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based on Weyl connections ([g],O):

[g] = {u2g} conformal class of metrics

O compatible torsion-free connection

Og = α⊗ g
for some 1-form α.

Example: O = ∇, Levi-Civita for g ∈ [g].

Conformal change g  u2g

∇ ∇ + δ
j
kν` + δ

j
`νk − ν

jgk`
where ν = d log u.
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General Weyl connection:

Same formula

O = ∇ + δ
j
kν` + δ

j
`νk − ν

jgk`

but 1-form ν not necessarily closed.

Og = α⊗ g
with

α = −2ν

Induced connection on (Λn)∗ has curvature

F = n dν

where n = dimM .
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Ricci tensor
rjk = R`j`k

is not symmetric! Skew part is

r[jk] = F jk

because of first Bianchi identity for torsion-free O.

Einstein-Weyl equations

say symmetric, trace-free part vanishes:

r(jk) = fgjk

for some function f .
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Global result on 3-dimensional Lorentzian case.

Theorem. There is a natural one-to-one corre-
spondence between

• smooth, space-time-oriented, conformally com-
pact, globally hyperbolic Lorentzian Einstein-
Weyl 3-manifolds (M, [g],O); and

• orientation-reversing diffeomorphisms

ψ : CP1→ CP1.
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•Oĝ = α⊗ ĝ, where

α = 2d log u + β

75



(M, [g],O) conformally compact if

•M = X−∂X for compact man.-w.-boundary X

• [g] represented by smooth metric ĝ on X
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α = 2 d log u
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Theorem. There is a natural one-to-one corre-
spondence between

• smooth, space-time-oriented, conformally com-
pact, globally hyperbolic Lorentzian Einstein-
Weyl 3-manifolds (M, [g],O); and

• orientation-reversing diffeomorphisms

ψ : CP1→ CP1.
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Two Einstein-Weyl structures considered same
if related by connection-preserving conformal map.
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Two Einstein-Weyl structures considered same
if related by connection-preserving conformal map.

Two orientation-reversing diffeomorphisms

ψ1, ψ2 : CP1→ CP1

considered same iff

ψ1 = ϕ ◦ ψ2 ◦ φ−1

for Möbius transformations ϕ, φ ∈ PSL(2,C).
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Theorem. There is a natural one-to-one corre-
spondence between

• smooth, space-time-oriented, conformally com-
pact, globally hyperbolic Lorentzian Einstein-
Weyl 3-manifolds (M, [g],O); and

• orientation-reversing diffeomorphisms

ψ : CP1→ CP1.

Example: de Sitter ←→ antipodal map of CP1.
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In one direction, direct geometrical interpretation
of correspondence in terms of scattering maps.
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In one direction, direct geometrical interpretation
of correspondence in terms of scattering maps.

Will begin by associating scattering map

ψ : CP1→ CP1
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In one direction, direct geometrical interpretation
of correspondence in terms of scattering maps.

Will begin by associating scattering map

ψ : CP1→ CP1

to Einstein-Weyl (M3, [g],O) satisfying hypotheses.
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Lemma. For an Einstein-Weyl manifold as above,
let p ∈ I− be any point of past infinity. Then
all the null geodesics emanating from p refocus
at a unique point q ∈ I+. Moreover, I± ≈ S2.
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Lemma. For an Einstein-Weyl manifold as above,
let p ∈ I− be any point of past infinity. Then
all the null geodesics emanating from p refocus
at a unique point q ∈ I+. Moreover, I± ≈ S2.
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Lemma. For an Einstein-Weyl manifold as above,
let p ∈ I− be any point of past infinity. Then
all the null geodesics emanating from p refocus
at a unique point q ∈ I+. Moreover, I± ≈ S2.
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Thus define scattering map ψ : CP1 → CP1 as-
sociated with (M, [g],O) to be function given by
I− 3 p 7→ q ∈ I+ after some choice of oriented
conformal isomorphisms I± ∼= CP1.
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Thus define scattering map ψ : CP1 → CP1 as-
sociated with (M, [g],O) to be function given by
I− 3 p 7→ q ∈ I+ after some choice of oriented
conformal isomorphisms I± ∼= CP1.
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Thus define scattering map ψ : CP1 → CP1 as-
sociated with (M, [g],O) to be function given by
I− 3 p 7→ q ∈ I+ after some choice of oriented
conformal isomorphisms I± ∼= CP1.
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Inverting correspondence:
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Inverting correspondence:

twistor disk construction

114



Inverting correspondence:

twistor disk construction

Graph of orientation-reversing diffeomorphism

ψ : CP1→ CP1

is totally real 2-sphere P ⊂ CP1 × CP1.
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Inverting correspondence:

twistor disk construction

Graph of orientation-reversing diffeomorphism

ψ : CP1→ CP1

is totally real 2-sphere P ⊂ CP1 × CP1.

Strategy: construct 3-manifold M = Mψ
as moduli space of holomorphic disks D
in Z = CP1 × CP1 with ∂D on P ⊂ Z.
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When ψ is the antipodal map,
disks are explicitly given by

ζ 7−→ ([aζ + b : cζ + d], [−dζ − c : bζ + a])

as ζ ranges over the unit disk |ζ| ≤ 1 in C.
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When ψ is the antipodal map,
disks are explicitly given by

ζ 7−→ ([aζ + b : cζ + d], [−dζ − c : bζ + a])

as ζ ranges over the unit disk |ζ| ≤ 1 in C.

Choice of [
a b
c d

]
∈ SL(2,C)

represents choice of parameterized disk.
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When ψ is the antipodal map,
disks are explicitly given by

ζ 7−→ ([aζ + b : cζ + d], [−dζ − c : bζ + a])

as ζ ranges over the unit disk |ζ| ≤ 1 in C.

Choice of [
a b
c d

]
∈ SL(2,C)

represents choice of parameterized disk.

Boundaries of disks:
standard round circles in P ∼= S2.
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When ψ is the antipodal map,
disks are explicitly given by

ζ 7−→ ([aζ + b : cζ + d], [−dζ − c : bζ + a])

as ζ ranges over the unit disk |ζ| ≤ 1 in C.

Choice of [
a b
c d

]
∈ SL(2,C)

represents choice of parameterized disk.

Boundaries of disks:
standard round circles in P ∼= S2.

Moduli space M of disks mod reparameterization:
de Sitter space SL(2,C)/SL(2,R).
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Now deform P ↪→ CP1 × CP1
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Now deform P ↪→ CP1 × CP1

by replacing graph of anti-podal map with
graph of orientation-reversing diffeomorphism

ψ : CP1→ CP1.
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Proof. Let ω2 be standard area form on CP1.
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Proof. Let ω2 be standard area form on CP1.

Set ω1 = −ψ∗ω2.
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Proof. Let ω2 be standard area form on CP1.

Set ω1 = −ψ∗ω2.

Then ω = $∗1ω1 + $∗2ω2 satisfies
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Proof. Let ω2 be standard area form on CP1.

Set ω1 = −ψ∗ω2.

Then ω = $∗1ω1 + $∗2ω2 satisfies

ω|P = −ψ∗ω2 + ψ∗ω2 = 0.
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence

· · · → H2(P )→ H2(Z)→ H2(Z, P )→ H1(P )→ · · ·
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence

· · · → H2(P )→ H2(Z)→ H2(Z, P )→ H1(P )→ · · ·

implies

H2(Z, P ; Z) ∼= Z.
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence

· · · → H2(P )→ H2(Z)→ H2(Z, P )→ H1(P )→ · · ·

implies

H2(Z, P ; Z) ∼= Z.
Generator

a ∈ H2(Z, P ; Z)
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence

· · · → H2(P )→ H2(Z)→ H2(Z, P )→ H1(P )→ · · ·

implies

H2(Z, P ; Z) ∼= Z.
Generator

a ∈ H2(Z, P ; Z)
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence
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Generator

a ∈ H2(Z, P ; Z)
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence

· · · → H2(P )→ H2(Z)→ H2(Z, P )→ H1(P )→ · · ·

implies

H2(Z, P ; Z) ∼= Z.
Generator

a ∈ H2(Z, P ; Z)
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P ⊂ Z = CP1 × CP1

homotopic to anti-diagonal, so exact sequence

· · · → H2(P )→ H2(Z)→ H2(Z, P )→ H1(P )→ · · ·

implies

H2(Z, P ; Z) ∼= Z.
Generator

a ∈ H2(Z, P ; Z)
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.................................................................................................................................................................................................................................
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, let and let F : (D2, ∂D2)→
(Z, P ) be any holomorphic disk representing the
generator
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any holomorphic disk representing the generator
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any holomorphic disk representing the generator
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, let

P ⊂ Z = CP1 × CP1

be its graph, and let F : (D2, ∂D2) → (Z, P ) be
any holomorphic disk representing the generator

a ∈ H2(Z, P ; Z) ∼= Z.
Then F is a holomorphic embedding, is smooth
up to the boundary, and sends interior of D2 to
the complement of P . Moreover, F (D2) is the
graph of a biholomorphism between two regions
bounded by smooth Jordan curves.
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Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, let

P ⊂ Z = CP1 × CP1

be its graph, and let F : (D2, ∂D2) → (Z, P ) be
any holomorphic disk representing the generator

a ∈ H2(Z, P ; Z) ∼= Z.
Then F is a holomorphic embedding, is smooth
up to the boundary, and sends interior of D2 to
the complement of P . Moreover, F (D2) is the
graph of a biholomorphism between two regions
bounded by smooth Jordan curves.

If (Σ, ∂Σ) → (Z, P ) is any holomorphic curve
with boundary representing a, then Σ is either a
holomorphic disk as above, or is a factor CP1 of
Z = CP1 × CP1.
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Proof. Consider abstract double D ∪∂D D.
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and continuous map

Φ : D ∪∂D D −→ CP1
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and continuous map

Φ : D ∪∂D D −→ CP1

Φ|D = $1 ◦ F
Φ|D = ψ−1 ◦$2 ◦ F
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Φ|D = $1 ◦ F
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Then∫
D∪∂DD

Φ∗ω1 =

∫
D
F ∗ω = 4π =

∫
CP1

ω1
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Φ∗ω1 =

∫
D
F ∗ω = 4π =
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and continuous map

Φ : D ∪∂D D −→ CP1

Φ|D = $1 ◦ F
Φ|D = ψ−1 ◦$2 ◦ F

Then∫
D∪∂DD

Φ∗ω1 =

∫
D
F ∗ω = 4π =

∫
CP1

ω1

So deg Φ = 1.

Φ orientation-preserving; =⇒ homeomorphism.
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.

Meaning?
Use normal bundles N of D ⊂ Z & ν of ∂D ⊂ P
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.

Meaning?
Use normal bundles N of D ⊂ Z & ν of ∂D ⊂ P
to construct hol. vector bundle over double

E = N ∪ν N
↓ ↓ ↓

CP1 = D ∪∂D D

Normal Maslov index is degree of E.
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.

Meaning?
Use normal bundles N of D ⊂ Z & ν of ∂D ⊂ P
to construct hol. vector bundle over double

E = N ∪ν N
↓ ↓ ↓

CP1 = D ∪∂D D

Normal Maslov index is degree of E.
Equals 2 in our case:

E ∼= O(2).
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.

h1(CP1,O(2)) = 0

h0(CP1,O(2)) = 3

cf. Kodaira’s Theorem
on deformation of complex submanifolds
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.

(Forsternic, Gromov, et al.)
Perturbation of holomorphic disks.
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such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.
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Our disks Fredholm regular, & index 3 =⇒
moduli space of disks is smooth 3-manifold.
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If P ⊂ CP1 × CP1 graph of orientation-reversing
diffeomorphism CP1→ CP1, this Lemma says any
such disk diffeomorphically conjugate to a disk in
our de Sitter example, and therefore has the same
normal Maslov index.

(Forsternic, Gromov, et al.)
Perturbation of holomorphic disks.

Our disks Fredholm regular, & index 3 =⇒
moduli space of disks is smooth 3-manifold.

Non-empty? Connected?
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Once again, we use the
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Once again, we use the

Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).
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h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Allows one to use Gromov compactness theorem.
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Once again, we use the

Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Allows one to use Gromov compactness theorem.

Disks all have same ω-area. =⇒
any sequence has convergent subsequence. . .
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Once again, we use the

Lemma. Let ψ : CP1→ CP1 be any orientation-
reversing diffeomorphism, and let

P ⊂ CP1 × CP1

be the graph of ψ. Then there is a Kähler metric
h on Z = CP1 × CP1 such that

• P is Lagrangian w/resp. to Kähler form ω;
and

• [ω] = 2πc1(Z) ∈ H2(Z,R).

Allows one to use Gromov compactness theorem.

Tricky point: disks can degenerate to factor CP1.
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Introduce function

A : Mψ → (0, 4π)

on moduli space which assigns to disk
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on moduli space which assigns to disk
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the area of its projection to first factor CP1.

Gromov-compactness & lemma: proper map.
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Introduce function

A : Mψ → (0, 4π)

on moduli space which assigns to disk

F : (D2, ∂D2)→ (Z, P )

the area of its projection to first factor CP1.

Gromov-compactness & lemma: proper map.

In particular, level sets are compact.
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Introduce function

A : Mψ → (0, 4π)

on moduli space which assigns to disk

F : (D2, ∂D2)→ (Z, P )

the area of its projection to first factor CP1.

Gromov-compactness & lemma: proper map.

In particular, level sets are compact.

Since ψ is continuous deformation of antipodal,

Continuity method ⇒ each level set non-empty!
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Einstein-Weyl structure on moduli space Mψ?
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TDM = {f ∈ Γ(D,O(N)) | f |∂D ∈ Γ(∂D, ν)}
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Einstein-Weyl structure on moduli space Mψ?

Conformal structure [g] = [g]ψ on M = Mψ:

TDM = {f ∈ Γ(D,O(N)) | f |∂D ∈ Γ(∂D, ν)}

Double of N ∼= O(2) ∼= TCP1, so

TDM
∼= sl(2,R)
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Double of N ∼= O(2) ∼= TCP1, so

TDM
∼= sl(2,R)

infinitesimal Möbius transformations of the disk.
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Einstein-Weyl structure on moduli space Mψ?

Conformal structure [g] = [g]ψ on M = Mψ:

TDM = {f ∈ Γ(D,O(N)) | f |∂D ∈ Γ(∂D, ν)}

Double of N ∼= O(2) ∼= TCP1, so

TDM
∼= sl(2,R)

infinitesimal Möbius transformations of the disk.

⇒ up to homothety TDM carries Lorentz metric,
modelled on Killing form of sl(2,R).
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Trichotomy:

TM sl(2,R)

space-like hyperbolic
null parabolic

time-like elliptic
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Space-like vector = infinitesimal variation with
two distinct zeroes on ∂D.
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a repeated zero on ∂D.
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Time-like vector = infinitesimal variation with a
single zero in interior of D: none along ∂D.
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Hence area function A has derivative 6= 0
in any time-like direction.

A is time function on (Mψ, [g]ψ)!

∴ No critical points.

∴ Gromov-compactness ⇒ for all c ∈ (0, 4π),
level set A−1(c) are compact surfaces

Every endless time-like curve goes from
A = 0 to A = 4π.

So A−1(c) is Cauchy surface.

M globally hyperbolic!

By deformation: Cauchy surface topologically S2.
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Weyl connection O:

Geodesics:

Space-like geodesic:
disks passing though a pair of distinct points
x 6= y in P .
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Weyl connection O:

Geodesics:

Space-like geodesic:
disks passing though a pair of distinct points
x 6= y in P .

Null geodesic:
disks through a given point x ∈ P
with specified tangent.
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Proof that there is such a O:

quotient of self-dual split-signature metric
on S2 × S2 with isometric S1-action.

Gotten by lifting disks to CP3
with boundaries on a totally real RP3.

Infinity arises from fixed-point set (two CP1’s).

Also gives direct proof of conformal compactness.
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