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Abstract

Part I introduced the notion of the projective linking number Linkp (I, Z)
of a compact oriented real submanifold I of dimension 2p — 1 in complex
projective n-space P™ with an algebraic subvariety Z ¢ P™—TI of codimen-
sion p. It is shown here that a basic conjecture concerning the projective
hull of real curves in P? implies the following result:

" is the boundary 9{9 positive holomorphic p-chain of mass < N\ in P"
if and only if the Linkp (", Z) > —A for all algebraic subvarieties Z of
codimension-p in P" — .

where Ijﬁ/kp(l', Z) = Linkp(I", Z)/p'deg(Z). An analogous result is im-
plied in any projective manifold X.
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1. Introduction

In Part | we introduced a linking pairing for certain cycles in projective space as
follows. Suppose that ' C P™ is a compact oriented submanifold of dimension 2p — 1, and
let Z C P™ —T be an algebraic subvariety of codimension p. The projective linking
number of I with Z is defined to be

Linkp(l',Z) = NeZ — deg(Z)/ wP
N

where w is the standard Kahler form on P™ and N is any integral 2p-chain with ON =T
in P™. This definition is independent of the choice of N. The associated reduced linking
number is defined to be

Linkp (T, 2) = Linkp (T, 2)

1
pldeg(2)

The basic result proved here is the following.

THroREM 1.1. Let ' C P™ be a compact oriented real analytic submanifold of dimension
2p — 1 with possible integer multiplicities on each component. If Conjecture B holds (See
below), then the following are equivalent:

(1) T is the boundary of a positive holomorphic p-chain of mass < A\ in P".

(2) Ijﬁ/kp(r, Z) > —N for all algebraic subvarieties Z of codimension p in P™ —T .

A compact subset K C P™ is called stable if the best constant function is bounded
on the projective hull K (See [HL3 4]). It is known that for any stable real analytic curve
v C P™, the set ¥ — v is a 1-dimensional complex analytic subvariety of P™ — ~, [HLW].
Conjecture A from Part | is the statement that any compact real analytic curve v C P™
is stable. Even more likely is the following.

CoNJECTURE B. Let v C P? be a compact embedded real analytic curve such that for
some choice of orientation and positive integer multiplicity on each component, condition
(2) above is satisfied. Then ~ is stable.

In Part | the conclusion of Theorem 1.1 was established for any stable real analytic
curve ' C P™ (with orientation and multiplicity on each component). The main point of
Part 11 is to prove that this result for p = 1 implies the result for all p > 1, provided one
can drop the stability hypothesis in the p = 1 case.

Note incidentally that there is no assumption of maximal complexity on the cycle I'.

Theorem 1.1 represents a projective analogue of a result of H. Alexander and J. Wer-
mer [AW].

If the cycle I" in Theorem 1.1 bounds a holomorphic p-chain T, then there is a unique
such chain T, of least mass with d7, = I'. (All others are obtained by adding positive
algebraic p-cycles to Tj.)



COROLLARY 1.2. Let I be as in Theorem 1.1 and suppose that I = dT for some positive
holomorphic p-chain T'. Then T is the chain of least mass with boundary I" if and only if

. TezZ)| _
Igf{degZ} =0

where the infimum is taken over all positive algebraic (n — p)-cycles in P™ — T .

The linking hypothesis (2) in Theorem 1.1 can be replaced by other hypotheses. This
is discussed in §3. Another interesting consequence of Theorem 1.1 is the following result,
whose proof follows exactly the lines given in Part | for the case p = 1.

THrOREM 1.3. Let M C P™ be a compact embedded real analytic submanifold of dimension
2p — 1 and assume Conjecture B. Then a class T € Ha,(P", M;Z) contains a positive
holomorphic chain T (with supp dT C M) if and only if

Teyu > 0

for all classes u € Hap—2,(P™ — M; Z) which are represented by positive algebraic cycles.

Theorem 1.1 and many of its consequences carry over to general projective manifolds.
This is done in §4. B
We recall our convention that d° = (9 — 9)

2. The Projective Alexander-Wermer Theorem.

Let I" be a compact smooth oriented submanifold of dimension 2p—1 in P™. We recall
that (even if " is only class C'!) any irreducible complex analytic subvariety V' c P —T has
finite Hausdor 2p-measure and defines a current [V] of dimension 2p in P™ by integration
on the canonically oriented manifold of regular points. Furthermore, the boundary of this
current is of the form d[V] = Ej e;["; where Iy, ..., [, represent the connected components
of Mand ¢; = 1,0, or —1. (See [H] for example.) We now allow I" to carry positive integer
multiplicities on each component, so it is of the form I = m;[;.

DrriniTION 2.1. By a positive holomorphic p-chain with boundary ' we mean a
finite sum T = >, ng[Vi] where each n, € Z* and each V;, C P™ — I is an irreducible
subvariety of dimension p, so that

dr =T (as currents on P")

By the mass of such a chain 7" =}, n;[Vi] we mean its weighted volume: M(T) =
S neH*P (Vi) = T(Q,) where H?P denotes Hausdor 2p-measure and



PROPOSITION 2.2. Suppose T is a positive holomorphic p-chain with boundary ™ as above.
Then -
Linkp(I', Z2) > —M(T)

for all positive algebraic cycles Z with support in P" —TI".

Proof. Note that since dT' = I we have

_— TeZ
= — > =
Linkp (I, 2) TdeqZ T(Qp) > -T(Q)) M(T)
since T e Z > 0 by the positivity of 7" and Z. [ ]

Note that Proposition 2.2 holds for positive holomorphic chains with quite general
boundaries I'. This brings us to the main result.

THEOREM 2.3. Under the assumption of Conjecture B the following are equivalent.
(1) T =dT where T is a positive holomorphic p-chain in P™ with M(T) < A\
(2) |_Terp(r, Z) > —N for all (n — p)-dimensional algebraic varieties Z C P™ —T.

Proof. Proposition 2.2 states that (1) = (2). For the converse we shall show that the link-
ing condition persists for hyperplane slices, and then proceed by induction on dimension.

PROPOSITION 2.4. Suppose that I satisfies the A-linking condition (2) in P™. If H = P!
is a hyperplane which intersects I” transversely, then 'y = ' N H satisfies the A=linking
condition in H where

N = p/\+/rdcu/\Qp_1

and u = log(|Zo|/||Z||) where Zy is the linear function defining H.

Proof. Since bordism and homology agree in P™ there exists a compact oriented 2p-
manifold N with boundary and a smooth map f : N — P” such that f is an immersion
near ON and

f}aN: ON — T is an oriented di eomorphism.

Since I is transversal to H, f is also transversal to H near the boundary. By standard
transversality theory we can perturb f, keeping it fixed near the boundary, so that it is
everywhere transversal to H. Let Ny = f~'(H) oriented by N and the normal bundle
to H, and let fy : Ny — H be the restriction of f. Then (fy)dVy] defines a (2p — 2)-
dimensional current in H with boundary I'y. We denote this current simply by [Ng].

Suppose now that Z ¢ H — Ny is an (n — p)-dimensional algebraic subvariety. We
may assume, again by a small perturbation, that f misses the singular set of Z and is
transversal to Reg(Z7). It is then straightforward to check that

[N]eZ = [Nyleny Z (2.1)
where “e ;" denotes the intersection pairing in H (defined as in §3 of Part I).
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By assumption we have that

Linke(T, 2) = 1{ (a2~ |

Now the function u above satisfies the Poincaré-Lelong equation
ddv = H —w. (2.3)
Substituting (2.1) and (2.3) into (2.2) gives

@([NH] oy Z)— /N (H —dd®u) AwP™t =

1

= g Wilen )~ [

wP1 +/ dd®u A WPt
degZ Ny N

= |_TerP(rH,Z)(p—1)!+/dCqup—1
I

> —/\p!

where the first equality is straightforwardly justified using transversality. ]

COROLLARY 2.5. Assume that (2) = (1) for all manifolds I of dimension 2p—3 in projective
space. Suppose that I is a (2p — 1)-manifold satisfying (2) and that H is a hyperplane
transversal to . Then there exists A¥> 0 so that Tgo= ' N HY bounds a positive
holomorphic (p — 1)-chain of mass < A for all hyperplanes H"in a neighborhood U of H.

Proof. If H is transversal to I then so are all hyperplanes H”in a neighborhood of
H. Furthermore, the integral |- d®(ugo) A wP™! depends continuously on HYin that
neighborhood, where u o= log(|(Axg Z2)|/||Z||) and Agois a continuous choice of vectors
with H”= {[Z] € P" : (Ag5 Z) = 0}. It follows that the constant A~in Proposition
2.4 is uniformly bounded below in a neighbohhood of H. One then applies the inductive
hypothesis. [ ]

PRroprosITION 2.6. Let U be the neighborhood given in Corollary 2.5. For each hyperplane
Hin U let Tyoibe the positive holomorphic p — 1 chain of least mass with dTgo= T o
Then Tyois uniquely determined by H"and the mapping H — Tyois continuous on U.

Proof. We first prove uniqueness. For future reference we formulate this result for I
instead of Iy

LEMMA 2.7. Suppose I bounds a positive holomorphic p-chain. Then the positive holo-
morphic p-chain of least mass with boundary I is unique.

Proof. Suppose that 7' = 3, n,[V;] and T7=Y__ n3[V,] are positive holomorphic p-chains
of least mass having the same boundary d7' = dT-=T in P". By the least mass hypothesis
we know that

diVi] # 0 and  d[V;T # 0  forall ij. (2.4)
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In fact d[V;] and d[VﬁJ each consist of a finite number of oriented connected components
of I, each with multiplicity one. Let 'y be an oriented connected component of I'. (If
I" has multiplicity greater than 1 along 'y, we ignore that multiplicity for the moment.)
Then there must exists a component of 7', say V7, such that Iy forms part of the oriented
boundary dV;. Similarly there is a component, say V,2of T such that 'y is part of
dV,~) By boundary regularity [HL,], and local and global uniqueness these two irreducible
subvarieties of P — I must coincide. Hence, S =T — V; and SY= 75— VMare positive
holomorphic p chains with dS = dS% By continuing this process one of the two chains
will eventually be reduced to zero. However, the other must also be 0 since its boundary
is zero and its remaining components satisfy condition (2.4) ]

To prove continuity it will su ce to show that every convergent sequence H; — H
has a subsequence such that Ty; — T. By the local uniform bound on the mass, the fact
that dTy;, — dTy = 'y, and the compactness of positive holomorphic chains, we know
that there is a subsequence which converges to some positive holomorphic chain 7" with
boundary I';. We then apply the uniquness. [ ]

We recall that I' is said to be maximally complex if
dime(T,r NJT,IN = p—-1 forall x el

where J is the almost complex structure on P™.
ProposiTioN 2.8. Assume Conjecture B. If T satisfies (2), then I' is maximally complex.

Proof. The result is trivial when dimvy = 1 so we first consider the case ' =2 C P3. We
want to show that [.a = 0 for all (3,0)-forms « on P3.

Choose a line L = P! ¢ P3 with TN L = () and a linear projection 7 : P3 — L — P1.
Fix a point z.. € P! and choose a ne coordinates (2, 21, z2) on 7 1(P! — {zs}) = C3.
We shall show that

/ 9(z0)dzo Ndzy Ndzy =0 (2.5)
r

for all g € C5°(C). Such forms, taken over all possible choices above, are dense in £3°
on a neighborhood of I'. Hence, fra = 0 for all (3,0)-forms «, which implies that I" is
maximally complex.

To prove (2.5) we choose a 4-chain N with compact support in P3 — L such that
dN =T. Then (2.5) can be rewritten as

/ 6—_9 dZO/\dEO/\le/\dZQ =0
~ 9Zo
for all g € C3°(C). For this it will su ce to prove that

(N Ndz /\dZQ,’/T% = (7cdV Adzy Ndzz),m) = 0

for any (1,1)-form n with compact support in C. For this it will su ce to consider n =
0(zo — t)dzg N dZzg for t € C, in other words we want to show that the slice at ¢:

{wiN A le A dZQ)}t = 7T|:'LL|Nt A le N dZQ} = / le A dZQ =0 (26)
Nt
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for all t € C.

Observe now that dN;, = T, the slice of ' by 7 at ¢, and by Proposition 2.4 this
I"; satisfies the projective linking condition (2). Hence by Theorem 6.1 in [HL4] and our
hypothesis that I'; is stable, we conclude that I', = dT; where T} is a positive holomorphic
1-chain in P? = the closure of 7~ (¢). Thus our desired condition (2.6) is established by
the following.

LEMMA 2.9. Let v be a curve, or in fact any rectifiable 1-cycle with compact support in
C2 c P2. Suppose v = dT where T is a positive holomorphic chain in P?. Then for any
S e ngcpt(CQ) with dS =, one has S(dz1 A dz3) = 0.

Proof. It su ces to construct one current S with these properties. We can assume that
the line at infinity P., = P2 — C2 meets supp 7" only at regular points and is transversal
there. (The general result follows directly.) Choose = € supp 7' N PL, and let L be the
tangent line to supp 7" at x. Then after an a ne transformation of the (z1, z3)-coordinates,
we may assume L = zy-axis. This transformation can be chosen with determinant one, so
the form dz; A dzs remains unchanged.

Near the point z, the current 7' is given by a positive multiple of the graph Z»
{(z1, f(%)) . |z1] > R} where f is holomorphic in the disk of radius 1/R and satisfies

f(0 = fY0) = o.

In particular we have that
Iim0 21f(1/z) = 0. (2.7)
zZ1 —

We now modify T by replacing (the appropriate multiple of) ~; with the current Ly +Ug
where

Lr = {(#1,0): |z1] < R} and Ur = {(21,tf(1/z1)) 1 |z1] =R and 0<t <1}
with orientations chosen so that d(Lyr + Ur) = dZ . Observe that

e

2 10
/ dzi Ndzg = / dzi Ndzg = — / 2odz, = f(e®/R)y—df — 0
Lr+Ur Ur dUr 0 R

as R — oo by (2.7).

Carrying out this procedure at each point of supp7 N P, we obtain a current
T(Ry, ..., R;) with compact support in C? and with dT (R, ..., R;) = v. Since dz; A dz is
closed we have

V4
S(dz1 ANdzg) = T(Ry,...,R)(dz Adz) = ) / dz1 Adze — 0
k=1" URk

as Ry,..., Ry — oc. [ |

We have now proved the proposition for 3-folds in P3. The result for 3-folds in P"
follows by considering the family of projections P™ — —— > P3 which are well defined on I.
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The result for general " follows by intersecting with hyperplanes and applying Proposition
2.4, [ ]

We now show that I bounds a positive holomorphic chain by applying the main
result in [DH]. Let L C P be a linear subspace of (complex) codimension p — 1 which is
transversal to I'. We assume that L meets every component of I'. This can be arranged by
taking a Veronese embedding P c P of su ciently high degree, and working with linear
subspaces there. One checks that the projective linking numbers of I" are also bounded in
P~. By applying Proposition 2.4 inductively we see that for all linear subspaces L"in a
neighborhood of L, the intersections I',-= I e L satisfy the projective linking condition for
oriented curves with multiplicities. Therefore by [HL4] and our assumption of Conjecture
B, each slice I' ;ubounds a positive holomorphic 1-chain. With this property and maximal
complexity, It follows directly from [DH] that I bounds a holomorphic p-chain. The
unique minimal such chain T will be supported in the subvariety P ¢ P because I
is. Furthermore, T must be positive. If not, there would be a negative component, say
Ty. Since T is minimal, dTy # 0. Now L must meet T since it meets all components of
I". It follows that the minimal holomorphic 1-chain with boundary I';, is not positive — a
contradiction.

NotE . This last paragraph could be replaced by an argument based on the results in [HL,].

So we have proved that ' = dT where T' is a positive holomorphic p-chain. We may
assume that 7' is the unique such chain of least mass. It remains to prove that M(7T) < A.

Suppose not. Then
M) = T(Q,) = N+r (2.8)

for » > 0, and we see that

TezZ  TeZ
pldegZ =~ pldegZ
= Linkp(T, 2) +T(Q,) > —A+A+r=r

- T(Qp) + T(Qp)

for all algebraic subvarieties Z of codimension p in P™ — I'. Hence, it will su ce to prove

that Ty
: o _
IrZ]f{degZ} =0 (2.9)

where Z varies over the codimension p subvarieties of P™ —T.

LEmMA 2.10. Let T be a positive holomorphic p-chain in P™ with boundary . Then T is
the unique such chain of least mass if and only if every irreducible component of supp T
in P™ — I has a non-empty boundary (consisting of components of I').

Proof. If T has least mass, it can have no components with boundary zero, since one could
remove these components and thereby reduce the mass without changing the boundary. If
T is not of least mass, let T be the least mass solution and note that d(7T — Tp) = 0. It
follows from [HS] (actually, elementary arguments involving local uniqueness at the bound-
ary will su ce here) that T — T, = S — Sy where S and S, are positive algebraic p-cycles,
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i.e., dS = dSy; = 0. We assume that S and S, have no components in common. From the
equation 7'+ S, = Ty + S and the uniqueness of the decomposition of analytic subvarieties
into irreducible components, we see that the components of S must be components of T
and similarly the components of Sy must be components of 7;. Since T is least mass, we
have Sy =0and T'= Ty + S. Since T is not the least mass solution, S # 0. [

Our proof now proceeds by induction on p. We assume that condition (2.9) holds for
least mass chains of dimension < p, and we shall show that it hold in dimension p. The
case p = 1 has already been established in Part I, Corollary 6.8.

We return to our positive holomorphic p-chain T of least mass. A positive divisor D
in P™ is defined to be totally transverse to T if:

(1) D is smooth,

(i) D meets every component of dT" = I', and each of these intersections is transverse,

(i) D is transversal to every stratum of the singular stratification of supp 7.
This condition is open, and it is non-empty for divisors of su ciently high degree. Let D
be such a divisor with degree d. Let P* c P" be the order d Veronese embedding, and
let Hy C P be the hyperplane with D = H, e P". Then H, is totally transverse to T
in PV, Assume there exists H in a neighborhood of H, which is totally transverse to T
and such that Ty = H T has no irreducible components with boundary zero. Then there
exists a sequence {Z;};=o of subvarieties of codimension p — 1 in H — I" such that

. TH o Z
I — —J % = 0.
J'|~n°]°{ degZ; }

Note that Ty ey Z; =T epn Z;, and so

||m T .PN Zj
Jj—oo deng
Now by a small perturbation we may assume that each Z; is transversal to P™. Then

W; = Z; N P™ is a subvariety of codimension p in P™ with T"epn W; = T'epn Z; and with
degree degWW; = dPdegZ;. It follows that

. T.Pn W
lim J 2P Wi |~
ym { deg, j=o

Il
©

as desired.

So we are done unless every totally transverse hyperplane section Ty has components
with zero boundary. We will show that this cannot happen for H in a neighborhood of
H,. For the sake of clarity, we assume first that each component of supp 7 is smooth.
Then by transversality each component of supp 7y is smooth. Suppose there exists a
component V' of supp Ty which is without boundary. Then V will be contained in one of
the components of supp 7', which we denote by . Note that W is a smooth submanifolds
with real analytic boundary.

Now let V. be a neighborhood of V in W. Since V. is a subvariety defined in a
neighborhood of a hyperplane, it extends to an irreducible algebraic subvariety Y of
dimension p. It follows that W is a subdomain with real analytic boundary in Y.
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Now the generic hyperplane section of an irreducible variety is again irreducible when
p > 1 (See [Ha, Prop. 18.10]). It follows that W N H = V. However, this is impossible
since H meets every component of I' and so it must meet the components of I which are
contained in W.

When supp 7" is not smooth the argument is similar. By total transversality and our
assumption, there exists a component V' of supp Ty (for generic H) with no boundary
and with the property that V' extends to an irreducible p-dimensional subvariety V. in a
neighborhood of H. By [HL,, Thm. 9.2], V. extends to an irreducible algebraic subvariety
Y of dimension p in PY. The remainder of the argument is the same. ]

There is an “a ne” version of Theorem 2.3 parallel to the “a ne” version (Theorem
6.6 ) of Theorem 6.1 in Part I. However the reader should note that the hypothesis that I
is contained in some a ne chart is not satisfied generically when dim(I") > 1.

THEOREM 2.10. Let I is as in Theorem 2.3 and suppose T C C™ for some affine chart
C" C P". Assuming Conjecture B, the following are equivalent:

(1) There exists a constant N\ so that the classical linking number satisfies
Linken (I, Z2) > —Ap'degZ

for all (n — p)-dimensional algebraic varieties Z C C™ —T.

(2) T =dT where T is a positive holomorphic p-chain in P™ with
1
M(T) <N+ = / d®logy/1 + 2|2 A Qp—1.
bJr

Proof. We recall that in terms of the a ne coordinate z on C", the Kaehler form is
given by w = Zddlog(1 + ||z||?). Now let N be a 2p-chain in C" with dN = I". Then

Linkp(I', Z)p! = 2, NeZ— [ w? = £ Linken (T, Z) — [ d%logy/T+ [[2[[2AwP ™. The
result now follows éirectly from Theorem 2.3. ]

3. Theorems for General Projective Manifolds.

The results established above generalize from P™ to any projective manifold. Let X be
a compact complex n-manifold with a positive holomorphic line bundle A. Fix a hermitian
metric on A with curvature form w > 0, and give X the K&dhler metric associated to w. Let
I" be a (2p — 1)-cycle on X with properties as in §2 (i.e., an oriented (2p — 1)-dimensional
submanifold with integral weights), and assume [['] = 0 in Hy,—1(X; Z).

DEriNiTION 3.1. Let Z be a positive algebraic (n — p)-cycle on X which has cohomology
class /[wP] for some ¢ > 1. If Z does not meet I, we can define the linking number and
the reduced linking number by

Link, (T, 2) = N.Z—e/ w? and  Linky(,2) = % Link(T", 2)
N b:
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respectively, where N is any 2p-chain in X with d/N = I" and where the intersection pairing
e is defined as in §3 of Part | with P replaced by X.

To see that this is well-defined suppose that NUis another 2p-chain with dN"= T.
Then (N-NYeZ—( [, ycw? = (N—NYe(Z—/[wP]) = 0 because Z—{w” is cohomologous
to zero in X.

THEOREM 3.2. Under the assumption of Conjecture B the following are equivalent:

(1) T =dT whereT is a positive holomorphic p-chain on X with mass < /.

(2) Ij?l/kA(r, Z) > —N\ for all positive algebraic (n — p)-cycles Z C X — I of
cohomology class ([w]? for £ € Z™T.

Proof. That (1) = (2) follows as in the proof of Proposition 2.2. In fact this shows that
(2) holds with no restriction on the cohomology class of Z.

For the converse we may assume (by replacing A with A™ if necessary) that the full
space of sections H°(X, O()\)) gives an embedding X c P¥. An algebraic subvariety ZC
P of codimension p is said to be transversal to X if each level of the singular stratification
of Z is transversal to X. More generally, a positive algebraic cycle T = Y n,Z, of
codimension p is transversal to X if each Z, is. Such cycles are dense in the Chow variety
of all positive algebraic (N —p)-cycles in PYV. This follows from the Transversality Theorem
for Families applied to the family GLc(NV +1) - Z and the submanifold X in PN (cf. [HL,
App. A]). N N

It is straightforward to check that if Z is transversal to X, then Z = Z N X is an
algebraic subvariety of codimension p in X with cohomology class ¢[wP] where ¢ = deg ~Z.
Let Z be such a cycle with the property that ZNT =0. Let N be a 2p-chain in X
with boundary I which meets Z = Z N X transversely at regular points. Then local
computation of intersection numbers shows that N ex Z = N epn Z. Consequently,
hypothesis (2) implies that

Linkp (I, Z) = Linky([, Z) > —A.

Since this holds for a dense set of subvarieties of P™ — I" it holds for all such subvarieties.
Theorem 2.3 now implies that I bounds a holomorphic chain T'in P¥. Since I" is supported
in X, soalsoisT. [ ]

4. Variants of the Main Hypothesis

The linking hypothesis (2) in Theorem 3.2 can be replaced by several quite di erent
conditions thereby yielding several geometrically distinct results. In this section we shall
examine these conditions.

Let X, \,w and I all be as in §3. Suppose Z C X is an algebraic subvariety of
codimension-p with cohomology class /[w?]. Then a spark associated to Z with curvature
(wP is a current o € D2P71(X) which satisfies the spark equation

doa = Z — WP (4.2)
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Such sparks form the basis of (one formulation of) the theory of di erential characters (cf.
[HLZ]). Two sparks «, o satisfying (4.1) will be called commensurate if o™= o + dg3 for
B € DPP~2(X).

A. A-Winding Numbers. Suppose now that ' 1 Z = (). Up to commensurability we
may assume « is smooth in a neighborhood of I (See [HLZ, Prop. 4.2]). The reduced
A-winding number can then be defined as

VVTﬁdA(r,a) = 1 / Q.
Lp! Jr
It follows from the spark equation (4.1) that

Wind, (I, @) = Link, (T, 2). (4.2)

In particular, this winding number is independent of the choice of a. This can be directly
verified using deRham theory and the fact that [I'] = 0 in Hy,—1(X; Z).

B. Positivity. Recall that a smooth (p, p)-form ¢ on X is called weakly positive if
(&) > 0 for all simple 2p-vectors £ representing canonically oriented complex tangent
p-planes to X. A current T' € DEP(X) of bidimension p,p is called positive if T'(y)) > 0
for all weakly positive (p, p)-forms ) on X. In this case we write 7' > 0.

C. Algebraic Homology. Set H), = {z € Hy(X — |[;Z) : (w¥,z) > 0}, where
|| = supp ", and define

H;;f,alg g H;;{J

to be the subset of classes z which can be represented by a positive holomorphic k-cycle.

THEOREM 4.1. Suppose Conjecture B holds. Then the cycle ' bounds a positive holomor-
phic p-chain of mass < A in X if and only if any of the following conditions holds:

(a) I_/i\n/kA(F, Z) > —/N\ for all positive algebraic cycles Z C X — I of codimension-p
with cohomology class ([w]P for { € ZT.

(b) V\//}ﬁdA(r, a) > —/N\ for all sparks « satisfying equation (4.1) with Z as above.

(c) ﬁ fF B> —N for all smooth forms 3 € £?P~1(X) for which dPP3 + wP > 0 is
weakly positive on X.

(d) There exists T € Hop(X, |I|; Z) with O = [['] such that T e [Z] > O for all
[Z] as above and N\ = (T, Z%[wp])

Proof. Condition (a) represents Theorem 3.2 above. Conditions (a) and (b) are obviously
equivalent by equation (4.2). To check the necessity of Condition (c) suppose that I' = dT
where T is a positive holomorphic p-chain. Then one has [ 3 = [.df = [,d"P3 =
Jr(@P3 + wP —wP) > — [LwP = —pIM(T). On the other hand, Condition (c) implies
Condition (a) since the subvarieties Z in question arise by intersection with subvarieties Z
in the ambient projective space, where we can mollify to obtain smooth (p —1, p—1)-forms
. With da, = wP — Z. and Z. — Z.
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For Condition (d), suppose there exists 7' as above. Then the class = = [T] €
H,, (X, |l]; Z) has the stated properties. Conversely, given 7, choose any 2p-chain N € .
Then dN =T and for any Z as above we have 0 < 7e[Z]=NeZ =NeZ —( [, wl +

0 [ wP = EptLinky(T, Z) + r(wP). n

_|_
COROLLARY 4.2. IfHQ(n_p),alg

exists T € Hop(X, |[]; Z) with dr #0 and Teu > 0 for u € H,

2(n—p),alg’
positive holomorphic p-chain T on X with non-empty boundary supported in |I|.

is contained in a proper subcone of H;(n_p), that is, if there

then there exists a

This question of holomorphic representability is discussed in detail in [HL5].
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