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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Hibert conjectured:

Any Zoll g on S2 must have constant curvature.

Assigned this to Otto Zoll as his thesis problem.

But Hilbert’s conjecture turned out to be false!
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Otto Zoll (1903): S2 admits many such metrics.

g =
[1 + f (z)]2

(
1− z2)dz2 + (1− z)2)d θ2

is Zoll for any odd function
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Otto Zoll (1903): S2 admits many such metrics.

g =
[1 + f (z)]2

1− z2
dz2 + (1− z2)dθ2

is Zoll for any odd function f !
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Otto Zoll (1903): S2 admits many such metrics.

g =
[1 + f (z)]2

1− z2
dz2 + (1− z2)dθ2

is Zoll for any odd function f !

Embedding in R3 seems rather unilluminating!

f (z) =
1

2
z(1− z2)
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Otto Zoll (1903): S2 admits many such metrics.

g =
[1 + f (z)]2

1− z2
dz2 + (1− z2)dθ2

is Zoll for any odd function f !

Exercise: Prove the above statement.

Hint: Any non-vertical geodesic has image z(θ).

∂
∂θ is a Killing field, so z(θ) solves first order ODE.
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Otto Zoll (1903): S2 admits many such metrics.

g =
[1 + f (z)]2

1− z2
dz2 + (1− z2)dθ2

is Zoll for any odd function f !

Exercise: Prove the above statement.

Hint: Any non-vertical geodesic has image z(θ).

Now show that zmin = −zmax, and that

θ changes by π as zmin zmax or zmax zmin .
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Paul Funk (1913): formal power series analysis  

g =
[
1 + tf + t2f1 + t3f2 + · · ·

]
h

h = standard metric.
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ADVANCES IN MATHEMATICS 22, 85-119 (1976) 

The Radon Transform on Zoll Surfaces 

VICTOR GUILLEMIN 

Department of Mathematics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 02139 

IN MEMORY OF NORMAN LEVINSON 

1. INT~00ucT10~ 

The standard metric, ds, , on S2 has the property that all its geodesics 
are closed. 2011 proved (doctoral dissertation, Gottingen, 1901) that 
there are other smooth metrics on S2 with this property. His examples 
are surfaces of revolution (the metric is invariant with respect to the 
group of rotations about the x-axis); however, it is easy to get examples 
with this property which are not surfaces of revolution by modifying 
2011’s result a bit. Such examples are discussed by Blaschke [l]. 

We will call a metric on S2 with the property that the associated 
geodesic flow, in T*S2 - 0, is periodic of period 2rr a Zoll surface.l 
The purpose of this paper is to investigate the existence of 2011 surfaces 
other than the examples cited above. By the Korn-Lichtenstein theorem 
every metric on S2 is conformally equivalent to the standard metric, 
so we will confine ourselves to looking for 2011 surfaces with metrics 
of the form eo A-, , p E Cm(S2). The set of all p for which this metric is 
a 2011 metric, is a subset of Cm(S2); and a natural question to ask is: 
What is the tangent space to this set at p = O? In other words, for 
what p E C”(S2) do there exist 2011 deformations eD: ds, of the standard 
metric such that 

PO = 0 and dp,jdt = p at t=O? U-1) 
This problem was first proposed by Hilbert and partly solved by Funk 
in his doctoral dissertation, written under Hilbert in 1913 [2]. Funk’s 
result is that a necessary condition for there to exist a 2011 deformation p1 
satisfying (1.1) is that p be an odd function, p( -x) = -p(x) for all x E S2. 
The purpose of this paper is to show that Funk’s condition is sufficient 

1 The assumption that the period be 2n is not very restricting. Providing the flow is 
periodic we can multiply the metric by a positive constant to arrange that the period be 2~. 
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

Paul Funk (1913): formal power series analysis  

Conjecture Near standard ‘round’ metric h,

{Zoll metrics g on S2}/{diffeos, rescaling}
←→ {odd functions f : S2→ R}.

Victor Guillemin (1976): Proved, using Nash-Moser.

54



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

55



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

56



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

57



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

58



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

59



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

60



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

Conjecture Modulo diffeomorphisms and rescal-
ings, the only Zoll metric g on RP2 is the standard
‘round’ metric h.

61



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

Conjecture Modulo diffeomorphisms and rescal-
ings, the only Zoll metric g on RP2 is the standard
‘round’ metric h.

62



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

Conjecture Modulo diffeomorphisms and rescal-
ings, the only Zoll metric g on RP2 is the standard
‘round’ metric h.

63



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

Conjecture Modulo diffeomorphisms and rescal-
ings, the only Zoll metric g on RP2 is the standard
‘round’ metric h.

Actual Blaschke conjecture concerns (M2, g) s.t.
∀p ∈M ∃! conjugate point p′ 6= p ∈M .

64



Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

Conjecture Modulo diffeomorphisms and rescal-
ings, the only Zoll metric g on RP2 is the standard
‘round’ metric h.

Actual Blaschke conjecture concerns (M2, g) s.t.
∀p ∈M ∃! conjugate point p′ 6= p ∈M .

Equivalence was noticed by Reidemeister, who at-
tempted to give a proof based on this observation.
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Definition. A Zoll metric on a smooth manifold
M is a Riemannian metric g whose geodesics are
all simple closed curves of equal length.

What about RP2 = S2/Z2?

Since Funk’s f is odd, doesn’t yield Zoll g on RP2.

Wilhelm Blaschke (1930): made conjecture ⇐⇒

Conjecture Modulo diffeomorphisms and rescal-
ings, the only Zoll metric g on RP2 is the standard
‘round’ metric h.

Leon Green (1963): Correct proof, for C3 metrics.
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Riemannian metric h on RP2.

Proof requires [∇] to be at least C3,α.

Regularity of Φ determined by regularity of [∇].
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π1(M) 6= 0,

there is a diffeomorphism

Φ : M
≈−→ RP2

such that [∇] = [Φ∗O], where O is the Levi-Civita
connection of the standard, constant curvature
Riemannian metric h on RP2.

Notice that only remaining case is M = S2. . .
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{Zoll metrics g}/{diffeos, rescaling}
←→ {divergence-free vector fields v}

For simplicity, all objects here are C∞.

v divergence-free⇔ has odd Hamiltonian f on S2.
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Theorem B. Near standard structure [O],

{Zoll [∇] on S2}/{based diffeomorphisms}
←→ {vector fields v on RP2}

with

{Zoll metrics g}/{diffeos, rescaling}
←→ {divergence-free vector fields v}

For simplicity, all objects here are C∞.

More precise and geometric version tomorrow. . .
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This is where Reidemeister tried and failed!
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Proofs by twistor methods.

Poncelet duality: (over C)
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Proofs by twistor methods.

Poncelet duality: (over C)
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Complex geometry has useful natural rigidity!
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Proofs by twistor methods.

Poncelet duality: Localized version
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Proofs by twistor methods.

A “traditional” twistor correspondence:

..............................................................................................................................................................

............................................
...................

..............
............
...........
..........
..........
.........
.........
........
........
....

v

M N

v

v

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
..

.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.............
.

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.....

.......................................
.............

.............
.............
.............
.............
.............

.............
............. ............. ............. ............. .............

...........
..
.........
....
.......
......
.......
......
.......
......
.......
......

........
.....

..........
...

.............
.................

.............
.............

.............
.............

.............
.............

.............
.............

.............
.............

.............

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

........
.....

136



Proofs by twistor methods.

A “traditional” twistor correspondence:
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N complex surface ⊃ CP1 of normal bundle O(1)
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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N complex surface ⊃ CP1 of normal bundle O(1)

M complex surface with holomorphic ∇
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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N complex surface ⊃ CP1 of normal bundle O(1)

M complex surface with holomorphic [∇].
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Theorem (Kodaira). Let X ⊂ Y be a compact
complex submanifold with normal bundle ν =
T 1,0Y/T 1,0X. If H1(X,O(ν)) = 0, then H0(X,O(ν))
is tangent space of moduli space of nearby com-
plex submanifolds.
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Theorem (Kodaira). Let X ⊂ Y be a compact
complex submanifold with normal bundle ν =
T 1,0Y/T 1,0X. If H1(X,O(ν)) = 0, then H0(X,O(ν))
is tangent space of moduli space of nearby com-
plex submanifolds.
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Theorem (Kodaira). Let X ⊂ Y be a compact
complex submanifold, with normal bundle ν =
T 1,0Y/T 1,0X. If H1(X,O(ν)) = 0, then H0(X,O(ν))
is tangent space of moduli space of nearby com-
plex submanifolds.
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Theorem (Kodaira). Let X ⊂ Y be a compact
complex submanifold, with normal bundle ν =
T 1,0Y/T 1,0X. If H1(X,O(ν)) = 0, then H0(X,O(ν))
is tangent space of moduli space of nearby com-
plex submanifolds.
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Theorem (Kodaira). Let X ⊂ Y be a compact
complex submanifold, with normal bundle ν =
T 1,0Y/T 1,0X. If H1(X,O(ν)) = 0, then H0(X,O(ν))
is tangent space of moduli space of nearby com-
plex submanifolds.
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
complex curves in N is a complex surface M,
and carries a natural holomorphic projective struc-
ture [∇]. Moreover, every complex surface with
holomorphic projective structure locally arises in
this way.
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complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
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and carries a natural holomorphic projective struc-
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
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and carries a natural holomorphic projective struc-
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this way.
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
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and carries a natural holomorphic projective struc-
ture [∇]. Moreover, every complex surface with
holomorphic projective structure locally arises in
this way.
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
complex curves in N is a complex surface M,
and carries a natural holomorphic projective struc-
ture [∇]. Moreover, every complex surface with
holomorphic projective structure locally arises in
this way.
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
complex curves in N is a complex surface M,
and carries a natural holomorphic projective struc-
ture [∇]. Moreover, every complex surface with
holomorphic projective structure locally arises in
this way.
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
complex curves in N is a complex surface M,
and carries a natural holomorphic projective struc-
ture [∇]. Moreover, every complex surface with
holomorphic projective structure locally arises in
this way.
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Theorem (L 1980, Hitchin 1982). Let N be a
complex surface that contains a CP1 of normal
bundle O(1). Then the moduli space of all such
complex curves in N is a complex surface M,
and carries a natural holomorphic projective struc-
ture [∇]. Moreover, every complex surface with
holomorphic projective structure locally arises in
this way.
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N = space of complex geodesics in (M, [∇]).

M = space of CP1’s of self-intersection +1 in N .
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Limitations:
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Limitations:

•Doesn’t naturally lead to global results.
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Limitations:

•Doesn’t naturally lead to global results.

•Geared to complex-analytic geometry.
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Limitations:

•Doesn’t naturally lead to global results.

•Geared to complex-analytic geometry.

•Real-analytic geometry via analytic continuation.
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Proofs by twistor methods.

A “traditional” twistor correspondence:
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Limitations:

•Doesn’t naturally lead to global results.

•Geared to complex-analytic geometry.

•Real-analytic geometry via analytic continuation.

• But doesn’t apply to smooth real geometries.

162



Combine the real and complex pictures?
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Combine the real and complex pictures?
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Combine the real and complex pictures?
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A projective line in RP2∗ bounds two disks in N .
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Combine the real and complex pictures?
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Combine the real and complex pictures?
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Combine the real and complex pictures?
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Key: holomorphic disks with boundary on an RP2.
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Key: holomorphic disks with boundary on an RP2.

New kind of twistor correspondence. . .
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End, Part I

170


