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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow
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Definition. A Riemannian metric g is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λg

for some constant λ ∈ R.

λ called Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
s = nλ
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Variational Approach

If M smooth compact n-manifold, n ≥ 3,

GM = { smooth metrics g on M}
then Einstein metrics = critical points of normal-
ized Einstein-Hilbert action functional

E : GM −→ R

g 7−→ V (2−n)/n
∫
M
sgdµg

where V = Vol(M, g) inserted to make scale-invariant.
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Basic difficulty:

E (g) = V (2−n)/n
∫
M
sgdµg

not bounded above or below.

Yamabe:
Consider any conformal class

γ = [g0] = {fg0 | u : M → R+},

Then restriction E |γ is bounded below.
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Yamabe:

Set p = 2n
n−2.

Conformal rescaling:

ĝ = up−2g then has d̂µ = updµ

and its scalar curvature satisfies

ŝup−1 = [(p + 2)∆ + s]u

where ∆ = −∇ · ∇. Hence

E (ĝ) =

∫
M

(
su2 + (p + 2)|∇u|2

)
dµ[∫

M updµ
]2/p
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Yamabe:

Set p = 2n
n−2.

Conformal rescaling:

ĝ = up−2g then has d̂µ = updµ

and its scalar curvature satisfies

ŝup−1 = [(p + 2)∆ + s]u

where ∆ = −∇ · ∇. Hence

E (ĝ) =

∫
M

(
su2 + (p + 2)|∇u|2

)
dµ[∫

M updµ
]2/p

Difficulty: L2
1 ↪→ Lp bounded, but not compact.
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Yamabe (1950s)

Trudinger (1960s)

Aubin (1970s)

Schoen (1980s)

∃ metric g ∈ γ which mimimizes E |γ.

Has s = constant.

Unique up to scale when s ≤ 0.
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;
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Y (M,γ) = inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

;

If g has s of fixed sign, agrees with sign of Y (M, [g]).

Aubin:

Y (M,γ) ≤ E (Sn, ground)

Schoen:
= only for round sphere.
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But gives rise to a smooth-manifold invariant. . .
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compact n-manifold M is defined to be

Y (M) = sup
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M dµg

)n−2
n

.
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Definition. The Yamabe invariant of the smooth
compact n-manifold M is defined to be

Y (M) = sup
γ
Y (M,γ) = sup

γ
inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

.

R. Schoen (’87): “sigma constant”
O. Kobayashi (’87): “mu invariant”
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Y (M) = sup
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Y (M,γ) = sup

γ
inf
g∈γ
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)n−2
n

.

Theorem (Gromov-Lawson/Stolz/Petean/Perelman).
Let M be a compact simply connected n-manifold,
n 6= 4. Then

Y (M) ≥ 0.
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Yamabe Invariant:

Y (M) = sup
γ
Y (M,γ) = sup

γ
inf
g∈γ

∫
M sg dµg(∫
M dµg

)n−2
n

.

Theorem (Gromov-Lawson/Stolz/Petean/Perelman).
Let M be a compact simply connected n-manifold,
n 6= 4. Then

Y (M) ≥ 0.

Theorem (L ’96). There exist compact simply
connected 4-manifolds M j with Y (M j)→ −∞.

Moreover, can choose M j such that each Y (M j)
is realized by an Einstein metric gj.
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Theorem (L ’96). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ ≤ 0,

then g achieves the Yamabe invariant of M , and

Y (M) = −4π
√

2c1
2(M,J).

Kähler-Einstein means that (M, g) is Einstein, with
almost-complex structure J s.t. ∇J = 0 w/r to g.
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Theorem (L ’96). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ ≤ 0,

then g achieves the Yamabe invariant of M , and

Y (M) = −4π
√

2c1
2(M,J).

c1(M,J) ∈ H2(M,Z) is first Chern class of (TM, J).
“square” c1

2 with respect to intersection form

∪ : H2(M,Z)×H2(M,Z)→ Z
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Einstein constant
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Theorem (L ’96). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ ≤ 0,

then g achieves the Yamabe invariant of M , and

Y (M) = −4π
√

2c1
2(M,J).

While c1(M,J) ∈ H2(M,Z) depends on J ,

c1
2(M,J) = (2χ + 3τ )(M)

is an oriented homotopy invariant of M .
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Theorem (L ’96). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ ≤ 0,

then g achieves the Yamabe invariant of M , and

Y (M) = −4π
√

2c1
2(M,J).
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Theorem (L ’96). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ ≤ 0,

then g achieves the Yamabe invariant of M , and

Y (M) = −4π
√

2c1
2(M,J).

Method of proof: Seiberg-Witten theory.
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Theorem (L ’96). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ ≤ 0,

then g achieves the Yamabe invariant of M , and

Y (M) = −4π
√

2c1
2(M,J).
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

Corollary.

Y (CP2) = 12π
√

2 < 8π
√

6 = Y (S4).
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

For all other λ > 0 K-E 4-mfds, Y (M) > E (g).
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

For all other λ > 0 K-E 4-mfds, Y (M) > E (g).
However, E (g) maximal among Einstein metrics.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

For all other λ > 0 K-E 4-mfds, Y (M) > E (g).
However, E (g) maximal among Einstein metrics.
=⇒ @ Einstein metric achieving Y (M).
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

Original proof used perturbed SW equations.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

Second proof: Gursky-L ’98.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

Second proof: Gursky-L ’98.
Uses spinc Dirac operator in a simpler way.
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Theorem (L ’97). If (M4, g, J) is a compact Kähler-
Einstein manifold of complex dimension 2 with
Einstein constant

λ > 0,

then g achieves Y (M) if and only if

M = CP2,

in which case g is the usual Fubini-Study metric.

Second proof: Gursky-L ’98.
Uses spinc Dirac operator in a simpler way.
Shows certain other 4-mfds have Y (M) < Y (S4),
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

All admit K-E metrics g compatible with given J .
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

All admit K-E metrics g compatible with given J .

Yau, Aubin, Siu, et al.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

n M sign λ achieves Y (M)?

1 CP2 + Yes

2 CP1 × CP1 + Yes

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

n M sign λ achieves Y (M)?

1 CP2 Yes

2 CP1 × CP1 + No

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

n M sign λ achieves Y (M)?

1 CP2 Yes

2 CP1 × CP1 + No

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

n M sign λ achieves Y (M)?

1 CP2 Yes

2 CP1 × CP1 + No

3 CP2#6CP2 No

4 K3 0 Yes

≥ 4 “general type” 2 Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

n M sign λ achieves Y (M)?

1 CP2 Yes

2 CP1 × CP1 + No

3 CP2#6CP2 No

4 K3 0 Yes

≥ 5 “general type” − Yes
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

For these examples,

c1
2(M,J) = n(n− 4)2
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

For these examples,

c1
2(M,J) = n(n− 4)2

and hence

Y (M) = −4π
√

2c1
2(M,J) = −4π(n−4)

√
2n ∀n ≥ 4.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

For these examples,

Y (M) = −4π
√

2c1
2(M,J) = −4π(n−4)

√
2n ∀n ≥ 4.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

These examples are simply connected and have

Y (M) = −4π
√

2c1
2(M,J) = −4π(n−4)

√
2n ∀n ≥ 4.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

These examples are simply connected and have

Y (M) = −4π
√

2c1
2(M,J) = −4π(n−4)

√
2n ∀n ≥ 4.

Theorem (L ’96). There exist compact simply
connected 4-manifolds M j with Y (M j)→ −∞.

Moreover, can choose M j such that each Y (M j)
is realized by an Einstein metric gj.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

These examples are simply connected and have

Y (M) = −4π
√

2c1
2(M,J) = −4π(n−4)

√
2n ∀n ≥ 4.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

These examples are simply connected and have

Y (M) = −4π
√

2c1
2(M,J) = −4π(n−4)

√
2n ∀n ≥ 4.

These examples also show that the diffeomorphism
invariant Y (M) is not simply a homeomorphism
invariant — can detect “exotic” smooth structures.
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;
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• they have the same signature τ ;
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.
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Theorem (Freedman/Donaldson). Two smooth com-
pact simply connected oriented 4-manifolds are
orientedly homeomorphic if and only if

• they have the same Euler characteristic χ;

• they have the same signature τ ; and

• both are spin, or both are non-spin.

• both are w2 = 0or both are w2 6= 0
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m + 1 is odd, these are non-spin.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m + 1 is odd, these are non-spin,
so comparison of χ and τ shows homeomorphic to

kCP2#`CP2
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m + 1 is odd, these are non-spin,
so comparison of χ and τ shows homeomorphic to

kCP2#`CP2

where

k = 1 + 4
3m(m− 1)(2m− 1)

` = 2
3m(8m2 + 1)

110



Convention:

CP2 = reverse oriented CP2.
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Convention:

CP2 = reverse oriented CP2.
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Convention:

CP2 = reverse oriented CP2.

Connected sum #:
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Convention:

CP2 = reverse oriented CP2.

Connected sum #:
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m + 1 is odd, these are non-spin,
so comparison of χ and τ shows homeomorphic to

kCP2#`CP2

where

k = 1 + 4
3m(m− 1)(2m− 1)

` = 2
3m(8m2 + 1)
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m + 1 is odd, these are non-spin,
so comparison of χ and τ shows homeomorphic to

kCP2#`CP2

where

k = 1 + 4
3m(m− 1)(2m− 1)

` = 2
3m(8m2 + 1)

But Y (kCP2#`CP2) > 0 by Gromov-Lawson!
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m + 1 is odd, these are non-spin,
so comparison of χ and τ shows homeomorphic to

kCP2#`CP2

where

k = 1 + 4
3m(m− 1)(2m− 1)

` = 2
3m(8m2 + 1)

But Y (kCP2#`CP2) > 0 by Gromov-Lawson! So
Y detects “exotic” smooth structure when m ≥ 2.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m is even, these are spin,
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m is even, these are spin,
so comparison of χ and τ shows homeomorphic to

k(K3)#`(S2 × S2)
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m is even, these are spin,
so comparison of χ and τ shows homeomorphic to

k(K3)#`(S2 × S2)

where

k = 1
6m(m2 − 1)

` = 1
6(m− 2)(13m2 − 22m + 3)
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m is even, these are spin,
so comparison of χ and τ shows homeomorphic to

k(K3)#`(S2 × S2)

where

k = 1
6m(m2 − 1)

` = 1
6(m− 2)(13m2 − 22m + 3)

But Y [k(K3)#`(S2 × S2)] = 0 by Petean!
So Y detects “exotic” smooth structure if m ≥ 3.
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Example. Let M ⊂ CP3 a smooth hypersurface
of degree n. For concreteness:

xn + yn + zn + wn = 0

When n = 2m is even, these are spin,
so comparison of χ and τ shows homeomorphic to

k(K3)#`(S2 × S2)

where

k = 1
6m(m2 − 1)

` = 1
6(m− 2)(13m2 − 22m + 3)

But Y [k(K3)#`(S2 × S2)] = 0 by Petean!
So Y detects “exotic” smooth structure if m ≥ 3.
Also notice Y [k(K3)#`(S2 × S2)] unachievable!
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What’s so special about dimension 4?
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The Lie group SO(4) is not simple:
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On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−
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The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

132



What’s so special about dimension 4?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.
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Riemann curvature of g

R : Λ2→ Λ2

134



Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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Polynomial Curvature Functionals
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Polynomial Curvature Functionals

GM −→ R

g 7−→
∫
M
P (Rg)dµg
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Polynomial Curvature Functionals

GM −→ R

g 7−→
∫
M
P (Rg)dµg

where P (R) is SO(4)-invariant polynomial
function of curvature.
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Polynomial Curvature Functionals

GM −→ R

g 7−→
∫
M
P (Rg)dµg

where P (R) is SO(4)-invariant polynomial
function of curvature.

Scale invariance =⇒ P quadratic.
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Polynomial Curvature Functionals

GM −→ R

g 7−→
∫
M
P (Rg)dµg

where P (R) is SO(4)-invariant polynomial
function of curvature.

Scale invariance =⇒ P quadratic.

Any such P (R) is linear combinations of

s2, |̊r|2, |W+|2, |W−|2 .
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Polynomial Curvature Functionals

GM −→ R

g 7−→
∫
M
P (Rg)dµg

where P (R) is SO(4)-invariant polynomial
function of curvature.

Scale invariance =⇒ P quadratic.

Any such P (R) is linear combinations of

s2, |̊r|2, |W+|2, |W−|2 .

Integrals give four scale-invariant functionals.
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For example,

g 7−→
∫
M
s2dµg
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is a natural functional to consider.
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it is exactly minimized by the Yamabe minimizers:

147



For example,

g 7−→
∫
M
s2dµg

is a natural functional to consider.

When restricted to any conformal class γ,
it is exactly minimized by the Yamabe minimizers:

inf
g∈γ

∫
M
s2dµg = [Y (M,γ)]2.
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For example,

g 7−→
∫
M
s2dµg

is a natural functional to consider.

When restricted to any conformal class γ,
it is exactly minimized by the Yamabe minimizers:

inf
g∈γ

∫
M
s2dµg = [Y (M,γ)]2.

So on the space GM of all Riemannian metrics,
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For example,

g 7−→
∫
M
s2dµg

is a natural functional to consider.

When restricted to any conformal class γ,
it is exactly minimized by the Yamabe minimizers:

inf
g∈γ

∫
M
s2dµg = [Y (M,γ)]2.

So on the space GM of all Riemannian metrics,

inf
g

∫
M
s2dµg =

{
0 if Y (M) ≥ 0,

|Y (M)|2 if Y (M) ≤ 0.
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For example,

g 7−→
∫
M
s2dµg

is a natural functional to consider.

When restricted to any conformal class γ,
it is exactly minimized by the Yamabe minimizers:

inf
g∈γ

∫
M
s2dµg = [Y (M,γ)]2.

So on the space GM of all Riemannian metrics,

inf
g

∫
M
s2dµg =

{
0 if Y (M) ≥ 0,

|Y (M)|2 if Y (M) ≤ 0.

Simplifies computation of Y (M) in negative case!
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Four Basic Quadratic Curvature Functionals
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Four Basic Quadratic Curvature Functionals

GM −→ R

g 7−→



∫
Ms

2dµg∫
M |̊r|

2dµg∫
M |W+|2dµg∫
M |W−|

2dµg
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Four Basic Quadratic Curvature Functionals

GM −→ R

g 7−→



∫
Ms

2dµg∫
M |̊r|

2dµg∫
M |W+|2dµg∫
M |W−|

2dµg

But only two of these are genuinely independent!
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For (M4, g) compact oriented Riemannian,
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Here τ (M) = b+(M)− b−(M) defined in terms of
intersection pairing

H2(M,R)×H2(M,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
M
ϕ ∧ ψ

Diagonalize:

+1
. . .

+1︸ ︷︷ ︸
b+(M)

b−(M)

 −1
. . .

−1


.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms.
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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
g ⊕H−g ,

where

H±g = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms. Then

b±(M) = dimH±g .
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Spinc structures:

w2(TM4) ∈ H2(M,Z2)

in image of

H2(M,Z)→ H2(M,Z2)

=⇒ ∃ Hermitian line bundles

L→M

with
c1(L) ≡ w2(TM) mod 2.

Given g onM , =⇒ ∃ rank-2 Hermitian vector bun-
dles V±→M which formally satisfy

V± = S± ⊗ L1/2,

where S± are the (locally defined) left- and right-
handed spinor bundles of (M, g).

181



Key Example

Let J be any almost complex structure on M .

182



Key Example

Let J be any almost complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

183



Key Example

Let J be any almost complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1

184



Key Example

Let J be any almost complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1

can formally be written as

V± = S± ⊗ L1/2,

185



Key Example

Let J be any almost complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1

can formally be written as

V± = S± ⊗ L1/2,

where S± are left & right-handed spinor bundles.

186



Key Example

Let J be any almost complex structure on M .

Let L = Λ0,2 be its anti-canonical line bundle.

∀g on M , the bundles

V+ = Λ0,0 ⊕ Λ0,2

V− = Λ0,1

can formally be written as

V± = S± ⊗ L1/2,

where S± are left & right-handed spinor bundles.

A spinc structure arises from some J ⇐⇒

c2
1(L) = (2χ + 3τ )(M) .
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〈Φ, Dθ∗DθΦ〉 =
1

2
∆|Φ|2 + |∇θΦ|2 +

s

4
|Φ|2
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Every unitary connection θ on L induces
spinc Dirac operator

Dθ : Γ(V+)→ Γ(V−)

generalizing ∂̄ + ∂̄∗.

Weitzenböck formula: ∀Φ ∈ Γ(V+),

〈Φ, Dθ∗DθΦ〉 =
1

2
∆|Φ|2 + |∇θΦ|2 +

s

4
|Φ|2

+2〈−iF θ+, σ(Φ)〉
where F θ

+ = self-dual part curvature of θ, and
σ : V+→ Λ+ is a natural real-quadratic map,

|σ(Φ)| = 1

2
√

2
|Φ|2.
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197



Witten:

consider both Φ and θ as unknowns,

subject to Seiberg-Witten equations

DθΦ = 0

F+
θ = iσ(Φ).

Non-linear, but elliptic

198



Witten:

consider both Φ and θ as unknowns,

subject to Seiberg-Witten equations

DθΦ = 0

F+
θ = iσ(Φ).

Non-linear, but elliptic once ‘gauge-fixing’

d∗(θ − θ0) = 0

imposed to eliminate automorphisms of L→M .
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Compactness: Implies C0 bound on Φ:

At maximum of Φ, ∆|Φ|2 ≥ 0, so

0 ≥ s|Φ|2 + |Φ|4

and hence |Φ|2 ≤ −s, unless Φ ≡ 0. Hence

|Φ| ≤
√

max |s−|
everywhere!

Bootstrapping with gauge-fixed equations, one gets
L
p
k bounds for (Φ, θ) for all k, p.
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Dimension: Index of gauge-fixed system is

c2
1(L)− (2χ + 3τ )(M)

4

For a given spinc structure and fixed metric g, this
is the dimension of pre-image of any regular value
of map defined by gauge-fixed SW equations.

Spinc structure arises from some J ⇐⇒
c2

1(L) = 2χ + 3τ ⇐⇒ Fredholm index is zero.

SW invariant ∈ Z2 means mod-2 mapping degree.
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Weitzenböck formula becomes
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=⇒ moduli space compact, finite-dimensional. . .

If b+(M) ≥ 2, then, as metric varies, moduli spaces
are cobordant, so can construct invariants that some-
times predict existence of solutions.

Specifically, if spinc structure comes from some J ,
Fredholm index is 0, and moduli spaces generically
discrete. Counting solutions mod 2 gives Z2-valued
invariant.

This invariant is non-zero if J is compatible with a
symplectic form ω. (Taubes)

Implies non-existence of metrics g for which s > 0.
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Weitzenböck formula becomes

0 = 2∆|Φ|2 + 4|∇θΦ|2 + s|Φ|2 + |Φ|4

=⇒ moduli space compact, finite-dimensional. . .

When b+(M) = 1, theory is more complicated.

Works exactly the same way if

• c2
1(L) > 0; or

• c2
1(L) = 0, but c1(L) 6= 0 ∈ H2(M,R).

If J compatible with ω, invariant 6= 0 if c1• [ω] < 0.

But more generally, invariant acquires “chambered”
structure.

Basic strategy becomes: play several spinc struc-
tures off against one another.
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Curvature Estimates:

If SW equations have solution ∀g̃ ∈ [g],
=⇒ curvature estimates∫

M
s2dµg ≥ 32π2[c1(L)+]2∫

M

(
s−
√

6|W+|
)2
dµg ≥ 72π2[c1(L)+]2

where c1(L)+ ∈ H+
g is self-dual part of

c1(L) ∈ H2(M,R) = H+
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= 8

∫
|F+
A |

2dµ
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Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Cauchy-Schwarz:

(∫
s2dµ

)1/2(∫
|Φ|4dµ

)1/2

≥
∫
|Φ|4dµ,

∫
s2dµ ≥

∫
|Φ|4dµ

= 8

∫
|FA+|2dµ

246



First Estimate:

Integrate Weitzenböck:

0 =

∫
[4|∇Φ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Cauchy-Schwarz:

(∫
s2dµ

)1/2(∫
|Φ|4dµ

)1/2

≥
∫
|Φ|4dµ,

∫
s2dµ ≥

∫
|Φ|4dµ

= 8

∫
|FA+|2dµ

≥ 32π2[c1
+]2
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When does equality occur?
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, θ is Chern connection on L = K−1.
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, θ is Chern connection on L = K−1.

Just one solution, so must have SW 6= 0. More
robust version works for Kähler with

∫
s dµ < 0.

255



When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, θ is Chern connection on L = K−1.

Just one solution, so must have SW 6= 0. More
robust version works for Kähler with

∫
s dµ < 0.
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When does equality occur?

0 =

∫
[4|∇θΦ|2 + s|Φ|2 + |Φ|4]dµ.∫

(−s)|Φ|2dµ ≥
∫
|Φ|4dµ.

Equality =⇒
∇θΦ = 0, s = const < 0

Hence ∇σ(Φ) = 0, and g is Kähler.

So metric is CSCK.

Moreover, θ is Chern connection on L = K−1.

Just one solution, so must have SW 6= 0. More
robust version works for Kähler with c1 · [ω] < 0.
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Second Estimate: more subtle!
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Second Estimate: more subtle!
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s = s−
√

6|W+| is a generalized scalar curvature.
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s = s−
√

6|W+| is a generalized scalar curvature.

Rescales exactly like standard scalar curvature:
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s = s−
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6|W+| is a generalized scalar curvature.
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for ĝ = u2g, one has
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s = s−
√

6|W+| is a generalized scalar curvature.

Rescales exactly like standard scalar curvature:

for ĝ = u2g, one has

ŝu3 = [6∆ + s]u
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s = s−
√

6|W+| is a generalized scalar curvature.

Rescales exactly like standard scalar curvature:

for ĝ = u2g, one has

ŝu3 = [6∆ + s]u

This played an important role in the original proof,
but is used only mildly in what follows.
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system
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Second Estimate: more subtle!
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).

with new Weitzenböck formula
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇θΦ|2 + s|Φ|2 + f |Φ|4

270



Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇θΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇θΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:

0 ≥
∫ [

4|Φ|2|∇θΦ|2 + s|Φ|4 + f |Φ|6
]
dµ
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇θΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:

0 ≥
∫ [

4|Φ|2|∇θΦ|2 + s|Φ|4 + f |Φ|6
]
dµ

so self-dual 2-form ψ = 2
√

2σ(Φ) satisfies
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Second Estimate: more subtle!

By conformal invariance of Dirac, SW equations
with respect to f−2g ⇐⇒ new system

DAΦ = 0

F+
θ = ifσ(Φ).

with new Weitzenböck formula

0 = 2∆|Φ|2 + 4|∇θΦ|2 + s|Φ|2 + f |Φ|4

Multiply by |Φ|2 and integrate:

0 ≥
∫ [

4|Φ|2|∇θΦ|2 + s|Φ|4 + f |Φ|6
]
dµ

so self-dual 2-form ψ = 2
√

2σ(Φ) satisfies

0 ≥
∫ [
|∇ψ|2 + s|ψ|2 + f |ψ|3

]
dµ
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [
|∇ψ|2 + s|ψ|2 + f |ψ|3

]
dµ
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

2s

3
− 2

√
2

3
|W+|

)
|ψ|2 + f |ψ|3

]
dµ
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

s−
√

6|W+|
)
|ψ|2 +

3

2
f |ψ|3

]
dµ
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

s−
√

6|W+|
)
|ψ|2 +

3

2
f |ψ|3

]
dµ

Hölder inequality =⇒
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

s−
√

6|W+|
)
|ψ|2 +

3

2
f |ψ|3

]
dµ

Hölder inequality =⇒(∫
f4dµ

)1/3(∫ ∣∣∣s−√6|W+|
∣∣∣3 f−2dµ

)2/3

≥ 9

4

∫
f2|ψ|2dµ
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

s−
√

6|W+|
)
|ψ|2 +

3

2
f |ψ|3

]
dµ

Hölder inequality =⇒(∫
f4dµ

)1/3(∫ ∣∣∣s−√6|W+|
∣∣∣3 f−2dµ

)2/3

≥ 9

4

∫
f2|ψ|2dµ

≥ 72π2[c1
+]2
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

s−
√

6|W+|
)
|ψ|2 +

3

2
f |ψ|3

]
dµ

Hölder inequality =⇒(∫
f4dµ

)1/3(∫ ∣∣∣s−√6|W+|
∣∣∣3 f−2dµ

)2/3

≥ 9

4

∫
f2|ψ|2dµ

≥ 72π2[c1
+]2

Take sequence f j ↘
√∣∣∣s−√6|W+|

∣∣∣. In limit:
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But any self-dual 2-form satisfies∫
|∇ψ|2dµ ≥ −

∫ (
s

3
+ 2

√
2

3
|W+|

)
|ψ|2dµ

by Weitzenböck for (d + d∗)2. Hence

0 ≥
∫ [(

s−
√

6|W+|
)
|ψ|2 +

3

2
f |ψ|3

]
dµ

Hölder inequality =⇒(∫
f4dµ

)1/3(∫ ∣∣∣s−√6|W+|
∣∣∣3 f−2dµ

)2/3

≥ 9

4

∫
f2|ψ|2dµ

≥ 72π2[c1
+]2

Take sequence f j ↘
√∣∣∣s−√6|W+|

∣∣∣. In limit:∫
M

(
s−
√

6|W+|
)2
dµ ≥ 72π2[c1

+]2
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Blowing up:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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A complex surface X is called minimal if it is not
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.
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A complex surface X is called minimal if it is not
the blow-up of another complex surface.

Any complex surface M can be obtained from a
minimal surface X by blowing up a finite number
of times:

M ≈ X#kCP2

One says that X is minimal model of M .

Complex surface M of general type if X satisfies

c1
2(X) > 0, c1 • [ω] < 0

for some Käher form ω.

In this setting, minimal model X is unique.
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Then
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then

Y (M) = Y (X) = −4π
√

2c1
2(X)

Key ingredient: First Curvature estimate.

Next: how to use Second Curvature estimate.
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First observe:

s2

24
+2|W+|2 =

1

27

[(
s−
√

6|W+|
)2

+
1

8

(
s + 8

√
6|W+|

)2
]
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(
s2

24
+ 2|W+|2

)
dµg >

2

3
c1

2(X)

Equality forbidden, because would imply Kähler,
but with wrong ratio of s2 and |W+|2.

Here one first shows generalized scalar curvature

s = s−
√

6|W+|
would have to be constant if equality held.
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(M)/3.

(Better than Hitchin-Thorpe by a factor of 3.)

So being “very” non-minimal is an obstruction.
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By contrast, existence result:
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By contrast, existence result:

Theorem (Aubin/Yau). Compact complex man-
ifold (M2m, J) admits compatible Kähler-Einstein
metric with s < 0 ⇐⇒ c1 < 0.

325



Example. Let N be double branched cover CP2,
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Aubin/Yau =⇒ N carries Einstein metric.
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Now let X be a triple cyclic cover CP2, ramified at
a smooth sextic
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M = X#CP2.
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and set
M = X#CP2.

Here

c1
2(X) = 3
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Theorem. Let X be a minimal surface of gen-
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Theorem. Let X be a minimal surface of gen-
eral type, and let

M = X#kCP2.

Then M cannot admit an Einstein metric if

k ≥ c1
2(M)/3.

In example:

c1
2(X) = 3

k = 1 = c1
2(X)/3
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X is triple cover CP2 ramified at sextic
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and set
M = X#CP2.

Theorem =⇒ no Einstein metric on M .
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