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Abstract. We have two main purposes in this paper. One is to give some sufficient
conditions for the Julia set of a transcendental entire functionf to be connected or to be
disconnected as a subset of the complex planeC. The other is to investigate the boundary
of an unbounded periodic Fatou componentU , which is known to be simply-connected.
These are related as follows: letϕ : D −→ U be a Riemann map ofU from a unit
disk D, then under some mild conditions we show that the set2∞ of all angles whereϕ
admits the radial limit∞ is dense in∂D if U is an attracting basin, a parabolic basin or
a Siegel disk. IfU is a Baker domain on whichf is not univalent, then2∞ is dense in
∂D or at least its closure2∞ contains a certain perfect set, which means the boundary
∂U has a very complicated structure. In all cases, this result leads to the disconnectivity
of the Julia setJf in C. If U is a Baker domain on whichf is univalent, however, we
shall show by giving an example that∂U can be a Jordan arc inC, which has a rather
simple structure, and, moreover,Jf can be connected.

We also consider the connectivity of the setJf ∪ {∞} in the Riemann spherêC and
show thatJf ∪ {∞} is connected if and only iff has no multiply-connected wandering
domains.

1. Introduction—definitions and results
Let f be a transcendental entire function and letf n denote thenth iterate off . Recall
that theFatou setFf and theJulia set Jf of f are defined as follows:

Ff := {z ∈ C | {f n}∞n=1 is a normal family in a neighborhood ofz},
Jf := C \ Ff .

It is possible to consider the Julia set to be a subset of the Riemann sphereĈ := C∪{∞}
by adding the point of infinity∞ to it. This definition is mainly adopted in the case
of meromorphic functions (for example, see [Ber1]); also there is some research on
convergence phenomena of Julia sets as subsets ofĈ. (For the details of ‘convergence
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phenomena’, see [Ki ], [Kr ] and [KrK ].) In this setting,Jf is compact in̂C and hence
Jf is rather easy to handle. However, for a transcendental entire function the suitable
phase space as a dynamical system is the complex planeC, not the Riemann spherêC
because∞ is an essential singularity off and there seems to be no reasonable way to
define the value off at ∞. So it is more natural to regardJf as a subset ofC rather
than ofĈ. Hence we defineJf as above and writeJf ∪ {∞} when we considerJf to be
a subset of̂C.

A connected componentU of Ff is called aFatou componentof f . U is called a
wandering domainif f m(U) ∩ f n(U) = ∅ for everym, n ∈ N (m 6= n). If there exists
an n0 ∈ N with f n0(U) ⊆ U , U is called aperiodic component of periodn0 and it is
well known that there are the following four possibilities.
1. There exists a pointz0 ∈ U with f n0(z0) = z0 and |(f n0)′(z0)| < 1 and every point

z ∈ U satisfiesf n0k(z) → z0 as k → ∞. The point z0 is called anattracting
periodic point and the domainU is called anattracting basin.

2. There exists a pointz0 ∈ ∂U with f n0(z0) = z0 (it is possible thatf n1(z0) = z0 for
an n1 with n1|n0) and (f n0)′(z0) = 1 and every pointz ∈ U satisfiesf n0k(z) → z0

ask → ∞. The pointz0 is called aparabolic periodic pointand the domainU is
called aparabolic basin.

3. There exists a pointz0 ∈ U with f n0(z0) = z0 and (f n0)′(z0) = e2πiθ (θ ∈ R \ Q)

and f n0|U is conjugate to an irrational rotation of a unit disk. The domainU is
called aSiegel disk.

4. For everyz ∈ U, f n0k(z) → ∞ as k → ∞. The domainU is called aBaker
domain.

In particular, if n0 = 1, U is called aninvariant component. U is called completely
invariant if U satisfiesf −1(U) ⊆ U . U is called apreperiodic componentif f m(U)

is a periodic component for anm ≥ 1. U is calledeventually periodicif U is periodic
or preperiodic. It is known that eventually periodic components of a transcendental
entire function are simply-connected (see [Ba4, Theorem 3.1], [Ber1, Theorem 9],
[EL2, Theorem 4.4], [H, p. 611]), while a wandering domain can be multiply-connected
[Ba1, Ba2, Ba5].

In this paper we mainly consider the following problem.

Problem. When is the Julia set of a transcendental entire functionf connected or
disconnected as a subset ofC?

If f is a polynomial, the following criterion is well known (for example, see [Bea,
Theorem 9.5.1] or [M , Theorem 17.3]). Note that in this case,Jf is compact inC and
hence the connectivity ofJf as a subset ofC coincides with the connectivity as a subset
of Ĉ.

PROPOSITIONA. Letf be a polynomial of degreed ≥ 2. Then the Julia setJf is connected
if and only if no finite critical values off tend to∞ by the iterates off .

Here, acritical value is a point p := f (c) for a point c with f ′(c) = 0. This is a
singularity of f −1. For polynomials we have only to consider this type of singularity
but there can be another type of singularity called anasymptotic valuefor transcendental
entire functions. A pointp is called anasymptotic valueif there exists a continuous
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curveL(t) (0 ≤ t < 1), called anasymptotic path, with

lim
t→1

L(t) = ∞ and lim
t→1

f (L(t)) = p.

A point p is called asingular valueif it is either a critical or an asymptotic value and
we denote the set of all singular values as sing(f −1).

If f is transcendental, however, the above criterion does not hold. For example,
consider the exponential familyEλ(z) := λez. If λ satisfies 0< λ < 1/e, Eλ has
a unique attracting fixed pointpλ with a simply-connected completely invariant basin
�(pλ) and the Fatou setFEλ

is equal to this basin [DG]. The unique singular valuez = 0
(this is an asymptotic value) is attracted to the fixed pointpλ and hence does not tend to
∞. But it is easy to see that the Julia setJEλ

is disconnected (see,§4, Example 1). Also
let ϕ : D −→ �(pλ) be a Riemann map of�(pλ) from a unit diskD, then theradial
limit ϕ(eiθ ) := limr↗1 ϕ(reiθ ) exists for alleiθ ∈ ∂D; moreover, the set

2∞ :=
{
eiθ | ϕ(eiθ ) := lim

r↗1
ϕ(reiθ ) = ∞

}

is dense in∂D [DG, p. 265, Remark]. This implies that the Riemann map is highly
discontinuous and hence the boundary∂�(pλ) of �(pλ), which is equal toJEλ

, is
extremely complicated. Disconnectivity ofJEλ

also follows from this fact, sinceϕ is
conformal the set

ϕ({reiθ1 | 0 ≤ r < 1} ∪ {reiθ2 | 0 ≤ r < 1}) ⊂ U (θ1, θ2 ∈ 2∞, θ1 6= θ2)

is a Jordan arc inC belonging toFEλ
and this separatesJEλ

into two disjoint relatively
open subsets inC. For other values ofλ, for exampleλ > 1/e, the singular valuez = 0
may tend to∞. If f is a polynomial of degreed ≥ 2 all of whose critical values tend
to ∞, thenJf is a Cantor set and totally disconnected. But on the other hand, in this
caseJf is equal to the entire planeC [D, p. 295] and hence connected.

One of the main aims of this paper is to give some sufficient conditions for the Julia set
of a transcendental entire function to be connected or to be disconnected. But beforehand
we investigate the connectivity ofJf ∪{∞} in Ĉ. In this situation compactness ofJf ∪{∞}
in Ĉ makes the problem easier. Actually we can prove the following.

THEOREM 1. Let f be a transcendental entire function. Then the setJf ∪ {∞} in Ĉ is
connected if and only iff has no multiply-connected wandering domains.

COROLLARY 1. Under one of the following conditions,Jf ∪ {∞} in Ĉ is connected:
(1) f ∈ B := {f | sing(f −1) is bounded};
(2) f has an unbounded component;
(3) there exists a curveL(t) (0 ≤ t < 1) with limt→1 L(t) = ∞ such thatf |L is

bounded. In particular,(3) holds iff has a finite asymptotic value.

Then how aboutJf in C itself? The results depend on whetherf admits an unbounded
component or not. In the case whenf admits no unbounded components, we obtain the
following.
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THEOREM 2. Let f be a transcendental entire function. If all the Fatou components off

are bounded and simply-connected, thenJf is connected.

The following is an easy consequence of Theorems 1 and 2.

COROLLARY 2. Let f be a transcendental entire function. If all the Fatou components of
f are bounded, thenJf is connected inC if and only ifJf ∪ {∞} is connected in̂C.

As we mentioned before, for the unbounded component�(pλ) of FEλ
the set of all

angles where the Riemann mapϕ : D −→ �(pλ) admits the radial limit∞ is dense in
∂D, which implies that∂�(pλ) is extremely complicated and leads to the disconnectivity
of JEλ

. The main result of this paper is the generalization of this fact. Under some
mild conditions the same result holds for various kinds of unbounded periodic Fatou
components. Here, a pointp ∈ ∂U is calledaccessibleif there exists a continuous curve
L(t) (0 ≤ t < 1) in U with limt→1 L(t) = p.

MAIN THEOREM. Let U be an unbounded periodic Fatou component of a transcendental
entire functionf , ϕ : D −→ U be a Riemann map ofU from a unit diskD, and

Pf n0 :=
∞⋃

n=0

(f n0)n(sing((f n0)−1)).

We assume one of the following four conditions.
(1) U is an attracting basin of periodn0 and∞ ∈ ∂U is accessible. There exists a finite

point q ∈ ∂U with q /∈ Pf n0 , m0 ∈ N and a continuous curveC(t) ⊂ U (0 ≤ t < 1)

with C(1) = q and which satisfiesf m0(C) ⊃ C.
(2) U is a parabolic basin of periodn0 and∞ ∈ ∂U is accessible. There exists a finite

point q ∈ ∂U with q /∈ Pf n0 , m0 ∈ N and a continuous curveC(t) ⊂ U (0 ≤ t < 1)

with C(1) = q and which satisfiesf m0(C) ⊃ C.
(3) U is a Siegel disk of periodn0 and∞ ∈ ∂U is accessible.
(4) U is a Baker domain of periodn0 and f n0|U is not univalent. There exists a finite

point q ∈ ∂U with q /∈ Pf n0 , m0 ∈ N and a continuous curveC(t) ⊂ U (0 ≤ t < 1)

with C(1) = q and which satisfiesf m0(C) ⊃ C.
Then the set

2∞ :=
{
eiθ | ϕ(eiθ ) := lim

r↗1
ϕ(reiθ ) = ∞

}
is dense in∂D in the case of(1), (2) or (3). In the case of(4), 2∞ is dense in∂D or at
least its closure2∞ contains a certain perfect set in∂D. In particular,Jf is disconnected
in all cases.

Note that the integern0 divides the integerm0 in the Main Theorem.
We note here that there is another work concerning the complexity of the boundaries

of unbounded invariant Fatou components. Baker and Weinreich [BaW, Theorem 1]
showed that every prime end of an unbounded attracting basin, parabolic basin, or Siegel
disk contains the point∞. They also take the paper [DG] for their point of departure,
although they discuss ‘prime ends’ rather than ‘radial limit’. In their paper they did not
give a result concerning the complexity of the boundaries of Baker domains, but instead
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they showed that if the boundary of a Baker domain is a Jordan curve inĈ thenf |U is
univalent [BaW, Theorem 4].

In the case of an attracting basin or a parabolic basin, we can show the disconnectivity
of Jf under somewhat weaker conditions.

THEOREM 3. Let U , f and ϕ be as in the Main Theorem. Suppose thatU is either an
attracting basin or a parabolic basin of periodn0 and∞ ∈ ∂U is accessible. If there exist
a point q ∈ ∂U , m0 ∈ N with m0 > n0 and a continuous curveC(t) ⊂ U (0 ≤ t ≤ 1)

with C(1) = q and which satisfiesf m0(C) ⊃ C, or if there exist two pairs ofqi and Ci

(i = 1, 2) with the same property as above form0 = n0, thenJf is disconnected.

In the case of the exponential family, Devaney and Goldberg [DG, Lemma 1.5]
obtained the explicit expression

ϕ−1 ◦ Eλ ◦ ϕ(z) = expi

(
µ + µ̄z

1 + z

)
, µ ∈ {z | Im z > 0}

for a suitable Riemann mapϕ of the attracting basin�(pλ), which was crucial to show
the density of2∞ in ∂D. In general, of course, we cannot obtain the explicit form
of ϕ−1 ◦ f n0 ◦ ϕ(z), so instead we take advantage of a property ofinner functions.
An analytic functiong : D −→ D is called an inner function if the radial limit
g(eiθ ) := limr↗1 g(reiθ ) exists for almost everyeiθ ∈ ∂D and satisfies|g(eiθ )| = 1.
It is easy to see thatϕ−1 ◦f n0 ◦ϕ is an inner function. It is known that an inner function
g has a unique fixed pointp ∈ D, called aDenjoy–Wolff point, and gn(z) tends top

locally uniformly onD [DM , §2]. The following is an important lemma for the proof of
the Main Theorem.

LEMMA 1. Let g : D −→ D be an inner function which is not a M¨obius transformation
and letp be its Denjoy–Wolff point.
(1) If p ∈ D, then

⋃∞
n=1 g−n(z0) ⊃ ∂D holds for everyz0 ∈ D \ E, whereE is a certain

exceptional set of logarithmic capacity zero.
(2) If p ∈ ∂D, then

⋃∞
n=1 g−n(z0) ⊃ K holds for everyz0 ∈ D \ E, whereE is a certain

exceptional set of logarithmic capacity zero andK is a certain perfect set in∂D

independent ofz0.

In the case whenU is either an attracting basin or a parabolic basin andg =
ϕ−1 ◦ f n0 ◦ ϕ, we can say more about the set

⋃∞
n=1 g−n(z0).

LEMMA 2. Let U be either an attracting basin or a parabolic basin (not necessarily
unbounded) and letg = ϕ−1 ◦ f n0 ◦ ϕ. Then there exists a setE ⊂ D of logarithmic
capacity zero such that

σn(z0, A)

σn(z0, ∂D)
→ measA

2π
(n → ∞)

holds for everyz0 ∈ D \ E and every arcA in ∂D, whereσn(z0, A) = ∑
ζ (1 − |ζ |2) and

the sum is taken over allζ = |ζ |eiθ ∈ D with gn(ζ ) = z0 andeiθ ∈ A.
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The conclusion of Lemma 2 is stronger than that of Lemma 1(1), because it implies
not only that the inverse imagesg−n(z0) accumulate on all over∂D but also that their
distribution is uniform on∂D. Note that although the case whenU is a parabolic basin of
periodn0 andg = ϕ−1 ◦f n0 ◦ϕ corresponds to the case of Lemma 1(2), we have a much
stronger result by Lemma 2. Here we shall not give the definition of logarithmic capacity
(see [P2, §§9.3]), but we recall that a set of logarithmic capacity zero is extremely thin:
it cannot contain a connected set with more than one point and its Hausdorff dimension
is zero [DM, P2].

In the Main Theorem we assumed thatf is not univalent in the case of a Baker
domain and so then the boundary is very complicated and the Julia set is disconnected.
But it is known that there exist Baker domains on whichf is univalent (see [EL1,
Example 3], [H, p. 609]); in this case the boundary can be ‘neat’. Baker and Weinreich
showed that the functionz + γ + e2πiz has a Baker domainU whose boundary∂U is a
Jordan curve in̂C for suitable choice of the constantγ [BaW, Theorem 3]. Bergweiler
[Ber2, Theorem 2] also showed the same property for the function

f (z) := 2 − log 2+ 2z − ez.

We can say much more about the boundaries of the Fatou components off and
especially we can show thatJf is connected inC.

THEOREM 4. The boundary of each Fatou component of the functionf (z) := 2− log 2+
2z − ez is a Jordan curve in̂C. In particular, the Julia setJf is connected inC.

In §2 we prove Theorem 1 and Corollary 1.§3 consists of three subsections: in§3.1
we prove Theorem 2 and make some remarks on the sufficient conditions forf to admit
no unbounded Fatou components; in§3.2 we prove Lemmas 1 and 2 which are keys for
the proof of the Main Theorem; in§3.3 we prove the Main Theorem and Theorem 3.
In §4 we show some examples and prove Theorem 4. Finally, in§5 we make some
concluding remarks.

2. Connectivity ofJf ∪ {∞} in Ĉ

Proof of Theorem 1.The following criterion is well known (see, for example, [Bea,
Proposition 5.1.5]).

PROPOSITIONB. LetK be a compact subset in̂C. ThenK is connected if and only if each
component of the complementKc is simply-connected.

SinceJf ∪ {∞} is compact in̂C, we can apply Proposition B. As we mentioned in§1,
eventually periodic components are simply-connected. So if a Fatou componentU is
not simply-connected, thenU is necessarily a wandering domain which is not simply-
connected. This completes the proof. �

Proof of Corollary 1. Under condition (1),f n cannot tend to∞ through Ff [EL3,
Theorem 1]. On the other hand,f n tends to∞ on any multiply-connected wandering
domains (see [Ba4, Theorem 3.1], [EL2, Lemma 4.1]). So all the Fatou components are
simply-connected in this case. Under condition (2) or (3), it is known that all the Fatou
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components must be simply-connected (see [Ba4, Corollary], [EL2, Corollaries 1 and
2]). �
Remark 1.(1) Let S := {f | # sing(f −1) < ∞} ⊂ B. Then there is no wandering domain
in Ff for f ∈ S [GK , Theorem 4.2]. Forf ∈ B, f may admit a wandering domainU
but U must be simply-connected as we mentioned above. Under the additional condition

Jf ∩
(

derived set of
∞⋃

n=0

f n(sing(f −1))

)
= ∅,

f ∈ B also has no wandering domain [BHKMT ].
(2) We can conclude that, in general, ifJf ∪ {∞} is disconnected, all the Fatou

components are bounded, of which some are multiply-connected wandering domains.

3. Connectivity ofJf in C

3.1. The case when all the Fatou components are bounded.Suppose that a closed
connected subsetK in C is bounded. Then all the components of the complement
Kc other than the unique unbounded componentV are simply-connected. (Of course,
V ∪ {∞} ⊂ Ĉ is simply-connected.) IfK is unbounded, then all the components of
Kc are simply-connected, but the converse is false as the exampleJEλ

(0 < λ < 1/e)

shows (compare with Proposition B). But note thatJEλ
∪ {∞} is connected in̂C. For

the connectivity of a closed subset inC, the following criterion holds.

PROPOSITION1. Let K be a closed subset ofC. ThenK is connected if and only if the
boundary∂U of each componentU of the complementKc is connected.

Proof. For the ‘only if’ part, see [New, Theorem 14.4]. Suppose thatK is disconnected.
Then there exist two closed setsK1 andK2 with K = K1 ∪K2 andK1 ∩K2 = ∅. Take a
point z0 with d(z0, K1) = d(z0, K2), whered denotes the Euclidean distance inC. Then
z0 ∈ Kc and so letU0 be the connected component ofKc containingz0. Since∂U0 is
connected by the assumption, either∂U0 ⊂ K1 or ∂U0 ⊂ K2. Without loss of generality
we can assume that∂U0 ⊂ K1. On the other hand, denoter0 := d(z0, K1) = d(z0, K2)

and letDr0(z0) := {z | |z−z0| < r0}. ThenDr0(z0) ⊂ U0 and there exists a pointw ∈ K2

with w ∈ U0. Sincew ∈ K2 ⊂ K, we havew ∈ ∂U0 but this is a contradiction since
∂U0 ⊂ K1 andK1 ∩ K2 = ∅. This completes the proof. �
Proof of Theorem 2.By Proposition 1, it is sufficient to show that∂U is connected for
each Fatou componentU . SinceU is bounded, the boundaries ofU as a subset ofC
or of Ĉ coincide. HenceU is simply-connected if and only if∂U is connected ([Bea,
Proposition 5.1.4]). This completes the proof. �
Remark 2.(1) Since a non-simply-connected Fatou component is necessarily a wandering
domain, the assumption of Theorem 2 is equivalent to all the Fatou components off

being bounded andf admitting no multiply-connected wandering domains.
(2) Several sufficient conditions are known for a transcendental entire functionf to

admit no unbounded Fatou components:
(i) ([Ba3, Theorem 2]) logM(r) = O((logr)p) (as r → ∞) for some 1< p < 3,

whereM(r) = sup|z|=r |f (z)|;
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(ii) ([ S, Theorem B]) there exists anε ∈ (0, 1) such that log logM(r) <

(logr)1/2/(log logr)ε for larger;
(iii) ([ S, Theorem C]) the order off is less than1

2 and logM(2r)/ logM(r) → c (finite
constant) asr → ∞.

Note that condition (ii) includes condition (i).

3.2. A property of inner functions.

Proof of Lemma 1.If g is a finite Blaschke product, theng is a rational function of
degreed ≥ 2. It is well known that, in general, the closure of the set of all the inverse
images ofz0 by a rational functionR of degreed ≥ 2 contains its Julia setJR for any
z0 which is not a Fatou exceptional point [Bea, Theorem 4.2.7]. If the Denjoy–Wolff
point p is in D, thenJg = ∂D and if the Denjoy–Wolff pointp is in ∂D, thenJg = ∂D

or at leastJg is a perfect set in∂D. In any case all the inverse images ofz0 are inD for
everyz0 ∈ D. So our assertion holds for

E = E(g) := {z | z is a Fatou exceptional point forg}
and we have#E(g) ≤ 2, which implies thatE is a set of logarithmic capacity zero.

If g is not a finite Blaschke product, then by Frostman’s theorem [G, Theorem 6.4]
there exists a setE1 ∈ D of capacity zero such thatTa ◦ g is a Blaschke product for
every a ∈ D \ E1, whereTa(z) := (z − a)/(1 − az). ThereforeB := Ta ◦ g ◦ T −1

a is
also a Blaschke product. By applying Frostman’s theorem to eachgn, we obtain the
set

⋃∞
i=1 Ei of logarithmic capacity zero such thatTa ◦ gn ◦ T −1

a = Bn holds and each
Bn is a Blaschke product for everya ∈ D \ (

⋃∞
i=1 Ei). Now it is sufficient to prove

our lemma forB, so we concentrate on a fixeda ∈ D \ (
⋃∞

i=1 Ei) and corresponding
Blaschke productB = Ta ◦ g ◦ T −1

a . Let An ⊂ ∂D be the set of accumulation points
of B−n(0), then An is closed andBn can be analytically continued to a meromorphic
function onĈ \ An by the reflection principle [G, Theorem 6.1]. In other words,An is
equal to the set of singularities ofBn (that is, points at whichBn(z) does not extend
analytically). There exists a setEBn

of logarithmic capacity zero such thatAn is equal
to the set of accumulation points ofB−n(z0) for z0 ∈ D \ EBn

[G, Theorem 6.6]. Let
E := ⋃∞

n=1 EBn
, then E is a set of capacity zero and for everyz0 ∈ D \ E we have⋃∞

n=1 B−n(z0) ⊃ ⋃∞
n=1 An.

First let us consider the case when the Denjoy–Wolff pointp is in D. Suppose
that

⋃∞
n=1 B−n(z0) ⊃ ∂D does not hold for az0 ∈ D \ E, then there exists an open

set V with V ∩ ∂D 6= ∅ such thatBn can be defined onV for every n ∈ N and
V ∩ (

⋃∞
n=1 B−n(z0)) = ∅. We takeV as the maximal set satisfying this property. Let

W := V ∩ ∂D. SinceB is not a finite Blaschke product, we have#{B−1(0)} = ∞ and so
A1 6= ∅. Hence for az0 ∈ D \ E we haveW 6= ∂D. So there exists a pointα ∈ ∂D \ W .
SinceBn cannot take the valuesz0, 1/z0 andα, {Bn|V }∞n=1 is a normal family. Then by
the dynamics ofB on D, we haveBn|V −→ p locally uniformly. But on the other hand,
Bn|(V ∩ (D)c) −→ 1/p by the construction of the extension, which is a contradiction.
Hence

⋃∞
n=1 B−n(z0) ⊃ ∂D holds in this case.

Next we consider the case when the Denjoy–Wolff pointp is on the boundary of
D. Let K := ⋃∞

n=1 An and suppose thatK 6= ∂D. Then Bn is defined on̂C \ K for
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every n ∈ N. Obviously K is closed. IfK consists of a single point, sayβ, then
we haveB(∂D \ {β}) ⊂ ∂D \ {β} and B|(∂D \ {β}) is one-to-one sinceB is extended
by the reflection principle. It follows thatB is a Möbius transformation, which is a
contradiction. By a similar argument, we can prove#K ≥ 3. ThenK cannot have
an isolated point. If this is not the case, letβ ∈ K be an isolated point. Thenβ is
an essential singularity and hence by Picard’s theorem,B takes all but exceptional two
values inĈ infinitely often. This contradicts the fact thatB(Ĉ\K) ⊂ Ĉ\K and#K ≥ 3.
Therefore it follows thatK is a perfect set. Since

⋃∞
n=1 B−n(z0) ⊃ K holds for every

z0 ∈ D \ E, this completes the proof. �
Proof of Lemma 2.In the case whenU is an attracting basin, the result is a special case
of [P1, Theorem 3]. It states that the conclusion of Lemma 2 holds if

zn+1 − zn

1 − znzn+1
→ 0, wherezn = gn(0). (1)

If g is defined via an attracting basin, (1) is obviously satisfied because bothzn and
zn+1 tend to the Denjoy–Wolff pointp ∈ D. If g is defined via a parabolic basin,
(1) follows by combining the series of theorems in [DM , Theorem 6.1, Theorem 4.2,
Corollary 4.3 and Theorem 3.1], in which Doering and Mañé develop the ergodic theory
of the boundary map of inner functions. Note that although [DM , Theorem 6.1] is stated
only for a parabolic basin of a rational map, this is also valid for a parabolic basin of
a transcendental entire function, since its proof needs only the local behavior around a
parabolic fixed point. Then by [DM , Theorem 4.2 and Corollary 4.3], it follows that the
boundary mapg : ∂D −→ ∂D is exact, which is equivalent to condition (1) by [DM ,
Theorem 3.1]. Therefore again by [P1, Theorem 3], we obtain the result. �

3.3. The case whenFf admits an unbounded component.

Proof of the Main Theorem.In what follows we assume thatn0 = 1 (that is,U is an
invariant component) andm0 = 1 for simplicity. This causes no loss of generality,
because we have only to considerf m0 instead off in the general case.

Case (1).Since∞ is accessible, there exists a continuous curveL(t) (0 ≤ t < 1) in U

with limt→1 L(t) = ∞. By deformingL(t) slightly, we shall construct a new curveL(t)

satisfying the following condition.

LEMMA 3. There exists a curveL(t) (0 ≤ t < 1) with limt→1 L(t) = ∞ such that every
branch off −n can be analytically continued along it for everyn ∈ N.

Proof. Since q /∈ Pf , we haveU 6⊂ Pf , so we may assume thatL(0) /∈ Pf . Let
p0 := L(0), p1, p2, . . . be points onL such that all the piecewise linear line segments
connectingp0, p1, p2, . . . lie in U . Let F (1)

n , F (2)
n , . . . , F (m)

n , . . . be all the branches of
f −n taking values onU . The range of the suffixm may be finite or infinite. Define

2(m)
n (p0) := {eiθ | F (m)

n can be analytically continued along the ray

from p0 in the directionθ} (n = 1, 2, . . .).

Then by the following result [Nev, §§XI, 1.8], it follows that2(m)
n (p0) has full measure

in ∂D.
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LEMMA C. (Gross’s star theorem)Let f be an entire function and F a branch off −1

defined in the neighborhood ofp0 ∈ C. ThenF can be analytically continued along
almost all rays fromp0 in the directionθ .

Then the set
2(p0) :=

⋂
n≥1,m≥1

2(m)
n (p0)

also has full measure in∂D. Hence by changingp1 slightly to a pointp′
1, if necessary,

we can conclude that the segmentsp0p
′
1 and p′

1p2 lie in U and all the branches
F (m)

n (n ≥ 1, m ≥ 1) can be analytically continued alongp0p
′
1. By the same method,

we can find a pointp′
2 close top2 such that the segmentp′

1p
′
2 lies in U and has the

same property as above. By repeating this argument, we can prove Lemma 3.�
Let l(m)

n (t) := F (m)
n (L(t)), then we have limt→1 l(m)

n (t) = ∞. Suppose that this is false,
then there exists an increasing sequence of parameter valuest1 < t2 < · · · < tk < · · ·
with tk ↗ 1 and a finite pointα with limk→∞ l(m)

n (tk) = α 6= ∞. Then it follows that
limk→∞ L(tk) = f n(α) 6= ∞, which contradicts the fact that limk→∞ L(tk) = ∞.

Let ϕ : D −→ U be a Riemann map ofU . Then

0(t) := ϕ−1(L(t)) and γ (m)
n (t) := ϕ−1(l(m)

n (t))

are curves inD landing at a point in∂D. This fact is not so trivial but follows from
[P2, Proposition 2.14]. We may assume that0(t) lands atz = 1 ∈ ∂D for simplicity. If
limt→1 γ (m0)

n0
(t) = eiθ0, then since limt→1 ϕ(γ (m0)

n0
(t)) = limt→1 l(m0)

n0
(t) = ∞, it follows

that there exists the radial limit limr→1 ϕ(reiθ0) and this is equal to∞. This fact follows
from [P2, Theorem 2.16]. Therefore it is sufficient to show that the set of all the landing
points ofγ (m)

n (t) (n ≥ 1, m ≥ 1) is dense in∂D.
Let g := ϕ−1 ◦ f ◦ ϕ : D −→ D. By Fatou’s theoremϕ has radial limit

ϕ(eiθ ) = limr↗1 ϕ(reiθ ) ∈ ∂U for almost everyeiθ ∈ ∂D and by the theorem of F.
and M. Riesz [M , Appendix A] it cannot be constant on any set of positive measure on
∂D. Thenf ◦ϕ(reiθ ) is a curve landing at a point in∂U \{∞} for almost everyeiθ ∈ ∂D.
Consequently, it follows that the limit limr↗1 ϕ−1 ◦ f ◦ ϕ(reiθ ) ∈ ∂D exists for almost
every eiθ ∈ ∂D and thusg is an inner function. Let̃C := ϕ−1(C), then for the same
reason as0, C̃ is a curve inD with an end point̃q ∈ ∂U . It also satisfiesg(C̃) ⊃ C̃.
From the dynamics ofg : D → D, it follows that the set

⋃∞
n=0 gn(C̃)∪{p̃, q̃} is compact

in D, wherep̃ := ϕ−1(p) is an attracting fixed point ofg and the distance between this
set andz = 1 is positive. Hence there existsε0 > 0 such that

Uε0(1) ∩
{ ∞⋃

n=0

gn(C̃) ∪ {p̃, q̃}
}

= ∅. (2)

Since0(t) lands atz = 1, there existst0 ∈ [0, 1) such that0|[t0, 1) ⊂ Uε0(1). So by
rewriting 0|[t0, 1) as0(t) (0 ≤ t < 1), we may assume that0(t) ∈ Uε0(1) for 0 ≤ t < 1.
Let Kε := {z | |z| ≤ 1 − ε}. Then since every point inD tends top̃ undergn andKε

is compact, for any fixed sufficiently smallε and ε1 > 0 there existsnε ∈ N such that
for everyN ≥ nε we havegN(Kε) ⊂ Uε1(p̃)(⊂ Kε) andUε1(p̃) ∩ Uε0(1) = ∅. Then we
haveγ

(m)
N ⊂ Kc

ε for everyN ≥ nε. Suppose thatγ (m)
N ∩ Kε 6= ∅, then by operatinggN

we have0 ∩ gN(Kε) 6= ∅ and hence0 ∩ Uε1(p̃) 6= ∅, which contradicts0 ⊂ Uε0(1).
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Now suppose that the conclusion of the theorem does not hold. Then there exists an
arc

(θ1, θ2) := {eiθ | θ1 < θ < θ2} ⊂ ∂D with 2∞ ∩ (θ1, θ2) = ∅.

By changing the starting point0(0) slightly, if necessary, we may assume that the points
γ (m)

n (0) (n, m = 1, 2, . . .) accumulate on all over∂D by Lemma 1(1), while the end
pointsγ (m)

n (1) := limt→1 γ (m)
n (t) (n, m = 1, 2, . . .) are not in(θ1, θ2). Combining with

the former argument we have that for any fixed subarc(θ3, θ4) ⊂ (θ1, θ2) and for any
sequence{εnk

} with εnk
↓ 0 there exists a sequence{γ (mk)

nk
(t)} satisfying

γ (mk)
nk

⊂ Kc
εnk

, γ (mk)
nk

(0) ∈ S(θ3,θ4)
εnk

, γ (mk)
nk

(1) /∈ S(θ1,θ2)
εnk

,

where
S(θ∗,θ∗)

ε := {reiθ | 1 − ε ≤ r ≤ 1, θ∗ ≤ θ ≤ θ∗}.
Then eachγ (mk)

nk
(t) must intersect at least eitherRθ1

εnk
or Rθ2

εnk
, where

Rθ∗
ε := {reiθ∗ | 1 − ε ≤ r ≤ 1}.

It must also intersect at least eitherRθ3
εnk

or Rθ4
εnk

. From these observations, by taking a

subsequence if necessary, we obtain a sequence{γ (mk)
nk

(t)} with the following properties
without loss of generality:

γ (mk)
nk

⊂ Kc
εnk

, γ (mk)
nk

(0) ∈ S(θ3,θ4)
εnk

, γ (mk)
nk

∩ Rθ3
εnk

6= ∅,

γ (mk)
nk

∩ Rθ1
εnk

6= ∅, γ (mk)
nk

(1) /∈ S(θ1,θ2)
εnk

.

(Here we use the same suffixesmk and nk for simplicity, although we may take a
subsequence.)

On the other hand, there exist inverse imagesg−n(C̃) which have limit points on
(θ1, θ2) densely. The reason is as follows. Sinceq /∈ Pf , there exists a neighborhoodV
of q such that all the branchesF (1)

n , F (2)
n , . . . , F (m)

n , . . . can be defined. LetV0 ⊂ V be
a neighborhood ofq with V0 ⊂ V . We may assume thatC ⊂ V0. Define

c(m)
n (t) := F (m)

n (C(t)) and c̃(m)
n (t) := ϕ−1(c(m)

n (t)).

Then for infinitely manyn ≥ 1 and m ≥ 1, c(m)
n (t) is a curve inU landing at a

point in ∂U becausef is not univalent onU . Hencec̃(m)
n ⊂ g−n(C̃) is a curve inD

landing at a point in∂D by the same reasoning as before. For simplicity of notation
we assume here that allc(m)

n (t) and c̃(m)
n (t) are such curves for everyn and m. Let

(θ5, θ6) ⊂ (θ1, θ2) be any fixed subarc of(θ1, θ2). By changing the starting point̃C(0)

slightly, if necessary, we may assume that the pointsc̃(m)
n (0) (n, m = 1, 2, . . .) accumulate

on (θ5, θ6) by Lemma 1(1). Since radial limits ofϕ exist and are non-constant almost
everywhere, by changingθ5 and θ6 slightly if necessary, we may assume that there
exist finite valuesϕ(eiθ5) andϕ(eiθ6) with ϕ(eiθ5) 6= ϕ(eiθ6). Thenc(m)

n (0) accumulate on
∂U ∩ϕ({reiθ | θ5 < θ < θ6, 0 ≤ r ≤ 1}). In general, the family of single-valued analytic
branches off −n (n = 1, 2, . . .) on a domainU0 is normal [Bea, Theorem 9.2.1] and,
furthermore, ifU0

⋂
Jf 6= ∅, any local uniform limit of a subsequence in the family is

constant [Bea, Lemma 9.2.2]. So the family{F (m)
n |V0} is normal and all its limit functions
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are constant and hence for a suitable subsequence the diameter ofc(mk)
nk

(t) tends to zero,
that is, c(mk)

nk
(t) must land at a point in∂U ∩ ϕ({reiθ | θ5 < θ < θ6, 0 ≤ r ≤ 1}) if

the constant limit is finite. Thereforẽc(mk)
nk

(t) must land at a point in(θ5, θ6). If the
constant limit is∞, then for every large enoughnk the curvesc(mk)

nk
cannot intersect both

bounded sets{ϕ(reiθ5) | 0 ≤ r ≤ 1} and {ϕ(reiθ6) | 0 ≤ r ≤ 1} since the convergence
is uniform onV0. Hence, again we can conclude thatc(mk)

nk
(t) must land at a point in

∂U ∩ ϕ({reiθ | θ5 < θ < θ6, 0 ≤ r ≤ 1}) and thereforẽc(mk)
nk

(t) must land at a point in
(θ5, θ6). This proves the assertion. In particular, by taking(θ5, θ6) := (θ1, θ3) we obtain
a curvẽc

(M1)
N1

with sufficiently largeN1 such that

c̃
(M1)
N1

⊂ S(θ1,θ3)
ε and c̃

(M1)
N1

(1) ∈ (θ1, θ3)

hold for sufficiently smallε > 0.
Then it follows thatγ (mk)

nk
∩ c̃

(M1)
N1

6= ∅ for sufficiently largenk. We may assume here

that nk > N1. Let u ∈ γ (mk)
nk

∩ c̃
(M1)
N1

, then sinceu ∈ γ (mk)
nk

, we havegnk (u) ∈ Uε0(1).

On the other hand, sinceu ∈ c̃
(M1)
N1

andnk > N1, we havegnk (u) ∈ ⋃∞
n=0 gn(C̃), which

contradicts (2). Therefore2∞ is dense in∂D. Disconnectivity ofJf easily follows by
the same argument as in the case ofEλ in §1. This completes the proof in case (1).�

Case (2).Since
⋃∞

n=1 g−n(z0) ⊃ ∂D (z0 ∈ D \E) holds forg = ϕ−1 ◦f ◦ϕ by Lemma 2
in this case, the proof is quite parallel to case (1). �

Case (3).Sinceg(z) = e2πiθ0z with θ0 ∈ R \ Q, the inverse image of0(t) by g−n is
unique and we denote it byγn(t). Then it is obvious that the end points ofγn(t) are
dense in∂D andϕ attains radial limit∞ there sinceg(z) is an irrational rotation and

lim
t→1

ϕ(γn(t)) = lim
t→1

f −n(ϕ(0(t))) = ∞. �

Case (4).In this case we need not assume the accessibility of∞, because this condition
is automatically satisfied [Ba6, Theorem 2]. The set

⋃∞
n=0 f n(C) is a curve which

may have self-intersections and tends to∞. It is not difficult to takeL satisfying
L ∩ ( ⋃∞

n=0 f n(C)
) = ∅. Hence we haveL ∩ ( ⋃∞

n=0 f n(C)
) = ∅. The rest of the proof

is quite parallel to case (1) if the conclusion of Lemma 1(1) holds forg. If we have only
the conclusion of Lemma 1(2), then we can prove by a similar argument thatA∩2∞ 6= ∅
holds for every arcA ⊂ ∂D with A ∩ K 6= ∅, whereK ⊂ ∂D is a perfect set obtained
by Lemma 1(2) forg = ϕ−1 ◦ f ◦ ϕ. �

Proof of Theorem 3.For simplicity, we assume thatn0 = 1. The method is completely
the same as that used in the proof of the Main Theorem. In this situation there exist at
least two curves̃Ci (i = 1, 2) in D with gm0(C̃i) ⊃ C̃i landing at different points in∂D.
Then if #2∞ = 1, that is,2∞ = {1} ⊂ ∂D, we can conclude that there exists a curve
γ (m1)

n1
with large enoughn1 intersecting with either̃C1 or C̃2 in the same manner. This

leads to the same contradiction as before and hence#2∞ ≥ 2, which is enough for the
disconnectivity ofJf . �

Remark 3.We do not know of any concrete examples of unbounded periodic Fatou
components such that∞ is not accessible.
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4. Examples

Example 1.Consider the exponential familyEλ(z) = λez. If 0 < λ < 1/e, then JEλ

is disconnected. This follows from the density of2∞ in ∂D as we mentioned in§1,
but can also be shown directly as follows. LetH := {z | Rez < 1}, thenpλ (unique
attracting fixed point forEλ) ∈ H andEλ(H) ⊂ H . Hence we haveH ⊂ FEλ

. On the
other hand, let0 := {z = t +πi | t ∈ R}, then we haveEλ(0) ⊂ R− ⊂ H . This implies
0 ⊂ FEλ

and therefore0 separatesJEλ
into two non-empty disjoint subsets inC. Hence

JEλ
is disconnected.

Note that this example satisfies the assumptions in the Main Theorem, because we
have only to choose as follows:

U := �(pλ), q := qλ (unique repelling fixed point inR),

C(t) :=
{
(1 − t)

pλ + qλ

2
+ tqλ | 0 ≤ t ≤ 1

}
, n0 = m0 := 1.

Example 2.If λ = 1/e, E1/e has a unique parabolic fixed pointz = 1 with the basin
�(1). JE1/e

is also disconnected for exactly the same reason as in Example 1. Let

R := {z | Rez ≥ 1, π ≤ Im z ≤ 3π}
and

L(z) := log |z| + (argz)i + πi + 1 (0 ≤ argz < 2π)

be the branch ofE−1
1/e taking values onR, and letγ (t) (0 ≤ t ≤ 1) be the straight

line segment inR joining 1 + πi to L(1 + πi). Note thatE1/e(γ (t)) ⊂ H and so
γ ⊂ �(1). Define a curveζ(t) ⊂ �(1) (0 ≤ t < ∞) on the interval [j, j + 1] (j ∈ N)

as follows. Forj = 0 let ζ(t) := γ (t) and for j > 0 let ζ(t) := Lj(γ (t − j)). Then
ζ(t) defines a continuous curve inR ∩�(1) parametrized by [0, ∞). Now we can prove
that limt→∞ ζ(t) exists and is equal to a unique repelling fixed pointzR ∈ R by using
the same method as in [DG, p. 261ff.]. It is trivial thatE1/e(ζ ) ⊃ ζ by the construction.
SincePE1/e

= (
⋃∞

n=0 En
1/e(0)) ∪ {1}, we havezR /∈ PE1/e

. Hence

U := �(1), q := zR, C := ζ, n0 = m0 := 1

satisfy the assumptions in the Main Theorem and therefore the set2∞ for a Riemann
mapϕ : D −→ �(1) is dense in∂D in this case.

Example 3.Suppose thatEλ has a Siegel disk of periodn0 on whichE
n0
λ is conjugate to an

irrational rotationz 7→ e2πiθ z (θ ∈ R\Q). If θ satisfies adiophantine condition, that is, if
there existβ ≥ 0 andγ ≥ 0 such that for everyp/q ∈ Q we have|θ −p/q| ≥ γ q−(2+β),
then U is unbounded [H, p. 602]. But unfortunately we cannot show that∞ ∈ ∂U is
accessible. According to [H], the impression of every prime end ofU contains∞. So
it seems to be plausible that∞ is accessible and hence2∞ is dense in∂D andJEλ

is
disconnected by our theorem. (For the definitions of prime end and impression, see [P2,
§§2.4, 2.5].)

Example 4.Let f (z) := e−z + z + 1. This example was first considered by Fatou [F]. If
Rez > logα for a fixedα ≥ 1, then we have Ref (z) > Rez + (1 − 1/α). This implies
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that f has an invariant Baker domainU containing the right half plane{z | Rez > 0}.
Also it is easy to see that there are no finite asymptotic values, so that sing(f −1) consists
of the critical valuesck := 2 + 2kπi (k ∈ Z). Since

f n(c0) = f n(2) → ∞ throughR+

andf n(z + 2kπi) = f n(z) + 2kπi, we have

f n(ck) → ∞ throughR+ + 2kπi := {x + 2kπi | x ∈ R+}
for everyk. Now let

q := πi, C(t) := {1 − t + πi | 0 ≤ t ≤ 1}.
Then q is a repelling fixed point withq /∈ Pf by the above observation and it is easy
to see thatf (C) ⊃ C. Hence theseU , q and C satisfy the assumptions in the Main
Theorem and therefore2∞ contains at least a certain perfect set in∂D. Consequently,
Jf is disconnected. Note that the disconnectivity can also be shown directly, since the
real lineR belongs toU and this separatesJf into two non-empty disjoint subsets inC.

As we mentioned before, iff has a Baker domain on whichf is univalent, its
boundary can be a Jordan curve. Furthermore, in this caseJf can be connected in
C, althoughf admits an unbounded periodic (invariant) Fatou component. Theorem 4
shows such an example.

Proof of Theorem 4.Let f̃ (z) := 1
2z2e2−z. The points 0 and 2 are (super-)attracting fixed

points for f̃ with immediate basins̃V0 and Ṽ2 respectively. Since sing(f̃ −1) = {0, 2},
f̃ belongs to the classS and hence has no wandering domain (see Remark 1).
ThereforeFf̃ consists ofṼ0 and Ṽ2 together with all their preimages bỹf . Since
f̃ ◦ exp(z) = exp◦f (z) holds, it follows thatez ∈ Jf̃ if and only if z ∈ Jf [Ber2,
§3]. From this observation it is sufficient to prove the same result forf̃ . Hence it is
sufficient to show that∂Ṽ0 and∂Ṽ2 are Jordan curves in̂C. Suppose that̃f n(U) = Ṽ0,

then letV ′ := Ṽ 0 \ {0} andU ′ be the unique component of̃f −n(V ′) containing points
in U . Then f̃ n|U ′ : U ′ −→ V ′ is an unbranched covering of a closed punctured disk
and henceU ′ is a punctured disk. ThusU is a disk and therefore∂U is a Jordan curve.
The casef̃ n(U) = Ṽ2 can be treated in the same way as above.

Since it is already proven that∂Ṽ0 is a Jordan curve in̂C [Ber2, Theorem 2], we
shall prove that∂Ṽ2 is a Jordan curve inC. But since exp(∂Vlog 2) = ∂Ṽ2, it is sufficient
to show that∂Vlog 2 is a Jordan curve. The method we shall use is essentially the same
as that used by Bergweiler to prove that∂V∞ is a Jordan curve.

LEMMA 4. Let W := {z | | Rez| + | Im z| < 3} be a domain centered at the origin and
surrounded by a square. Thenf (W) ⊃ W .

Proof. Let w1 := 3 + 3i and w2 := 3 − 3i. Then everyz ∈ C is uniquely written as
z = −3 + αw1 + βw2 for suitableα, β ∈ R. Explicit forms ofα andβ are as follows:

(α, β) = ( 1
6(Rez + Im z + 3), 1

6(Rez − Im z + 3)).
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Then z ∈ W if and only if 0 ≤ α ≤ 1 and 0≤ β ≤ 1. We shall show that there is
no point z ∈ f (∂W) satisfying both 0≤ α ≤ 1 and 0≤ β ≤ 1. Then it follows that
f (∂W) ⊂ (W)c and sincef (log 2) = log 2, we havef (W) ⊃ W . Sincef (z) = f (z),
we have only to show this fact for

L1 := {z ∈ ∂W | z = −3 + t + t i (0 ≤ t ≤ 3)},
L2 := {z ∈ ∂W | z = 3 − t + t i (0 ≤ t ≤ 3)}.

First let us considerz = −3 + t + t i ∈ L1. Since

f (−3 + t + t i) = (−4 − log 2+ 2t − e−3+t cost) + (2t − e−3+t sint)i,

the condition 0≤ α ≤ 1 and 0≤ β ≤ 1 are equivalent to

0 ≤ −1 − log 2+ 4t − e−3+t (cost + sint) ≤ 6,

0 ≤ −1 − log 2− e−3+t (cost − sint) ≤ 6.

It is easy to show that there is not (0 ≤ t ≤ 3) satisfying the second inequality.
For z = 3 − t + t i ∈ L2 we have

0 ≤ 11− log 2− e3−t (cost + sint) ≤ 6,

0 ≤ 11− log 2− 4t − e3−t (cost − sint) ≤ 6.

By the first inequality we havet0 ≤ t ≤ t1, wheret0 ∼ 0.99 andt1 ∼ 1.55, but we have

11− log 2− 4t − e3−t (cost − sint) > 6 for t0 ≤ t ≤ t1.

This completes the proof of Lemma 4. �

From Lemma 4 we haveVlog 2 ⊂ W . Let U be the component off −1(W) containing the
super-attracting fixed point log 2. Thenf |U : U −→ W is a proper map of degree 2 and
hence(f, U, W) is a polynomial-like mapping [DH]. Then by the straightening theorem
[DH, Theorem 1] there exists a quasi-conformal mapφ(z) and a polynomialp(z) of
degree 2 such thatφ−1 ◦ f ◦ φ = p and sincef has a super-attracting fixed point, we
can takep(z) = z2. From these observations we can conclude thatVlog 2 = φ(D) and
∂Vlog 2 = φ(∂D) and therefore∂Vlog 2 is a Jordan curve. Especially,Jf is connected by
Proposition 1. (Note that sincef has a Baker domain (i.e. an unbounded domain), all
the other Fatou components are simply-connected. See the proof of Corollary 1.) This
completes the proof. �

5. Concluding remarks
In the Main Theorem we assumed that∞ ∈ ∂U is accessible except for the case of Baker
domains. This assumption is crucial and indispensable for the proof. But for most of the
examples of attracting basins or parabolic basins we can easily verify the accessibility
of ∞ ∈ ∂U . For Siegel disks we do not have an example with the property that∞ is
accessible, but we hope that Example 3 is such an example. In fact, we do not know
of a concrete example of an unbounded periodic Fatou component of a transcendental
entire function such that∞ is not accessible. So, we give here the following conjecture.
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Conjecture 1.For every unbounded periodic Fatou componentU of a transcendental
entire functionf , ∞ ∈ ∂U is accessible.

For the connectivity ofJf , I thought at first that iff has an unbounded periodic Fatou
component, thenJf is disconnected. However, this turned out to be false as the function
f (z) := 2 − log 2+ 2z − ez in Theorem 4 shows. But I think that this is a special case
and still believe thatJf is disconnected except for this case. So, we shall end this paper
with the following conjecture.

Conjecture 2.If a transcendental entire functionf has an unbounded periodic Fatou
componentU of periodn0 which is not a Baker domain on whichf n0|U is univalent,
thenJf is disconnected.
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