with respect to J ⇐⇒
c1(M) “has a sign.”
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Theorem D. Let (M4, J) be a compact complex
surface. Then there is an Einstein metric h on
M which is Hermitian with respect to J ⇐⇒
c1(M) “has a sign.”

More precisely, there is a Hermitian, Einstein
metric h with Einstein constant λ ⇐⇒ (M,J)
carries a Kähler class [ω] such that

c1(M) = λ[ω].
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Theorem D. Let (M4, J) be a compact complex
surface. Then there is an Einstein metric h on
M which is Hermitian with respect to J ⇐⇒
c1(M) “has a sign.”

More precisely, there is a Hermitian, Einstein
metric h with Einstein constant λ ⇐⇒ (M,J)
carries a Kähler class [ω] such that

c1(M) = λ[ω].

For fixed λ 6= 0, this h is moreover unique mod-
ulo biholomorphisms of (M,J).
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Theorem D. Let (M4, J) be a compact complex
surface. Then there is an Einstein metric h on
M which is Hermitian with respect to J ⇐⇒
c1(M) “has a sign.”

More precisely, there is a Hermitian, Einstein
metric h with Einstein constant λ ⇐⇒ (M,J)
carries a Kähler class [ω] such that

c1(M) = λ[ω].

For fixed λ 6= 0, this h is moreover unique mod-
ulo biholomorphisms of (M,J).

Warning: when h is non-Kähler, its relation to ω is
surprisingly complicated!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

In other words,
h = fg

∃ Kähler metric g, smooth function f : M → R+.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.

But S3×S3 has no Kähler metric because H2 = 0.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.

Wildly false in higher dimensions!

Calabi-Eckmann complex structure J on S3 × S3.

Product metric is Einstein and Hermitian.

But S3×S3 has no Kähler metric because H2 = 0.

Similarly for S2n+1 × S2m+1.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon: must have

h = fg

for some Kähler metric g, smooth function f .
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon: must have

h = fg

for some Kähler metric g, smooth function f .

Actually, g must be an extremal Kähler metric.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Strictly four-dimensional phenomenon: must have

h = fg

for some Kähler metric g, smooth function f .

Actually, g must be an extremal Kähler metric.

May normalize so that either f = s−2 or f = 1.
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Calabi:

Extremal Kähler metrics = critical points of

g 7→
∫
M
s2dµg

where g = gω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations ⇐⇒

∇1,0s is a holomorphic vector field.

Donaldson/Mabuchi/Chen-Tian:
unique in Kähler class, modulo bihomorphisms.
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ =

− s
12
− s

12
s
6


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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ =

− s
12
− s

12
s
6


Notice that W+ has a repeated eigenvalue.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

=⇒ W+ = u(ω ⊗ ω)0
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

=⇒ 0 = ∇ · u(ω ⊗ ω)0

113



Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

=⇒ 0 = ∇̂ · (ω̂ ⊗ ω̂)0

for g = u2/3h.
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

0 = ∇̂ω̂

so g = u2/3h is Kähler. (Derdziński, Boyer)
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Lemma. Let (M4, J) be a compact complex sur-
face, and suppose that h is an Einstein metric
on M which is Hermitian with respect to J :

h(J ·, J ·) = h.

Then (M4, h, J) is conformally Kähler!

Key step: show W+ has a repeated eigenvalue.

Riemannian analog of Goldberg-Sachs theorem.

∇ ·W+ = 0, while T 1,0M isotropic & involutive.

0 = ∇̂ω̂

so g = u2/3h is Kähler. (Derdziński, Boyer)
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ =

− s
12
− s

12
s
6


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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

|W+|2 =
s2

24
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Action Function on Kähler Cone
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).
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K ⊂ H1,1(M,R) = H2(M,R)

(M Del Pezzo)
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K ⊂ H1,1(M,R) = H2(M,R)

(M Del Pezzo)
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If g is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If g is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
then g satisfies B = 0 ⇐⇒
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If g is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
then g satisfies B = 0 ⇐⇒
• g is an extremal Kähler metric; and
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Lemma. If g is a Kähler metric on a compact
complex surface (M4, J), with Kähler class [ω],
then g satisfies B = 0 ⇐⇒
• g is an extremal Kähler metric; and

• [ω] is a critical point of A : K → R.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric g on M has scalar cur-
vature s > 0.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric g on M has scalar cur-
vature s > 0.

Lemma. Suppose that g is a Bach-flat Kähler
metric on a Del Pezzo surface (M4, J). Then
the Hermitian metric h = s−2g is Einstein, with
positive Einstein constant.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric g on M has scalar cur-
vature s > 0.

Lemma. Suppose that g is a Bach-flat Kähler
metric on a Del Pezzo surface (M4, J). Then
the Hermitian metric h = s−2g is Einstein, with
positive Einstein constant.

Lemma. Conversely, any Hermitian, Einstein
metric on a Del Pezzo surface arises in this way.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric g on M has scalar cur-
vature s > 0.

Lemma. Suppose that g is a Bach-flat Kähler
metric on a Del Pezzo surface (M4, J). Then
the Hermitian metric h = s−2g is Einstein, with
positive Einstein constant.

0 = 12s−1B = r̊ + 2s−1Hess0(s)
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

ρ + 2i∂∂̄logs > 0.
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Lemma. Suppose compact complex surface (M4, J)
admits a Hermitian h which is Einstein, but not
Kähler. Then (M4, J) is a Del Pezzo surface.

Lemma. If (M4, J) is a Del Pezzo surface, any
extremal Kähler metric g on M has scalar cur-
vature s > 0.

Lemma. Suppose that g is a Bach-flat Kähler
metric on a Del Pezzo surface (M4, J). Then
the Hermitian metric h = s−2g is Einstein, with
positive Einstein constant.

Lemma. Conversely, any Hermitian, Einstein
metric on a Del Pezzo surface arises in this way.
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric g on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric g on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).

Hermitian, Einstein metric then given by

h = s−2g

and uniqueness Theorem A follows.
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Theorem. Let (M4, J) be a Del Pezzo surface.
Then, up to automorphisms and rescaling, there
is a unique Bach-flat Kähler metric g on M .
This metric is characterized by the fact that it
minimizes the Calabi functional

C =

∫
M
s2dµ

among all Kähler metrics on (M4, J).

Only three cases are non-trivial:

CP2#kCP2, k = 1, 2, 3.
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The non-trivial cases are toric, and the action A
can be directly computed from moment polygon.
Formula involves barycenters, moments of inertia.
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The non-trivial cases are toric, and the action A
can be directly computed from moment polygon.
Formula involves barycenters, moments of inertia.
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A([ω]) =
|∂P |2

2

( 1

|P |
+ ~D · Π−1~D

)
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To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .
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To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.
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To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
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3
+ 36γ

4
) + 4β

3
(24 + 120γ + 206γ

2
+ 155γ

3
+ 50γ

4
+ 5γ

5
) + 2β(12 + 84γ + 207γ

2
+ 240γ

3
+ 136γ

4
+ 30γ

5
) + β

2
(69 + 414γ + 864γ

2
+

824γ
3

+ 366γ
4

+ 60γ
5
)) + 2α(5 + 45γ + 144γ

2
+ 224γ

3
+ 180γ

4
+ 60γ

5
+ 60β

5
(1 + γ)

4
+ 12β

4
(15 + 75γ + 136γ

2
+ 114γ

3
+ 43γ

4
+ 5γ

5
) + 12β

2
(12 + 84γ + 207γ

2
+

240γ
3

+ 136γ
4

+ 30γ
5
) + 8β

3
(28 + 168γ + 360γ

2
+ 360γ

3
+ 171γ

4
+ 30γ

5
) + 3β(15 + 120γ + 336γ

2
+ 448γ

3
+ 300γ

4
+ 80γ

5
))

]

147



To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!
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To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!

Proof proceeds by showing critical point invariant
under certain discrete automorphisms of M .
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To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!

Proof proceeds by showing critical point invariant
under certain discrete automorphisms of M .

Done by showing A convex on appropriate lines.
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To prove Theorem, show that

A : Ǩ → R
has unique critical point for relevant M .

Here Ǩ = K /R+.

A is explicit rational function —
but quite complicated!

Proof proceeds by showing critical point invariant
under certain discrete automorphisms of M .

Done by showing A convex on appropriate lines.

Final step then just calculus in one variable. . .
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Proposition. Modulo rescalings and biholomor-
phisms, there is exactly one conformally Kähler,
Einstein metric h on M = CP2#CP2. This met-
ric coincides with the Page metric.
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Proposition. Modulo rescalings and biholomor-
phisms, there is exactly one conformally Kähler,
Einstein metric h on M = CP2#2CP2. This
metric coincides with the C-L-W metric.
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Proposition. Modulo rescalings and biholomor-
phisms, there is exactly one conformally Kähler,
Einstein metric h on M = CP2#CP2. This met-
ric coincides with the Page metric.

Proposition. Modulo rescalings and biholomor-
phisms, there is exactly one conformally Kähler,
Einstein metric h on M = CP2#2CP2. This
metric coincides with the C-L-W metric.

Proposition. Modulo rescalings and biholomor-
phisms, there is only one conformally Kähler,
Einstein metric h on M = CP2#3CP2. This
metric is actually Kähler-Einstein, and is ex-
actly the metric discovered by Siu.
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Theorem E. Suppose that M is a smooth com-
pact oriented 4-manifold which admits an inte-
grable complex structure J . Then M also admits
an Einstein metric g with λ ≥ 0 if and only if

M≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).
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Theorem. Let M be the 4-manifold underlying
a compact complex surface. Suppose that M an
Einstein metric g. Then either M appears on
list for λ ≥ 0, or else
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2(X)/3 points.
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Theorem. Let M be the 4-manifold underlying
a compact complex surface. Suppose that M an
Einstein metric g. Then either M appears on
list for λ ≥ 0, or else

•M is a surface of general type; and

•M is not too non-minimal

in the sense that it is obtained from its minimal
model X by blowing up at k < c1

2(X)/3 points.

Same conclusion holds in symplectic case.
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Two outstanding problems in λ < 0 case:
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Two outstanding problems in λ < 0 case:

Question. Are there any non-minimal complex
surfaces M of general type which actually admit
Einstein metrics?
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Two outstanding problems in λ < 0 case:

Question. Are there any non-minimal complex
surfaces M of general type which actually admit
Einstein metrics?

Question. Are there any non-complex symplec-
tic 4-manifolds M of general type which actually
admit Einstein metrics?

If so, quite different from Kähler-Einstein metrics!
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Two outstanding problems in λ > 0 case:
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Two outstanding problems in λ > 0 case:

Question. Are the constructed Einstein metrics
on rational surfaces the only ones? For exam-
ple, are there non-standard Einstein metrics on
S2 × S2 or on CP2?
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Two outstanding problems in λ > 0 case:

Question. Are the constructed Einstein metrics
on rational surfaces the only ones? For exam-
ple, are there non-standard Einstein metrics on
S2 × S2 or on CP2?

Question. When a 4-manifold M admits a Kähler-
Einstein metric g with s > 0, Gursky has shown
that, among all metrics with s > 0, it is a min-
imizes

∫
|W |2dµ, and that the only minimizers

are other K-E metrics. Are the Page and C-L-W
metrics similarly minimizers for this problem?
What happens if we consider metrics which do
not have s > 0?
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End, Part V
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